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SUMMARY 


The  last  major  international  meeting  on  "Transonic  Aerodynamics”  was 
the  "Symposium  Transsonicum”  held  in  Aachen,  in  1962.  Since  that  t.ime 
there  have  been  considerable  developments  in  this  field,  for  both 
military  tnd> civilian  applications,  in ■ a  number  of  NATO  countries  and 
it  was  felt  that  sufficient  information  had  been  accumulated  to  justify 
a  Specialists’  Meeting  on  this  topic.  It  was  planned  to  hold  this 
meeting  on  18-20  September  in  Paris  at  the  Ecole  Nationals  Sup^rieure  de 
1'  A^ronautique. 

Members  of  the  Program  Committee  were: 

M.R. Legendre,  France  (Chairman),  Prof . S. Erdmann,  Netherlands, 

Dr.  D.  Ktlchemann,  U.K. ,  Dr.  J.  Lukasiewicz,  U.S.A. ,  Prof .  A.  Naumann, 

Germany,  arid  Prof. B.H.  Goethert,  U.S.A.  (Co-opted  member). 

-These  proceedings  contain  a  collection  of  the  paper§  presented  at 
this  meeting,  'the  purpose  of  which  was  to  review  and  discuss  the  practical 
methods  available  for  the  study  of  flows  around  airplanes  flying  at 
subsonic  speeds  at  which  local  supersonic  regions  appear. 

The  collection  of  papers  emphasizes  various  calculation  methods, 
experimental  studies  on  profiles,  with  or  without  viscosity  effects, 
and  wing- body  interference,  to  present  a  good  cross- section  of  the 
state-of-the-art  and  to  provide  guidance  for  further  research  and 
development  in  this  field. t 

Contributions  have  come  from  five  NATO  countries. 
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RESUME 


Depuis  1962,  oil  s’  dtait  tenu  &  Aix-la-Chapelle  le  “Symposium 
Transsonicum",  aucune  reunion  Internationale  importante  n’  avait  it6 
consacrde  A  1’ Adrodynamique  Transsonique.  Pourtant,  depuis  cette 
date,  des  realisations  considerables,  intdressant  A  la  fois  les  activitds 
civiles  et  militaires,  avaient  dtd  accomplies  dans  ce  domaine  par  un 
certain  nombre  de  pays  de  l’OTAN  et  l’on  estima  que  la  somme  d’ informations 
accumuldes  k  ce  sujet  justifiait  1* organisation  d’ une  Reunion  de 
Spdcialistes.  C  est  ainsi  que  prit  naissance  1*  idde  de  la  reunion  qui 
s’  est  ddroulde  A  Paris,  A  L’  Ecole  Nationals  Supdrieure  de  1’  Aeronautique 
du  18  au  20  Septembre  1968. 

Le  Comitd  du  Programme  chargd  de  sa  realisation  se  composait  des 
membres  suivants: 

M.R. Legendre,  France  (President),  Prof. S.  Erdmann,  Pays-Bas, 

Dr.D.Ktlchemann,  Grande-Bretagne;  Dr.  J.  Lukasiewicz,  U.S.A. , 

Prof. A.Naumann,  Allemagne  et  le  Prof. B.H. Goethert,  U.S.A.  (admis 

par  cooptation). 

Ce  compte- rendu  rassemble  les  exposes  prdsentds  A  cette  reunion, 
dont  1’ objectif  dtait  de  passer  en  revue  et  d’ examiner  les  mdthodes 
pratiques  dont  on  dispose  A  1’heure  actuelle  pour  dtudier  les  dcoulements 
autour  d’  avions  volant  aux  vitesses  subsoniques  oil  apparaissent  des 
rdgions  supersoniques  locales. 

Ces  exposes,  fruit  du  travail  de  cinq  pays  de  1*  OTAN,  sont  consacrds 
en  particulier  aux  diverses  mdthodes  de  calcul,  aux  etudes  experimental 
sur  les  profils,  avec  ou  sans  effets  de  viscosite,  et  aux  interferences 
voilure-fuselage.  Ils  donnent  un  bon  aperqu  de  1'  dtat  actuel  de  la 
technologie  dans  ce  domaine  et  contiennent  des  donndes  permettant 
d'orienter  les  recherches  et  ddveloppements  futurs. 

Cinq  pays  de  1’  OTAN  ont  donnd  leur  contribution. 
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Transonic  shock-free  flow,  faot  or  fiction  ? 
by  O.T.  Niauvland  and  B.M.  Spaa 

National  Aarospaoa  Laboratory  KIN,  Amaterdan,  Katherlanda 


Summary 


It  has  to  be  realized  that  such  terms  as  physical  significance  and  stability,  used  in 
the  transonio  controversy,  have  different  oonnotations  from  the  engineering,  mathematical 
and  physical  point  of  view. 

The  conclusions  that  have  been  obtained  from  an  experimental  study  on  quaai-elliptioal 
aerofoil  seotione  may  be  said  to  constitute  the  relevance  of  transonic  potential  flow  in  the 
engineering  sense.  These  conclusions  are  i 

-  the  agreement  between  experiment  and  theory  can  in  principle  be  made  arbitrarily  good  by 
eliminating  modal  imperfections  and  boundary  layer  effects! 

-  the  shock-free  design  condition  ie  embedded  in,  and  can  be  reeohed  in  a  stable  manner 
from,  the  neighbouring  conditions  where  shook  waves  are  present. 

The  only  legitimate  way  to  discuss  the  physical  significance  of  potential  flow 
solutions  from  the  mathematical  point  of  view  is  to  exhibit  suoh  solutions  as  the  limit  of 
solutions  of  the  unsteady  compressible  Navier-Stokes  equations  for  Re ■—  -  co  ,  t  — —  oo  . 
Morswets's  non-existence  theorems  for  transonic  potential  flow  have  therefore  very  limitejl 
physical  content,  they  are  rather  oonoerned  with  the  computability  of  suoh  flows. 

Prom  a  physical  point  of  view,  arguments  for  the  instability  of  transonio  potential 
flows  against  time  dependent  disturbances  have  been  advanced  by  Kuo  and  others.  These 
arguments  disregard  a  stabilising  effect  on  acoustio  wave  propagation  in  the  flow, 
essentially  dependent  on  its  two-dimensional  nature.  This  stability  mechanism  for  unsteady 
disturbances  in  a  shook-free  transonio  flow  is  demonstrated. 

It  oan  be  olaimed,  in  spite  of  earlier  oritioism,  that  the  use  of  potential  flow 
theory  in  the  transonic  region  ie,  both  mathematically  and  physically,  as  respectable,  as 
it  is  anywhere  else  in  aerodynamics. 


Kotation 


propagation  spaed  of  email  disturbance 
stagnation  value  of  o 

determinant  of  rate  of  strain  tensor  V  q 
Mach  number  q/c 

ottrvilinear  coordinate  normal  to  streamline 

flow  velocity 

flow  velooity  veotor 

unit  veotor  normal  to  wave  front 

curvilinear  coordinate  along  streamline 

unit  veotor  tangential  to  wave  front 

wave  front  inclination  with  respect  to  velocity  veotor 
specific  heats  ratio 
flow  angle 

wave  front  looal  rate  of  turning 
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Transonic  shock-free  flow,  faot  or  flotlon  ? 

x)  t1 

by  O.Y.  Nieuwland  ‘  and  B.M.  Spas  ' 

National  Aerospace  laboratory  NLR,  Amsterdam, 

Netherlands. 


J_  Historioal  introduotion. 

In  hia  preface  to  the  Symposium  Transsonicura  (Aachen  1 9^2,  ref.l),  Oawatitsoh 
explains  that  "  ...  Those  oonoerned  with  the  transonio  oontroversy  are  split  in  two  oaopa 
with  different  points  of  view.  Rigorous  proofs  which  oould  settle  the  oontroversy  have  not 
yet  been  found". 

There  is  not  much  point  in  attempting  a  documented  reconstruction  of  the  two  positions 
involved,  but  it  is  probably  fair  to  state  the  most  widely  held  one  as  follows  t 

1)  The  basic  assertion  was,  that  experimentally  only  transonic  flows  involving  shook  waves 
were  found,  at  least  when  a  well  developed  supersonic  region  was  present,  say  for 

M.  max  >1.1. 

2)  Tneoretioally,  examples  of  transonic  potential  flows  can  be  oonstruoted,  exhibiting 
shook  free  recompression  from  the  supersonio  flow  region  baok  to  subsonic  flow  speed. 
However,  if  l)  was  true,  one  had  to  suppose  that  these  solutions  were  unstable  in  some 
sense. 

3)  For  this  instability,  two  complementary  explanations  were  given.  The  first  explanation 
was  sought  in  the  mathematical  fact,  that  a  transonic  potential  flow  solution,  if  it 
exists  for  some  particular  aerofoil  shape,  can  be  blown  up  by  an  arbitrarily  small 
perturbation  of  the  part  of  the  oontour  bounding  the  supersonio  region  (Busemann,  ref. 2) 
Morawetz,  ref. 3).  Secondly,  the  argument  was  advanced  that  the  development  in  time  of  a 
perturbed  transonio  potential  flow  around  a  fixed  profile  would  be  unstable,  ae 
upstream  running  perturbations  would  increase  exponentially  with  time  in  the  supersonic 
recompression  region  of  the  flow  (Kuo,  ref.4j  Werner,  ref, 5).  Both  these  arguments 
conveyed  the  suggestion  of  the  collapse  of  a  potential  flow  solution  into  the 
supposedly  standard,  stable,  transonic  flow  solution  with  a  shock. 

Against  this  often  rather  agressively  held  position,  the  defenses  put  up  by  the  other 
camp  were,  one  feels,  rather  weakj  as  it  now  turns  out,  perhaps  unnecessarily  so.  While  the 
opponents  gradually  left  thoir  trenches  to  partake  in  more  fashionable  activities  than  the 
at  that  time  rather  out-noded  tr-nsonic  aerodynamics,  the  whole  picture  was  ohanged  by 
Pearcey  and  his  group  at  the  HPL.  Having  first  experimentally  sorted  out  the  highly  oomplex 
viscous  phenomena  in  the  transonic  speed  range  (see  ref. 6),  he  next  evolved  the  oonoept  of 
the  "peaky"  pressure  distributin''  (ref. 7),  and  showed  that  in  fact,  a  for  all  practical 
purposes  shook  free  transonic  flow  could  experimentally  be  realised. 

The  first  opportunity  of  systematically  confronting  transonic  potential  theory  and 
experiment  for  aerofoil  flows,  came  with  the  development  of  the  theory  of  quasi-elliptical 
aerofoils  at  NLR  (refs.  8,  9). 

As  a  survey  of  the  existing  experimental  information  has  very  recently  been  given 
(ref,  1C),  wo  will  here  restrict  to  pointing  out  the  main  faots.  The  purpose  of  the  present 
papor  is  to  demonstrate  that  the  fundamental  theorems  on  the  mathematical  "non-existence"  of 
transonic  potential  flo.  due  to  Busemann  and  Morawetz,  together  with  some  recently  discovered 
facte  about  the  time  dependent  stability  aspects,  and  the  experimental  data  now  available, 
provido  on  the  level  of  present  day  knowledge  a  consistent  physical  picture  of  transonic  flow 
in  the  high  subsonic  speed  range.  In  our  opinion  this  means  that  at  any  rote  the  old 
"transonic  oontroversy"  can  be  regarded  as  definitively  settled. 


*) 


Senior  Research  Engineer,  Aerodynamics  Division. 
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2.  Experimental  faots. 

Although  now  several  examples  of  theoretical  solutions  for  the  transonic  potential 
flow  around  lifting  quasi-elliptical  aerofoils  are  available,  the  experimental  evidence 
is  at  present  entirely  based  on  symmetrical  aerofoils.  The  reason  is  simply  that  these 
were  much  earlier  available.  This  is,  however,  not  at  all  a  serious  limitation,  as  long  as 
the  aim  is  a  basic  investigation  of  the  stability  of  the  shock-free  supersonic  region. 

As  the  transonic  effects  are  purely  looal,  one  would  not  expect  to  miss  anything  worthwile 
this  way.  From  an  experimental  point  of  view,  the  symmetrical  flow  has  important  benefits. 
The  absence  of  large  wall  interference  and  boundary-layer  effects  on  circulation  makes  the 
interpretation  of  the  experimental  results  easier  and  more  reliable. 

Twoetamples  will  be  disoussod.  The  aerofoil  shape,  theoretical  design  pressure 
distribution  and  shape  of  the  sonio  line  are  given  in  fig. la,  b.  Theeo  examples  were  taken 
from  the  oolleotion  of  ref. 11,  and  are  designated  as  (0.1-0.675-1  .6)  and  (0, 115-0. 75'1  »2). 

The  first  one  is  a  1 6  %  thiok  aerofoil  with  design  Mach  number  Moo  »  C.745,  having  a  peaky 
pressure  distribution  with  a  maximum  looal  Maoh  number  M  «>  1.47.  The  other  is  11  $  thick 
and  has  a  peaky  pressure  distribution  with  a  secondary  expansion  just  in  front  of  the 
suction  peak,  the  design  Maoh  number  being  Moo  ■  0.806  and  the  maximum  looal  Maoh  number 

Hmax  "  U26' 

Fig. 2a,  b  shows  the  comparison  between  theory  and  experiment  at  the  design  oondition 
for  the  16  thiok  aerofoil.  In  fig.  2a  the  pressure  is  plotted  against  the  chordwise 
distanoe  measured  from  the  leading  edge,  in  fig.  2b  against  the  aerofoil  ordinate  normal  to 
the  ohord.  The  experimental  design  Maoh  number  is  somewhat  higher  (0,002)  than  the 
theoretioal  value,  in  aooordance  with  the  estimated  blockage  effeot  in  the  wind  tunnel. 

The  discrepancies  between  experiment  and  theory  are  due  to  model  imperfections  and 
boundary  layer  effects.  The  slight  underexpansion  in  the  supersonic  rogicn,  leading  to  a 
very  weak  shook  wave,  is  oaussd  mainly  by  a  small  laminar  separation  bubble  at  8  ^  ohord, 
free  transition  being  at  12  %. 

Fig.3  shows  a  shadowgraph  pioture  of  the  flow  around  the  16  thick  erofoil  at  the 
design  oondition,  with  the  theoretical  shape  of  the  sonio  line  drawn  in.  The  shadowgraphs 
were  obtained  with  a  short  duration  spark  exposure  that  arrests  upstream-moving  disturbances. 
The  distrubanoes  form  sharp  pressure  fronts  at  these  speeds. 

The  appearance  of  laminar  separation  bubbles  is  a  oonsaquenco  of  the  rolatively  low 
Reynolds  i  imbsr  (2,10°)  of  the  tests.  These  separations  would  undoubtedly  disappear  at 
full-scalo  Reynolds  numbers.  The  only  way  to  avoid  separation  effects  in  the  wind  tunnel  is 
by  fixing  the  transition  point  of  the  boundary  layer.  This,  however,  has  an  unfavourable 
effeot  on  the  agreement  between  theory  and  experiment.  The  transition  strip  generally 
disturbs  the  flow  by  generating  a  weak  shook  wave, 

A  still  better  agreement  between  theory  and  experiment  has  been  found  for  the  11  ^ 
thiok  aerofoil,  as  shown  in  fig.  4a,  b  for  a  Maoh  number  which  1b  considerably  higher  than 
the  design  Maoh  number.  The  reason  for  the  very  good  agreement  in  this  particular  oase  is 
the  absence  of  separation.  For  Maoh  numbers  olose  to  the  design  value  there  is  a  relatively 
large  separation  bubble  in  the  laminar  boundary  layer.  At  slightly  higher  Maoh  numbers, 
however,  this  separation  bubble  disappears.  The  agreement  leaves  little  to  be  desired.  On 
the  basis  of  pressure  plots  and  optioal  observations,  the  flow  is  really  shook-free. 

Having  thus  settled  the  design  case,  the  next  question  of  interest  is  the  sensitivity 
of  these  flows,  more  generally  their  off-design  behaviour.  Fig.  5  demonstrates  the 
development  of  shooke  both  below  and  above  the  design  point  for  the  11  $>  thiok  aerofoil.  The 
relevant  shadowgraphs  are  given  in  fig.  6a,  b  and  o.  These  data  show  tho  shock-free  design 
oondition  embedded  in  a  family  of  flows  involving  shook  waves.  Similar  results  have  been 
obtained  for  small  variations  in  angle  of  incidence. 

From  these  data,  and  also  from  the  response  of  the  flow  to  things  like  transition 
strips,  one  can  get  the  impression  of  a  great  sensitivity  of  xhese  flows.  In  a  sense,  of 
oourae,  this  is  true.  Yet  in  another  eense,  the  flows  are  rather  insensitive.  In  fig,  7  the 
dependence  of  the  drag  ooeffioient  on  Maoh  number  is  given  for  the  16  ^  thiok  aerofoil, 
whioh  shows  that  although  there  are  shocks  in  off-design  conditions,  the  wave  drag  remains 
negligible  in  a  rather  large  interval.  In  faot,  this  16  i>  thick  aerofoil  has  a  higher 
drag  rise  Maoh  number  than  the  12  $  thiok  NACA  0012  aerofoil. 

The  following  oonoluslons  may  said  to  constitute  "physical  significance"  of  the 
traneonio  potential  flow  solutions  in  the  engineering  sense, 

1.  The  differences  betwoen  experiment  and  theory  are  due  to  model  imperfections  and 
boundary  layer  effeota.  The  results  suggest  that  the  theoretioal  potential  flow  can  he 
approached  arbitrarily  close  if  these  effeote  are  eliminated. 

2.  The  ehook-free  design  condition  is  embedded  in,  and  oan  be  reached  in  a  stable  manner 
from,  the  neighbouring  conditions  involving  shocks.  In  a  usefully  large  interval  of 
conditions,  the  wave  drag  remains  negligible. 
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_3  Mathematical  problems. 

Having  reviewed  this  experimental  material,  it  is  perhaps  useful  to  spend  a  few 
remarks  on  the  interpretation  of  the  famous  Morawetz  theorems,  which  have  been  regarded  as 
providing  the  key  to  a  physical  understanding  of  these  flows. 

Very  roughly,  the  content  of  one  of  these  theorems  is  as  follows.  Consider  a  given 
transonic  potential  flow  solution  describing  a  profile  flow,  for  instance  a  quasi-elliptical 
aerofoil  flow.  This  solution  can  also  be  regarded  as  the  solution  of  a  boundary  value  problem 
for  the  equations  for  plans  conpressible  potential  flow,  with  the  given  aerofoil  8hape  and 
the  free  stream  as  boundary  conditions.  Next,  perturb  the  profile  contour  by  an  arbitrarily 
small  amount  in  the  supersonic  region,  and  Morawetz  proves  that  now  no  solution  to  the 
boundary  value  problem  exists.  In  contrast  to  the  subsonic  flow  ease,  a  transonic  potential 
flow  is  "not  continuously  dependent  on  the  boundary  data". 

Prom  the  physical  point  of  view,  we  must  side  with  Buseaann  et  al.,  and  conclude  -  on 
the  prinoiple  that  nature  does  not  jump  -  that  ths  boundary  value  problem  in  potential  flow 
theory  is  not  a  physically  adequato  model  for  a  real  transonic  flow.  In  other  words,  the 
basic  assumption  of  strict  irrotationality  makes  the  transonic  flow  too  rigid  a  fabrio  to  be 
smoothed  around  an  arbitrary  shape.  But  we  must  own  the  other  side,  that  we  oannot 
logically  reverse  this  conolusion  in  ths  sense  that  if  we  try  to  model  a  given  theoretical 
solution  in  a  wind  tunnel,  the  resulting  type  of  flow  is  necessarily  drastioally  different. 

The  results  of  the  last  section  show  that  this  is  not  the  oaes. 

If,  however,  we  had  to  discuss  the  physical  significance  of  potential  flow  solutions 
in  thestriot  mathematical  sense,  as  opposed  to  tho  engineering  sense  of  "adequate" 
agreement  between  theory  and  experiment,  we  would  have  to  study  viscous  compressible  flow 
solutions  in  the  limit  Re  — —  oo  ,  and  also  the  unsteady  variant  of  thesa  in  the  limit  t  — »•<» 
The  problem  would  be  to  investigate  under  what  oonditious  these  solutions  would  have  a 
potential  flow  as  the  limiting  case.  This  problem  is  far  beyond  the  power  of  the  available 
mathematical  methods,  even  for  incompressible  flowj  therefore  the  physical  significance  of 
potential  flow  solutions  at  any  flow  speod  is  at  the  moment  in  the  striot  sense,  an  entirely 
open  problem. 

If,  for  a  moment,  we  would  be  allowed  to  venture  into  the  realm  of  soienoe  fiction,  and 
epeoulate  what  at  some  distant  future  date  the  pnyaloel  significance  of  traneonio  potential 
flow  solutions  might  look  like,  we  would  get  sjmothing  as  follows.  In  aooordanoe  with 
Morawetz'  theorems,  we  would  expoot  that  in  general,  no  transonio  irrotational  flow  limit 

would  exist  for  a  visoous  solution  as  Re - -  oo  ,  except  for  s  very  speoial  set  of  isolated 

"admissible"  contours,  which  would  admit  a  potential  flow  limit  at  one  particular  Maoh 
number  eaoh.  If  then  we  could  prove,  that  for  suoh  Maoh  nuabors  the  disorepanoy  between  a 
visoous  flow  solution  and  a  transonio  potsntial  flow  solution  oould  be  made  arbitrarily 
small  for  Re  suffioiently  large  and  an  aaroioll  shape  sufficiently  near  an  "admissible"  one, 
we  would  have  obtained  a  mathematical  oonoejt  of  physical  signifioanoe  which  would  oover 
todayte  experimental  data. 

Returning  to  fact  rather  than  fioticn,  we  must  oonolude  that  the  import  of  Morawetz's 
theorem  is  computational  rather  than  physloat,  as  it  states  the  impossibility  of 
constructing  transonio  flow  solutions  for  a  ,tivsn  aerofoil  by  posing  a  direct  boundary  value 
problem  in  the  phyaioal  plane  for  the  equations  for  potential  flow.  Accordingly,  the 
potential  flows  around  quaei-elliptioal  aero ‘oils  were  mathematically  defined  in  a  quite 
different,  inverse  way|  alternatively,  modem  developments  of  numerioal  methods  for  the 
direot  problem  do  not  make  use  of  tho  equations  for  potential  flow  but  inolude  simulated 
viscosity  terias.  In  oonolusion  we  might  say  that  the  problem  of  the  physioal  signifioanoe 
of  transonio  potential  flow  solutions  is  in  the  mathematical  sense  essentially  an  open 
problem,  but  not  (at  the  moment)  a  oontroverulal  one. 
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A  second  line  of  argument  against  the  physical  existenoe  of  shock  free  transonic  flows 
was  based  on  the  supposed  ^instability  of  these  flows  as  a  result  of  unsteady  waves  moving 
upstream  into  the  supersonic  region.  This  argument  was  developed  by  Kuo  (ref. 4),  and  also 
mentioned  by  Holder  (ref. 6).  In  its  briefest  outline,  the  argument  was  that  suoh  waves,  when 
superimposed  on  a  steady  shook  free  baeio  flow  oould  move  upstream  as  long  as  the  local 
steady  flow  speed  was  subsonic,  but  as  they  entered  the  region  of  supersonio  local  flow 
speeds  would  necessarily  come  to  a  standstill,  coalesce,  and  interact  with  the  basio  flow 
until  a  stationary  shook  wave  was  formed. 

It  is  dear  from  the  experiments  discussed  in  section  2  that  this  does  not,  in  fact, 
happen,  but  we  can  also  give  a  simple  physical  explanation  why  it  does  not. 

Let  us  first  perform  a  numerical,  or  rather  graphical,  experiment.  He  take  a 
transonic  quasi-elliptical  aerofoil  flow,  and  at  time  t  »  0,  generate  an  acoustic  pulse  at 
the  trailing  edge.  Knowing  the  velocities  in  the  outer  flow  field,  we  oan  easily  construct 
by  Huygens'  principle,  the  development  in  time  of  the  wave  front  moving  looally  at  a  eonio 
relative  speed.  The  picture  we  get  in  this  way  is  sketched  in  fig. 8.  What  happens  is  that 
the  wave  front,  in  the  gradient  field  of  the  basic  flow,  turns  over  in  suoh  a  way,  that  on 
entering  the  supersonio  region,  the  wave  front  is  everywhere  inclined  at  an  angle  with  the 
looal  flow  volooity  larger  than  the  local  oharaoteristio  angle.  This  means  that  the 
component  of  the  flow  velocity  normal  to  the  wave  front  is  everywhere  smaller  than  the 
eonio  value,  and  so  the  wave  front  moves  looally  as  if  in  a  subsonic  flow.  Far  from  ooming 
to  a  standstill,  the  wave  moves  upstream  with  respect  to  a  stationary  observer,  at  an  even 
faster  rate  in  the  supersonic  region  than  in  the  subsonic  part  downstream. 

Now  this  is  only  one  particular  case,  and  we  can  ask  whether  this  property  holde 
generally.  A  simple  analysis  shows  that  the  answer  is  in  the  affermative.  Let  q  bo  the 
looal  velocity  vector,  o  the  looal  velooity  of  sound,  and  t  and  r  unit  veotors  tangential 
and  normal  to  the  wave  front.  The  looal  rate  of  turning  to  of  the  wave  front  can  he 
expressed  as 

to  m  grad  0  .  t  +  t  .  Vq  .  r  (l) 

If  now  we  express  the  rate  of  strain  tensor  v  q  in  a  looal  reference  frame  along  and 
normal  to  the  streamline,  we  have 

qs  Si  \ 

Vq  .  ,  (2) 

\*®s  qSn| 

with  q  and  •  as  local  velooity  and  flow  angle.  In  irrotational  and  isentropio  flow  we  have 
the  equations  for  continuity  and  irrotationality  in  this  frame  1 

(1  -  M2)  q8  ♦  q9n  -  0  (j) 

Si  -  q9s  ’  0 

The  looal  propagation  apoed  of  the  wave  is 

o'  -  0  (1  -  Msin «  ),  (4) 

where  cx.  is  the  angle  of  the  wave  front  with  respect  to  the  looal  volooity  vector,  and  the 
local  spend  of  sound  is  conneoted  with  q  by  1 

2  2  0  2 

f"  +  “  -pr  •  (5) 

Now  if  a  wavo  front  would  be  stationary,  we  would  have  o'  «*  0,co-  0.  The  first  of  these 
relations  means,  of  oourse,  that  the  wave  front  is  aligned  along  a  oharaoteristio.  To  see 
whether  ir.  that  case  also  UJ  »  0  io  possible,  we  substitute  the  relotion  o'  ■  0  in  eq,(l), 
and  using  eqo  (2),  (3  ),  (4),  (5)  we  obtain  1 


uJ  -  -  ~  (2  -  M2)  (1 


V  -  1)  . 
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If  we  have  oo  >  0,  this  means  that  the  wave  front  is  rotating  into  the  "safe"  direction, 
i.e.  the  interval  of  wave  angles  in  which  the  local  velocity  component  normal  to  the  wave 
front  is  subsonic  (fig. 9).  Now  it  follows  that  OJ  >  0  obtains  if 


®S  <  0  ’ 

(7a) 

k2<j*TY  » 

(7b) 

(7o) 


Condition  (7a)  expresses  oonvexity  of  the  aerofoil  in  the  supersonic  region,  (7b)  says 
that  the  local  Mach  number  should  be  smaller  than  1. 58  for  V«  1.4,  and  expression  (7o) 
means  that  the  Jacobian  of  the  hodograph  transformation 


and  this  is  always  the  oase  in  the  class  of  analytio  hodograph  flows(ref ,9,1pp. C)and  we 
could  at  most  have  J  «  0  at  an  isolated  point  of  the  contour  of  a  general  aerofoil. 

We  have  then,  that  the  waves  are  locally  always  turning  into  the  safe  direotion,  and 
some  further  reflection  (ref. 12)  shows  this  to  mean,  that  all  unsteady  waves  must  traverse 
the  supersonic  region  in  a  finite  time.  This  turning  effect  of  disturbance  waves  was 
disregarded  in  Kuo's  semi-one-dimensional  instability  arguments,  and  is  in  fact  the  reason 
why  these  two-dimensional  flows  behave  differently  from  the  stability  point  of  view  than 
one-dimensional  diffuser  flows  do. 

We  would  like  to  add  one  remark  on  condition  (7h).  laitone  (ref.l)  has  conjectured, 
that  M  -  2  (3  -  Y  )“*  would  be  the  maximum  possible  local  speed  in  a  transonic  flow.  It 
is  easy  to  see  (ref. 12)  that  a  transonic  flow  with  a  higher  local  Mach  number  is  unstable 
against  unsteady  disturbances,  and  so  these  cannot  physically  be  realised.  On  the  other 
hand  we  have  as  yet  not  been  able  to  prove  that  such  flows  cannot  be  found,  although  for 
quasi-elliptical  aerofoils  the  record  stands  today  not  higher  than  M  »  1.54. 

Q&X 


£  Conclusion. 


Shock- free  transonic  flow  t  fact  or  fiction  ?  The  answer  depends  obviously  on  one's 
definition  of  what  is  "shock-free".  Probably  nobody  would  care  to  deny,  that  in  every  real 
transonio  flow,  shock  phenomena  could  be  detected  if  scrutinised  closely  enough. 

From  the  engineer's  point  of  view,  however,  much  more  interesting  is  the  fact,  that 
agreement  between  potential  flow  theory  and  experiment  can  be  obtained  within  all  praotioal 
limits,  if  the  experiment  is  conducted  with  sufficient  care.  Moreover,  the  flow  changes  into 
off-design  conditions  in  on  entirely  smooth  and  stable  way,  and  the  wove  drag  remains 
negligible  in  a  promisingly  large  interval  of  neighbouring  conditions. 

From  the  mathematician's  point  of  view,  the  problem  would  be  to  decide  what  sense 
transonic  potential  flow  solutions  oould  be  regarded  as  an  asymptotic  limit  of  solutions  of 
the  equations  for  viscous  compressible  flow.  Unfortunately,  it  looks  as  if  this  problem 
will  remain  open  for  some  considerable  time. 

From  the  physicist's  point  of  view,  the  essential  difference  between  the  stability 
behaviour  of  transonic  one-dimensional,  and  a  two-dimensional  flow  has  been  clarified, 
so  that  we  now  can  understand  how  a  "shock  free"  flow  stays  alive. 
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Acoustic  wave  propagation  in  transonic  potontial  flow. 
t,'ave  front  constructed  at  constant  tlr.o  intervals. 
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Fig.9  Acouatio  vave  propagation  in  looaily  auperaonlo  region. 
Turning  effect  on  vavo  front. 


Lax-Vendroff  Difference  Scheme  Applied  to  the  Traneonic  Airfoil  Problem 

Robert  E.  Singleton 

Loclcheed-Georgia  Company,  Marietta,  Georgia 


Summary 


k  numerical  method  1*  developed  for  solvin g  the  unsteady-flow  equations  for  the  flow  of  a  noncon¬ 
ducting,  inriecid  gas  around  an  arbitrary  profile.  The  governing  equations  are  differenced  by  a 
two-step,  Lax-Wendroff  scheme,  and  steady-state  solutions  are  sought  in  the  liait  of  long  times. 
Boundary  conditions  are  numerically  prescribed  and  the  Lax-Wendroff  method  is  shown  to  give  nenr- 
stsady-state,  subsonic  Mach  number  distributions  after  a  few  hundred  time  steps.  The  method  gave 
results  for  transonic  flow  with  a  shoot  wave  for  the  one  case  considered.  This  matter  is  being 
further  investigated  with  a  more  accurately  givsn  airfoil.  Ths  procsdure  requirt*  large  computer 
memory  and  long  oomputer  runs. 
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Lax-Vendroff  Difference  Scheme  Applied  to  the  Transonic  Airfoil  Problem* 

Hobart  E.  Singleton* 

Lockheed-Georgia  Company,  Marietta,  Georgia 


I.  Introduction 


The  mathematical  complexities  associated  with  the  transonic  potential  flow  over  arbitrary  pro¬ 
files  are  well  known;  however,  the  usefulness  of  a  successful  method  continues  to  inspire 
researchers  to  look  for  methods  of  solution.  One  heretofore  unexplored  possibility  is  to  oir- 
cumvent  some  of  the  mathematical  complexities  by  bringing  the  tremendous  capabilities  of  modern 
high-speed  computers  to  bear  on  the  problem.  This  paper  attempts  to  accomplish  this  task  by 
developing  a  numerical  procedure  for  the  transonic  potential  flow  over  a  non-lifting,  arbitrary 
profile  to  be  eolved  on  a  high-speed  computer. 

The  governing  equations  describing  the  conservation  of  mass,  momentum  and  energy  for  the 
unsteady  flow  of  an  inviecid,  nonconducting  gas  are  written  in  divergence-free  fora.  By  retain¬ 
ing  the  unsteady  terms,  these  partial  differential  equations  remain  hyperbolic,  even  when  the 
flow  is  of  a  mixed  type  containing  both  supersonic  and  eubsonio  regions.  The  steady-state  solu¬ 
tion  is  sought  asymptotically  as  time  approaches  infinity.  This  procedure  is  also  desirable 
because  the  shock-wave  relations  are  contained  as  a  special  case  of  the  governlog  equations, 
provided  weak  solutions  are  allowed.  Consequently,  the  shock  wave  ia  considered  as  part  of  the 
solution  and  not  as  a  predetermined  interior  boundary.  To  mention  a  few  referenoes,  Godunov 
et  al.(1),  Burstcin'2),  and  Bohachevsky  et  al.w)  have  all  developed  this  procedure  for  two- 
dimensional,  supersonic,  blunt-body  flows.  Thomeen(4)  has  treated  the  viscous  supersonic  flow 
over  a  flat  plate  using  this  approach,  Burateinw)  has  studied  supersonic  flow  in  a  constricted 
channel,  and  Thommen  and  D’Attoret®). apply  this  technique  to  three-dimensional  supersonic  flow 
fields.  Quite  recently,  Yoshiharal?'  reported  successful  results  for  the  tranaonlo  flow  with 
shock  waves  over  a  circular-arc  profile. 

Apparently  the  application  of  unsteady  numerical  methods  for  generating  steady-state  solutions 
is  quite  wide,  and  this  paper  is  concerned  with  the  application  of  this  teohnique  to  blunt, 
two-dimensional  non-lifting  profiles.  The  geometry  of  the  profile  is  chosen  to  be  one  of 
Nieuwland'sW  igentropic  compression  profiles  found  by  using  the  hodograph  method.  The  govern¬ 
ing  equations  are  differenced  by  a  modified  two-step  Lax-Vendroff  differenoe  scheme  which  ia 
quite  similar  to  the  scheme  used  by  ThommenU).  The  boundary  conditions  at  the  airfoil  surface 
are  satisfied  by  a  multiple  reflection  technique,  and  the  boundary  conditions  at  the  outer  edge 
of  the  mesh  were  adjusted  to  allow  unsteady  effects  to  pass  through. 

The  following  sections  of  this  paper  describe  firet  the  actual  formulation  of  the  equations  and 
techniques  to  be  used.  Secondly,  the  preliminary  results  are  given  and  the  indicated  modifica¬ 
tions  to  the  program  are  disoussed.  The  next  section  deals  with  the  final  results  obtained  and 
the  final  section  gives  the  conolusions  fron  this  research. 

II.  formulation  of  the  Method 


The  coordinates  for  the  chosen  airfoil  section  are  given  to  the  nearest  one  thousandth  by 
Hieuwland'®'  who  also  gave  the  Haoh  number  distribution  over  this  airfoil,  found  by  using  the 
hodograph  method.  A  Cartesian  coordinate  system  ift  used,  with  all  lengths  made  dimensionless 
with  the  airfoil  chord  length.  The  front  stagnation  point  of  the  airfoil  is  located  at  x  »  }.8, 
y  -  }.0.  The  calculation  grid  is  distributed  in  the  area  1  -  x  *  7*6,  3.0  s  y  *  4.96.  Sinoe 
the  airfoil  is  symmetric  and  non-lifting,  only  the  upper  surface  of  the  airfoil  is  considered. 
Thus,  the  calculation  grid  extends  1.96  chord  lengths  normal  to  the  airfoil  and  2.8  ohord 
lengths  in  front  of  and  behind  the  airfoil.  Although  the  choice  of  mesh  size  is  a  difficult 
decision  to  make  prior  to  the  calculations,  it  was  decided  to  let  Ax  »  0.06  for  1  -  x  -  7*6, 
ay  »  0.04  for  3.0  4  y  4  }-08,  4y  »  0.06  for  3*08  s  y  ^  5*20,  and  Ay  -  0,08  for  3*20  4  y  4  4.96. 
This  Initial  choioe  for  the  grid  has  2,997  points.  The  Courant-Friedrichs-Levy  oondition  for 
stability  as  derived  from  linearized  analysis  gives  a  guide  for  establishing  the  time  step. 

It  ie  easy  to  show  that  if  , 


At 

A 


where  A  e  A  x  or  Ay,  M,,T  -  maximum  looal  Mach  number,  Mg.  -  freestream  Mach  number,  then  the 
Courant-Friedriohs-Lavy  condition  ia  certainly  satisfied,  ^Recognizing  that  this  requirement 
for  stability  can  serve  only  as  a  guide  to  nonlinear  problems,  a  At  of  .008  was  chosen  such 
that  the  above  condition  would  be  generously  satisfied  for  reasonable  values  of  Mgr, ,  HBaI,  r 
and  A  , 
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The  governing  equations  of  motion  ars  next  considered  by  letting  o  -  chord  length  of  airfoil, 
?'  -  gas  density,  u' ,  v'  *  gas  vtlocity  components,  E'  -  internal  plus  kinetic  energies  per 
unit  voluae,  s'  -  u',  n'  «  v'.  Then  by  defining  dimensionless  variables 

‘  c  < ,  y'=  cy  ,  m'  ;  ,  n‘  =  ,  u.'  *  U.ui  u'-  U„  v 

F'  =  ?Xf  •  •  E'-  ?»U«E,  t'-  %\  . 

the  conservation  of  oats,  momentum,  and  energy  for  an  lnvisoid,  nonconducting  gas  can  be 
written 

Wt  =  F  -v 

where  the  subscript  denotes  differentiation  and  W,  ?,  and  G  are  vectors  defined  by 


5  Rw)  = 


-vEm  _  tri 

f  2  T" 


-iEn  -i- 1  n*  +  nrn1 

J  *  2  f 


Theee  partial,  nonlinear,  differential  equations  are  differenoed  by  the  two-step  Lax-Vendroff 
Method  to  obtain  a  second-order  accurate  difference  scheme.  This  scheme  is  similar  to  those 
difference  schemes  given  by  Thomncn(4)  and  Burs te in (2)  and  is  given  below.  Let  Wk.  W(t+kit 
X-*  in*  ,  ■j  ■*  j  a*j )  ,  then  'J 

j  1  i(Hk,  *  W?L. .)  -  tt  CGi.j*,  *  ~  Gg-|~  ki*!,!-) 
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The  phyeloal  boundary  conditions  are  that  uniform  flow  conditions  exist  far  from  the  airfoil, 
and  the  normal  velocity  on  the  airfoil  is  isro.  However,  since  the  grid  systsa  is  finite  and 
tae  flow  field  is  unsteady,  the  boundary  conditions  around  the  outer  edge  of  the  aesh  system 
are  not  well  defined.  Along  the  incoming  boundary,  x  »  1,  3*0  4ys  4*96,  the  flow  is  speci¬ 
fied  as  uuifora,  freestreaa  flow.  Although  this  spscifioation  of  the  boundary  oondition  does 
not  allow  for  unsteady  effeots,  results  of  the  calculation  showed  that  only  very  small  distur¬ 
bances  reached  the  forward  boundary,  and  these  aaall  disturbances  apparently  caused  no  problems. 

Along  the  upper  boundary,  1  4  x  4  7*6*  y  *  4*96,  it  was  first  specified  that  m  »  1,  and  the 
other  three  variables  were  determined  by  baolcvard  linear  interpolation  in  the  y-direction.  It 
was  thought  that,  in  thie  manner,  the  freeetream  pressure  would  be  maintained  along  the  upper 
boundary.  However,  the  results  of  several  long-time  runs  indicated  that  unsteady  effects  were 
not  getting  through  the  upper  boundary  but  were  propagating  baolc  into  the  flow  field  near  the 
airfoil  and  causing  a  divergence  there.  By  specifying  a  backward  linear  interpolation  in  the 
y-direction  on  m  also,  this  problem  was  eliminated.  The  boundary  conditions  on  the  downstream 
boundary  x  *  7*6,  3*0  4  y  4  4.96  were  set  by  backward  linear  interpolation  in  the  x-direotion 
on  all  variables.  The  line  of  symmetry  was  speoifisd  by  symmetrically  reflecting  p  ,  a,  and  E 
and  antisymmetrically  reflecting  n  morose  the  line  1  4  x  4  7*6,  y  »  5*0* 

The  application  of  boundary  conditions  along  general  curved  surfaces  is  always  a  difficult 
problem  in  numerical  analysis.  The  ourved  airfoil  surface  of  interest  here  is  no  exception, 
but  considerable  effort  was  exerted  to  devise  a  suitable  scheme  baaed  on  the  refleotion  prin- 
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oipl*.  To  illustrate  the  technique,  a  aeih  point  which  lies  outside  the  airfoil  but  with  a 
neighboring  mesh  point,  either  act  or  by  away,  lying  inaide  the  airfoil  is  oonaidared.  The 
current  value  of  the  yactor  W  at  the  outside  point  is  denoted  W0>  and  likewise  the  current 
value  of  the  vector  W  at  the  inside  point  is  denoted  V^.  The  line  joining  the  inside  and  out¬ 
side  points  cute  the  airfoil  surface  at  a  unique  point  where  the  slope  is  4Y/  j*  ,  The  dis¬ 
tance  fron  this  point  on  the  airfoil  surface  to  the  outside  Msh  point  is  denoted  by  and 
the  distance  f/roa  this  point  to  the  intide  mesh  point  ie  denoted  by  Bg*  The  ie  determined 
as  a  functicr.  of  WQ  by  requiring  that  the  linear  interpolation  for  the  velocity  normal  to  tha 
airfoil  surface  at  th#  point  of  intersection  on  the  airfoil  surface  be  zero,  lhe  values  for 
the  velocity  tangential  to  the  airfoil  surf&ct  at  the  intersection  point  on  the  airfoil  at 
well  as  $>  and  £  are  taken  as  being  the  ease  as  the  corresponding  values  at  the  outside  point. 
These  conditions  arc  satisfied  by  setting 


t  -  (dYMO1 

u) 

i -(jy/gx'i1 

0 


!  Cd'Y/d*.')* 

(gr  -  ^ 

|  +  CdY/daS*" 
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0 
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This  technique  requires  the  calculation  of  the  airfoil  alope,  dY  M*  ,  at  tha  interaeotion 
point.  At  first,  this  was  accomplished  by  looking  in  the  given  coordinate  table,  finding  the 
nearest  two  points  on  either  aide  of  the  intersection  point  and  calculating  the  slope  from 
this  linear  approximation,  hater  the  procedure  was  modified  ae  will  be  described  in  the  next 
section.  Also,  since  several  outside  mesh  points  can  share  the  same  inside  meeb  point,  multi¬ 
ple  storage  capability  at  each  inside  point  must  be  allowed  for. 

It  was  assumed  that  initial  conditions  could  be  arbitrarily  chosen  subject  to  compatibility 
with  the  boundary  conditions.  The  first  calculations  which  were  performed  were  done  with 
uniform,  freeatream  flow  specified  at  all  interior  points  of  the  mesh,  l.e. 


I 

I 

0 

Since  the  equations  are  independent  of  the  Mach  number,  the  initial  conditions  and  the  boun¬ 
dary  conditions  on  the  Incoming  boundary  are  the  only  plaoes  where  the  Mach  number  enter#  th# 
calculations. 

111.  Preliminary  Results 

Having  written  a  computer  program  for  the  above  equations  together  with  their  boundary  and 
initial  conditions,  computations  were  oarried  out  first  on  an  IBM  7094  computer  and  then  later 
with  a  Onivac  1108.  A  long-time  run  of  250  time  steps  was  made  with  -  O.704  and  a  at  » 
.008,  The  results  for  the  surface  Mach  number  distribution  Me  shown  in  Fig  ire  1  along  with 
a  plot  of  the  airfoil  surface.  The  calculations  diverge  at  K  -  250  at  x  •  4.54,  as  results 
at  earlier  values  of  K  demonstrate. 

(0) 

In  view  of  the  results  of  Buratein'  it  was  perhaps  not  surprising  that  the  calculations 
did  diverge,  as  Buratain  shove  that  one  might  euspeot  instabilities  to  oocur  in  the  vicinity 
of  stagnation  points  and  sonic  lines.  Since  Burstein  used  a  pseudo-viscous  term  to  achieve 
stability  in  his  case,  a  similar  effort  was  made  for  the  present  case.  To  damp  oscillations 
which  might  be  generated,  an  artificial  viscosity,  tailored  after  Burstein’s  model,  was  devel¬ 
oped  and  added  to  the  basio  difference  scheme.  However,  the  inclusion  of  the  pseudo-viscous 
term  did  not  prevent  the  divergence  of  the  resultant  calculations.  Moreover,  a  wide  variety 
of  values  for  the  rate  of  Increase  of  damping,  the  maximum  value  of  the  damping,  and  the  time 
stsp  were  tried  with  llttlo  improvement  in  the  results. 

At  thia  point,  it  was  suspected  that  the  divergent  character  was  perhaps  a  result  of  very  poor 
accuracy  in  the  transonic  range  ooupled  with  very  crude  iuitial  conditions.  To  study  this 


id#*,  *  long-time  run  of  800  time  step*  v*s  made  with  zero  viscosity  for  Mg,  »  1/2.  Figure  2 
shows  th#  results  to  fa#  converging  to  *  subsonic  solution}  hovtvsr,  sob*  oscillations  or 
"wiggles"  *pp«ar  in  th#  Mach  number  distribution. 


Th#  results  obtained  for  M^  ■  0.5  at  K  »  800  were  th#n  modified  fay  letting 
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for  *11  i  and  j,  *nd  then  the*#  results  &r#  used  u  initial  conditions  for  Mg,  -  0.6.  After 
*  few  hundred  tiae  step*  of  calculations,  the  results  were  similarly  modified  to  get  initial 
conditions  for  Mg,  «  .656  and  then  siailarly  for  Mg,  •  O.7O7.  Figure  3  shows  that  this 
approach  to  th*  transonic  regia*  yields  better  results  than  before;  however,  it  also  appear* 
that  th*  oscillations  which  appeared  in  the  subsonic  distribution  grow  to  substantial  amounts 
at  transonic  speeds  and  thus  prohibit  any  meaningful  results. 

In  order  to  get  better  results,  several  modifications  to  the  existing  computer  program  were 
made.  First,  the  calculations  denonstrated  an  inability  of  the  existing  mesh  size  to  resolve 
the  flow  field  accurately  in  the  vioinity  of  rapid  flow  changes,  i.e.,  the  nose  region.  Con¬ 
sequently,  the  mesh  was  aade  more  dense  over  the  front  half  of  th*  airfoil  by  inserting  eight 
more  vertical  lines  between  x  •  3.82  and  x  »  4*30,  which  resulted  in  224  additional  mesh 
points.  The  method  of  representing  the  airfoil  by  linear  interpolation  between  given  tabular 
points  was  examined  by  comparing  the  resulting  airfoil  ordinates  and  slopes  with  the  theo¬ 
retical  ordinates  and  slopes  given  by  Nieuwland.  The  ordinates  and  slopes  calculated  by  the 
computer  program  were  found  to  be  acourate  to  the  nearest  hundredth,  while  Nieuwland's  theo¬ 
retical  values  were  given  to  the  nearest  thousandth.  Hence,  the  computer  program  was  modified 
to  do  fifth  order  polynomial  Interpolation  for  the  airfoil  ordinates  and  slopes  were  computed 
from  this  interpolation  polynomial.  This  procedure  gave  ordinates  and  slopes  at  least  as 
accurate  as  Nieuwland's  data. 

Next,  attention  was  given  to  the  numerical  problem  of  determining  th*  dependent  variable*  at 
non-meeh  point*  from  information  given  at  the  mesh  points.  For  example,  if  the  Mach  numbar 
is  given  at  the  mash  points  oloss  to  the  airfoil  surface,  what  la  the  Mach  number  on  the  air¬ 
foil  surface?  This  problem  ia  illustrated  in  Figure  4.  In  Figures  1,  2,  and  3,  the  Mach 
number  at  ij  (see  Fig.  4)  was  determined  by  a  linear  extrapolation  of  the  Mach  number  at 
points  5  and  3.  However,  this  procedure  does  not  take  into  aocount  th*  flow  field  variables 
at  points  2  and  4.  Clearly,  th*  Mach  number  at  some  point  on  the  surface  between  x|  and  14 
should  be  some  sort  of  suitable  average  of  the  Maoh  numbers  at  points  1,  2,  3,  and  4.  Conse¬ 
quently  th#  Mach  numbers  at  x;,  xj,  xj,  X4,  dsnoted  by  Mi,  M2,  Mj  and  M4,  ar*  oomputsd  by  a 
linear  interpolation  between  th*  flow  quantities  at  the  points  1,  2,  3,  and  4  and  their 
respectively  associated  flow  quantities  at  the  interior  point.  The  resultant  Mach  numbers 
ar*  then  averaged  a*  are  the  four  abscissas  to  give  a  Mach  number  at  a  speoifio  point  on  the 
airfoil.  This  prooedur*  for  calculating  th*  Maoh  number  on  th*  airfoil  surface  allows  the 
surface  Maoh  number  to  depend  on  a  surrounding  region  rather  than  on  a  vertiole  needle. 

IV.  Final  Result* 

With  these  modifications,  sevoral  calculation*  were  performed  for  a  freestream  Maoh  number  of 
0.5.  The  results  indicated  th*  need  for  three  more  ohauges  in  th*  boundary  point*  describing 
the  airfoil  surface.  Th#  first  two  givsu  ordinate*  for  th*  airfoil  nose  were  not  euffioiently 
olos*  to  allow  an  aoourate  approximation  by  a  fifth-order  polynomial.  Consequently,  a  parabola 
vaa  fit  to  the  nose  section  from  whioh  additional  data  were  generated.  The  trailing  edge  pre¬ 
sented  another  problem  as  the  theoretioal  trailing  edge  wa*  a  cusp  and  not  a  stagnation  point. 
Since  it  wa*  not  known  how  to  simulate  a  cuap  numerically,  the  trailing  edge  was  treated  as  a 
stagnation  point.  Also,  it  wa*  noticed  that  when  mesh  points  in  the  flow  field  ooourred  very 
close  to  the  airfoil  surface,  the  calculations  diverged  at  those  points  after  about  50  time 
steps.  This  implies  that  Li  0  and  consequently  very  large  element*  appear  in  the  reflection 
matrix.  In  fact,  it  was  found  that  if  L2/L1  exoeeded  about  10,  divergence  occurred.  Appar¬ 
ently,  an  L2/L1  exceeding  10  implies  that  the  effective  a  is  reduced  so  much  at  the  boundary 
that  the  at  is  too  large  for  stability.  To  oorrect  such  a  situation  the  vertiole  mesh  lines 
on  the  front  and  rear  of  the  profile  must  be  shifted  somewhat  to  insure  that  L2/L1  is  not 
large. 

Having  made  all  the  necessary  modifications,  calculations  were  once  again  begun  for  a  free¬ 
stream  Maoh  number  of  0.5.  Figure  5  shows  the  results  after  800  time  steps  and  the  near¬ 
steady  state  solution  has  apparently  bean  reached,  termining  initial  conditions  a*  described 
previously,  calculations  have  also  been  done  for  Kg,  «  0.6  and  0,704.  Figure  6  gives  the 
result*  for  «oo“  0-  704  after  1200  time  steps  and  Table  1  illustrates  the  changes  which  occur 
in  the  Mach  number  distributions  for  increasing  time. 

Th*  results  shown  in  Figure  6  are  quite  interesting  os  a  shock  wave  is  apparently  predicted. 

The  steady-state  solution  is  more  slowly  approached  than  for  purely  subsonic  flow,  but  Table  1 
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shows  that  changes  in  the  Kach  number  distribution  with  tine -stop  era  quits  saali  after  about 
1000  time  steps.  Tha  shock  wave  is  smeared  out  over  about  three  mesh  widths  as  is  character¬ 
istic  of  Lax-Wendroff  methods.  The  shock  wave  is  situated  around  z  *  4,3  which  is  approximately 
the  position  of  tha  downstream  sonic  point  predicted  by  Nieuwland.  The  discrepancy  between 
Kicuwland's  results  and  the  calculated  values  are  apparently  due  to  inaccuracies  in  the  defini¬ 
tion  of  airfoil  geometry.  It  is  now  known  that  airfoil  ordinates  accurate  to  five  decimal 
places  must  be  furnished  to  enable  the .accurate  determination  of  the  surrounding  potential  flow 
field.  In  fact,  in  view  of  Horawetz’s^i  well  known  analytical  work,  it  would  not  be  too  sur¬ 
prising  if  slight  deviations  froa  Nieuwland'*  iaentroplo  profile  did  produce  a  shock  wave.  It 
is  also  interesting  to  cote  that  the  computations  show  the  well  known  aaall  region  of  increased 
flow  velocity  behind  the  shock  wave  in  tracsocio  flow  over  profiles. 

V.  Conclusions 

The  Lax-Wendroff  difference  scheme  la  apparently  capable  of  predicting  both  subaonio  and  tran¬ 
sonic  flow  fields  over  arbitrary  prefiles.  For  subsonic  flow,  the  near-steady-state  solution 
is  obtained  after  several  hundred  time  steps.  For  transonic  flow,  the  near-steady  state  solu¬ 
tions  require  an  order  of  magnitude  sore  time  steps.  The  true  steady-state  solution,  of  course, 
would  require  many  hundreds  of  time  st  ps;  however,  most  of  the  transient  effects  become  negli¬ 
gible  after  the  first  several  hundred  time  steps.  The  method  of  prescribing  the  boundary  condi¬ 
tions  apparently  functioned  well.  A  check  of  the  parallel  flow  requirement  at  the  airfoil  sur- 
faco  was  performed  at  intervals  of  50  time  steps,  and  it  was  found  that  no  mass  flow  was 
crossing  the  airfoil  surface.  The  boundary  conditions  around  the  outer  boundaries  of  the  mesh 
also  caused  no  difficulties  and  apparently  maintained  uniform  freestream  flow  at  the  entrance 
boundary  without  creating  large  disturbances  in  the  flow  field. 

The  resu) ts  given  in  Figure  6  indicate  that  it  would  be  very  interesting  to  use  the  Lax-Wendroff 
method  for  a  profile  which  is  determined  accurately  to  five  decimal  places,  and  to  see  the 
result  when  the  freestream  Kach  number  increases.  Such  airfoil  data  have  been  given  by  Boer- 
etoelOO)  for  a  profile  which  exhibits  shock-free  transonic  flow.  This  calculation  is  currently 
being  done  using  ths  program  described  in  this  paper  with  one  modification.  The  leading  edge 
is  now  fit  with  a  circular  arc  rather  than  a  parabola.  These  results  should  be  available  in  a 
few  weeks  and  will  bs  presented  at  the  AGARD  Specialists'  Meeting  in  September. 

To  be  practical,  however,  consideration  must  he  given  to  the  limits  impossd  by  tne  computer. 

The  existing  program  uses  a  Univao  1108  computer  and  requires  about  50,000  storage  locations. 

The  program  requires  about  5*3  seconds  per  time  step,  which  emphasizes  the  need  for  good  initial 
conditions.  Obviously,  ths  program  is  expensivs  in  terms  of  computer  time  and  storage  require¬ 
ments.  However,  optimizing  the  current  program  oould  possibly  reduos  the  running  time  by  a 
factor  of  2,  and  by  the  time  the  present  method  is  developed  for  arbitrary  lifting  profiles, 
bigger  and  faster  machines  will  be  available^11),  if  past  computer  development  is  any  clue  to 
tha  future. 
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TABLE  I 

MACH  5TJMBEH  DISTBIBOTIOK  FOB  M^  -  0.?04 


X 

i  - 

0 

1000 

1100 

1200 

3.8017 

0.2313 

0.2116 

0.2091 

0.2108 

3.8338 

0.6005 

0.7487 

0.7421 

0.7443 

3.8668 

1.0774 

1.0378 

1.0328 

1.0343 

3.8846 

1.0982 

1.0528 

1.0508 

1.0513 

3.9332 

1.0389 

1.0489 

1.0526 

1.0550 

3.9702 

1.0000 

1.0591 

1.0413 

I.O464 

4.0003 

1.0333 

1.1174 

1.116? 

1.1221 

4.0302 

1.0206 

1.1514 

1.1532 

1.1614 

4.0602 

1.0243 

1.1650 

1.1682 

1.1746 

4.0902 

1.0127 

1.1763 

I.I846 

1.1912 

4.1202 

1.0122 

1.1623 

1.1700 

1.1756 

4.1501 

1.0047 

1.1723 

1.1789 

1.1893 

4.1800 

0.9995 

1.1483 

1.1507 

1.1679 

4.2099 

0.9896 

1.1684 

1.1741 

1.1833 

4.2399 

0.9822 

1.1316 

1.1359 

1.1567 

4.2698 

0.9708 

1.1981 

1.2095 

1.2010 

4.3032 

0.9636 

I.O876 

1.0851 

1.0689 

4.3590 

0.9423 

I.O463 

3K3 

1.0433 

4.4190 

0.9222 

0.9275 

0.9069 

4.4873 

0.8805 

0.9271 

0.9278 

0.9406 

4.5633 

0.8126 

0.9086 

0.9037 

0.8413 

4.5957 

0.7858 

0.8625 

0.8587 

0.8096 

4.6640 

0.6985 

0.7588 

0.7546 

0.7009 

4.7377 

O.56OO 

0.6081 

0.6052 

0.5757 

4.7817 

0.3981 

0.4305 

0.4285 

0.4102 

FIGURE  6.  MACH  NUMBER  DISTRIBUTION  FOR  M  0.704 
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SUMMARY 


A  procedure  is  presented  to  calculate  the  steady  planar  flov  over  a  prescribed  lifting 
profile.  To  obtain  a  properly- posed  problem  for  the  mixed  elliptic- hyperbolic  flov,  an  unsteady 
approach  is  used,  vhere  the  desired  steady  flov  is  the  asymptotic  limiting  flov  for  large  times 
arising  from  a  sequence  of  unsteady  flovs  generated  by  placing  a  "leaky"  profile  in  the  desired 
uniform  free  stream  (leakiness  initially  permitting  the  free  stream  to  flov  through  the  airfoil 
unhindered)  and  then  impulsively  turning  off  the  leakiness.  The  resulting  motion  is  calculated 
by  a  finite  difference  analogue  of  the  unsteady  Euler  equations  vhere  a  "diffusing"  difference 
scheme  is  used.  With  this  difference  scheme  an  artificial  viscosity  is  introduced  by  vhieh 
shock  vaves  acquire  a  steep  profile  appearing  at  their  correct  location  vith  the  proper  jump 
conditions  fulfilled.  To  obtain  the  required  resolution,  fine  lattice  mesh  is  embedded  in  the 
surrounding  coarser  mesh  at  the  expected  location  of  the  shock  vave,  as  veil  as  about  the  leading 
edge.  Tvo  examples  have  been  computed.  The  first  is  the  flov  at  Mm  *  0.85  over  a  biconvex  air¬ 
foil  of  8.4£  thickness  ratio  at  zero  angle  of  attack,  vhieh  is  intended  to  demonstrate  the  ability 
of  the  procedure  to  evolve  shock  vaves.  Although  the  programmed  procedures  can  treat  a  blunt- 
nosed  profile  at  angle  of  attack,  ve  consider  instead,  for  the  second  example,  a  biunt-noBed 
shockless  profile  at  zero  angle  of  attack  computed  by  Nieuvland  and  Boerstoel  using  the  hodograph 
method.  The  intent  here  is  to  determine  vhether  this  shoekless  flov  is  stable,  and  remains  in¬ 
deed  shockless  after  having  been  perturbed  by  the  many  unsteady  disturbances  introduced  in  the 
process  'f  reaching  a  steady  state. 
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1.  INTRODUCTION 

The  design  of  a  transonic  aircraft  frequently  involves  the  consideration  of  a  complex  three- 
dimensional  supercritical  flow.  Nevertheless  in  the  ving  design,  planar  flows  play  a  significant 
role  because  of  the  large  extent  of  such  flow,  either  naturally  present  as  in  the  case  of  a  high 
aspect  ratio  wing,  or  produced  by  design  as  a  result  of  a  fuselage  contouring  to  obtain  favorable 
interference  effects  in  the  case  of  smaller  aspect  ratios.  The  resulting  flow  is  a  viscous  one 
involving  a  turbulent  boundary  layer-normal  shock  interaction.  %li  interaction  is  a  strong  inter¬ 
action,  disallowing  the  usual  decoupling  of  the  inviseid  and  viscid  portions,  so  that  an  approxi¬ 
mate  interaction  theory  ae  that  due  to  Gadd  (Ref.  l)  must  be  used  prior  to  applying  the  usual 
iterative  scheme.  In  the  latter  scheme,  an  essential  ingredient  will  be  the  calculation  of  the 
overlying  inviacid  flow.  It  will  be  the  purpose  of  the  present  peper  to  present  an  exact  procedure 
to  calculate  auch  flows. 

There  presently  does  not  exist  a  satisfactory  procedure  to  calculate  inviseid  supercritical 
flowe.  There  has  been  an  extensive  effort  in  England  on  8emi-empirical  methods  characterized  by 
the  work  of  Sinnott.  and  Osborne,  but,  despite  their  significant  accomplishments,  these  methods  fall 
short  of  desired  requirements.  Similarly  the  integral  equation  approach,  first  considered  by 
Oswatitach  and  subsequently  expanded  by  many  others,  has  had  surprising  success,  but  it  has  been 
unable  to  handle  blunted,  lifting  profiles.  There  appears  to  be  no  simpler  alternative  than  to 
start  from  the  full  Euler  equations  using  a  numerical  procedure.  The  incompatible  characteristics 
of  subsonic  and  supersonic  flows,  as  well  as  the  problem  of  systematically  locating  the  shock  wave, 
would  discourage  a  steady  approach  using  the  relaxation  procedure,  which  inherently  ia  a  subsonic 
method.  He  shall  therefore  adopt  an  unsteady  approach  where  the  desired  steady  flow  will  be  ob¬ 
tained  aa  an  asymptotic  limit  for  large  times  by  a  marching  procedure  from  a  given  initial  flow. 

The  marching  procedure  for  the  initial  value  problem  is  properly  set  for  both  subsonic  and  super¬ 
sonic  flaws.  Initially  one  will  start  from  a  uniform  parallel  flow  corresponding  to  the  free 
stream  conditions.  At  zero  time  the  boundary  conditions  representing  the  body  will  be  impulsively 
“turned  on."  The  consequent  unsteady  motion  will  then  be  treated  using  a  finite  difference 
analogue  of  the  unsteady  Euler  equations  where  a  "diffusing"  difference  scheme  (to  be  described 
later)  is  used  to  approximate  the  partial  derivatives.  The  use  of  this  difference  scheme  gives 
rise  to  an  inherent  "artificial  viscosity, "  similar  in  nature  to  that  of  Von  Neumann  and  Richtayer; 
and  shock  waves  will  acquire  a  profile,  ceasing  to  be  discontinuities,  and  will  appear  quite 
naturally  at  their  proper  location.  There  will  thus  be  no  special  subroutine  required  to  locate 
and  treat  shock  waves. 

To  illustrate  the  above  procedure  we  shall  calculate  two  examples.  The  first  ia  c  preliminary 
effort  intended  to  demonstrate  the  ability  of  the  method  to  evolve  the  primary  shock  wave.  For 
this  case  we  shall  consider  a  sharp-nosed  biconvex  profile  at  zero  angle  of  attack.  For  the  second 
example  we  shall  recalculate  one  of  the  shockless  flows  obtained  by  Nieuwland  and  Boerstoel 
(Refs.  2  and  3)  using  the  exact  hodograph  equations.  Such  shockleBS  flows  have  been  questioned  by 
many  (see,  e.g..  Refs.  U  and  5)  who  have  concluded  that  these  flows  were  unstable  leading  ultimately 
to  flows  with  shocks.  The  purpose  of  the  second  example  ia  to  attempt  to  verify  this  instability 
(to  the  extent  that  one  can  by  a  numerical  procedure)  and  to  determine  whether  or  not  the  resulting 
shock,  if  it  indeed  does  arise,  is  weaker  than  for  a  comparable  "nonoptimum"  case.  The  ahocklesa 
profile  considered  is  blunt-nosed,  symmetric,  and  nonlifting. 

The  unsteady  procedure  used  above  to  calculate  these  examples  is,  however,  able  to  handle 
general  lifting  profiles,  but  we  shall  defer  the  calculation  and  the  reporting  of  theae  caaea  for 
a  later  time. 


2.  BASIC  FIOW  EQUATIONS  AND  AUXILIARY  CONDITIONS 

Hie  starting  point  of  the  numerical  approach  is  the  set  of  Euler  equations  re-expreaaed  in  a 
conservation  form  as  follows  using  the  usual  notations  and  a  cartesian  coordinate  system 


3W  3F  d6 

3t  dx  3y 

where  the  vectors  in  component  form  are  given  by 
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and  the  coordinate  x  being  in  the  free  stream  direction. 
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Since,  in  flows  of  Interest,  shock  naves  are  sufficiently  weak  that  one  nay  assume  an  isentropic 
flow;  thus. 


p  p"'1’  »  Const. 


y  taken  subsequently  as  7/5. 

For  the  boundary  conditions,  we  require  the  flow  to  approach  at  all  times  a  prescribed  uniform 
flow  sufficiently  far  from  the  airfoil,  and  at  the  airfoil  we  require  the  Impulsive  condition 


(vT  •  "n)  H(t)  «  0 


where 


I  w  I  »  +  Vu2  +  v2  arg  w  =  arc  tan  _SL 
'  ‘  u 

In,  outward  normal  to  the  profile,  and 


H(t)  - 


0 

1 


t<0 

t>0 


At  t  «  0  we  assume  a  uniform  flow  at  the  free  stream  conditions. 

Fbr  the  lifting  case,  the  Kutta  condition  ia  enforced  at  the  pointed  trailing  edge  by  requiring 
the  flow  in  the  vicinity  of  the  trailing  edge  to  he  locally  synmetric  about  a  line  bisecting  the 
external  angle  at  the  trailing  edge. 


3.  DIFFERENCE  SCHUffi 

In  the  courae  of  the  atudies  attention  has  not  been  confined  to  a  single  type  of  finite 
difference  scheme. 

The  results  presented  for  the  biconvex  airfoil  at  zero  angle  of  attack  were  obtained  with  a 
two  step  explicit  finite  difference  scheme  closely  related  to  the  procedure  given  by  lax  and 
Wsndroff,  Ref.  6.  The  results  presented  for  the  blunt-nosed  airfoil  were  obtained  using  a  simpler 
one-step  diffusion-stabilized  explicit  difference  scheme  for  most  of  the  computation  field  and  an 
iterative  imp'acit  scheme  to  advance  the  solution  in  the  extra  fine  mesh  region  around  the  airfoil 
nose. 


Since  the  work  being  described  is  exploratory,  various  methods  for  satisfying  boundary  condi¬ 
tions,  and  applying  initial  conditions,  need  to  be  investigated.  Therefore,  in  order  not  to  be 
excessively  troubled  by  instability  of  the  computations  due  to  severe  starting  conditions,  or 
poorly  chosen  methods  for  applying  boundary  conditions,  relatively  simple  difference  schemes 
having  easily  controllable  damping  properties  have  been  used.  Stability  and  accuracy  in  difference 
schemes  are  qualities  which  are  more-or-less  exchangeable  so  a  more  accurate  (and  less  stable) 
scheme  will  probably  be  used  in  future  versions  of  the  program. 


4.  FIRST  EXAMPLE  -  BICONVEX  AIRFOIL 

To  illustrate  the  procedure  we  shall  first  calculate  the  flow  over  a  circular  arc  biconvex 
airfoil  of  8.1$  thickness  ratio  at  zero  angle  of  attack  at  a  free  stream  Mach  number  of  0.85  in  a 
closed  channel.  The  purpose  of  this  simple  example  is  to  examine  the  ability  of  the  procedure 
to  evolve  the  essentially  normal  shock.  The  simple  mesh  system  vas  used  for  this  example  which 
is  shown  in  Figure  1,  In  the  dashed  region  a  finer  mesh  was  incorporated  at  a  later  time  to  obtain 
a  better  resolution  of  the  shock  wave. 

It  vas  found  that  the  tvo-step  difference  scheme  had  insufficient  damping  to  prevent  a  catas¬ 
trophic  instability  of  the  calculation  from  occurring  in  the  part,  of  he  field  around  the  airfoil 
nose.  The  characteristic  Jagged  response  of  the  difference  scheme  to  a  strong  disturbance,  see 
Ref.  6,  vas  sufficiently  intense  in  the  nose  region  that  negative  absolute  pressure  would  occur  at. 
a  point  somewhat  aft  of  the  airfoil  nose  and  the  calculation  scheme  would  fail.  Extra  diffusive 
damping  was  added  to  the  difference  scheme  (which  degrades  the  accuracy)  in  order  to  continue  the 
calculation.  The  resulting  pressure  distributions  on  the  airfoil  are  shown  in  Figure  ?  at  various 
times  for  the  coarse  mesh  and  with  the  addition  of  the  embedded  fine  mesh.  The  final  Mach  number 
contours  in  the  flow  field  are  next  presented  in  figure  3  for  Mach  number  increments  of  0.02.  The 
contours  were  obtained  by  a  linear  interpolation  of  the  Mach  numbers  at  the  mesh  points. 
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5.  SECOND  EXAKPUS  -  SHOCKLESS  PROFILE 

For  the  calculation  of  the  second  example,  &  procedure  has  been  developed  vhlch  le  capable  of 
handling  the  flow  over  a  blunt-nosed  profile  with  lift.  Here  ve  have  Incorporated  the  far  field 
boundary  condition,  the  Kutta  condition  at  the  trailing  edge,  and  a  variable  aesh.  For  the  variable 
mesh  in  the  vicinity  of  the  blunt  nose,  an  extra  fine  aesh  having  a  spacing  of  0.01  chord  is  used. 
The  airfoil  itself  is  imbedded  in  a  fine  aesh  vith  0.05  chord  spacing  and  the  field  external  to 
the  airfoil  (within  a  3.2  chords  square)  is  covered  with  0.2  chord  coarse  mesh.  Overlapping  the 
coarse  cartesian  aesh  a  polar  coordinate  grid  having  9  non- uniformly  spaced  rings  and  40  rays 
extends  the  field  to  infinity.  Here  a  suitable  scale  transformation  of  the  radial  coordinate  it 
carried  out. 

For  the  second  example  ve  shall  recalculate  the  flow  over  a  ahockleso  profile  calculated  by 
Nleuvland  and  Eoerstoel  using  the  hodograph  net hod,  and  in  particular  ve  shall  take  the  profile 
denoted  by  the  designation  .11-. 75-1. 375  of  Ref,  3.  The  calculation  by  the  finite  difference 
method  ie  in  process  and  will  be  presented  at  the  oral  presentation. 
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SOMMAIRE 


L'lccrulement  bldimenaionnel  autour  d'un  p  ref  11  eat  calculi  coene  It  mite  asymptotique  d'un  Icouleaent 
non  permanent.  Comae  donnles  initialea  on  peut,  par  example,  utiliser  une  solution  connue  et  modifier 
continuement  en  fonction  du  temps  lea  conditions  aux  limites,  aoit  encore  impoaer  die  l' instant 
initial  A  un  Icoulement  arbitraire  les  conditions  aux  limites  souhaitles  j  Involution  de  l'lcoulement 
pe*  >  8tre  dlteroinle  par  la  mlthode  des  caractlriatiques.  Un  changeaent  de  coordonnles  tel  que  les 
lignes  de  courant  et  leure  trajectoirea  orthogonales  soient  reprlsentlee  par  des  paralllles  aux  axos 
simplifie  les  relations  des  caractlristiques  ains-1  que  1' organisation  des  calculs  nualriques. 

L1 organisation  go nl rale  du  calcul  est  dlorite  ainsi  que  les  solutions  adoptles  pour  lever  certaines 
difficultls  t  point  d'arrlt,  oonditior.  de  JOUXCWSKY,  limites  du  rlsoau,  ondes  de  choc. 

Quelques  rlsultats  de  calcule  programmes  en  Fortran  sont  p risen tie  et  discutls. 


SUMMARY 

APPLICATION  OP  THE  METHOD  OF  UNSTATIONAHY  CHARACTERISTICS 
TO  THE  NUMERICAL  COMPUTATION  OF  A  STEADY  COMPRESSIBLE  FLCW 


The  two-dimensional  flow  around  an  airfoil  is  computed  as  an  asymptotic  limit  to  on  unstationary  flow. 
As  initial  data  it  13  possible  to  use,  for  instance  a  known  solution  and  modify,  as  a  continuous 
function  of  time,  the  limiting  conditions  ;  or  impose,  from  the  initial  moment,  the  desired  limiting 
conditions  to  on  arbitrary  flow  j  tho  evolution  of  the  flow  can  then  be  determined  by  the  method  of 
characteristics.  A  change  of  coordinates  such  that  the  current  linos  and  their  orthogonal  trajectories 
are  represents^  by  lines  parallel  to  the  axes  simplify  the  relations  of  the  characteristics  as  well  as 
the  organization  of  the  numerical  cooputatic"  , 

The  general  organization  of  an  computation  is  described,  as  will  as  the  solutions  chosen  to  lift 
certain  difficulties  s  stagnation  points,  JOUKCV SKY's  conditions,  network  limits,  shock  wawe3. 

A  few  results  of  computations,  programmed  in  Fortran,  are  presented  and  discussed. 
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L'UTILISATION  D'UNE  METHODS  IE  CALCUL  an  rdgi me  instationnaire  pour  la  determination  d'un  dooulsnent 
stationnaire  ccnsiddrd  ccans  limit®  asymptotique  a  6ti  frdquemment  propose®  pour  rdsoudre  des 
problkmes  parti  'uliereoent  difficiles  tela  que  celui  du  ehoo  ddtachd  [ 1 -2-5-4] . 

Qiiand  la  solution  nun-Srique  direote  du  problems  stationnairo  impoes  l'ecnploi  d'une  methods  iterative 
(problems  elliptique),  il  n'eet  jamais  certain  a  priori  que  la  convergence  du  prooddd  plus  cu  meins 
arbitraire  utilise  assurs  la  convergence  ;  si,  au  contraire,  on  introduit  la  variable  temps, 
l'existence  de  caracteristiques  rdelles  dans  le  nouveau  problkete  permet  de  determiner  ratlonnellement 
un  critkre  de  convergence  j  celui-ci  eat  d'ailleure  assure  automatiquement  si  l'on  utilise  une 
mdthode  de  calcul  baade  sur  les  proprieties  mdoes  des  oaraetdristiques. 

La  complication  du  problems  n'est  done  qu'apparente  :  les  diverses  iterations  imposes  dans  la 
rndthode  stationnaire  sont  alors  remplacdes  par  la  suite  de  calculs  effectuda  aux  instants  sucoesstfs 


Dans  le  cas  d'ecoulements  transsoniques,  un  autre  a vantage  de  la  methods  instationnaire  dee 
caracteristiques  est  de  permettre  a  priori  de  prevoir  direotement  l'existence  d'ondee  de  choo  dans  la 
solution  cherohde  et,  par  consequent,  de  choisir  la  forme  du  profil  pour  e viter  cet  inconvenient. 

On  pout  imsginer  tin  trks  grand  nombre  de  variantes  d' application  de  la  methods  ;  citons  les  suivantsa, 
k  titre  d' example  s 

-  partant  d'un  ecoulement  connu  autour  d'un  profil  donne  (p),  on  modifie  progressivement  (P)  jusqu'k 
la  nou veils  forme  (P')t  les  conditions  (  E  g,  )  h  l'infini  rostant  invar! antes. 

-  Eqq  restant  fixe,  on  peut  aussi  chercher  la  nouvelle  forme  (P')satisfaisant  k  -une  distribution 
differente  des  p  reunions  sur  le  profil  (problems  inverse). 

-  (p)  restant  fixe,  cn  part  d'une  solution  connue  pour  (Boo)  et  l'on  passe  progressivement  de  (E00)  k 
(E'oo). 

L'objet  de  cet  expose  e3t  d'indiquer  les  prinoipes  et  les  premiers  resultats  obtenus  k  1'O.H.E.R.A. 
dans  une  tentative  do  mise  en  oeuvre  de  ce  proeddd  i 

La  methods  adoptee  3e  caracterise  essentiellement  par  l'utilisatian  d'un  systkae  de  coordonneee  (  X,  T  ) 
constitue  h  ohaque  instant  par  les  lignes  de  courant  (  T  =  ote)  et  leurs  trajootoires  orthogonal ea 
(  X  «=  ote  ). 

Ce  choix  a  entre  autres  avantages  celui  de  simplifier  boaucoup  le  calcul  numerique  j  d'une  pert  en 
effet  les  conditions  aux  limites  sont  ecrites  toujours  sur  des  lignes  X  a  cte  ou  I  «  ote  du 
reseau;d'autro  part,  dans  cos  axes  intrinseques,  les  equations  gdndralos  conservent  une  forme  trds 
simple.  Co  choix  oouldve  par  oontre,  comma  on  le  verra,  quelques  difficultes  au  voisinage  des  points 
de  vitesse  nulle  (bord  d'attaque  par  example). 


KEPOSE  DE  LA  METHODS  DE  CALCUL 

Aprbs  avoir  ddfini  les  formdes  generales  de  la  methode,  on  analysers  les  problbmeo  particuliers  poads 
par  sa  mise  en  oeuvre, 

FORMULATION  CENBRALB 

On  etudie  un  ecoulement  de  gaz  parfait  uniforae  k  l'infini  (poo  ,  Voo,  Tg,),  pouvant  oooportor 
eventuellement  dans  certains  demaines  des  variations  d'entropie  dues  k  1' apparition  d'ondes  de  ohoo. 

STSIEME  DS  COORDONNEES.  Les  relations  des  caracteristiques  sont  rappeieos  en  annexe  1 .  Ces 
relations  sont  particulibrement  simples  si  on  les  exprime  dans  des  axes  locaux  x1 ,  y1 ,  t,  etant  le 

veoteur  unitaire  porte  par  la  vitesse  locale  k 
1' instant  t  et  yj  le  vocteur  unitaire  direotement 
perpendiculaire,  situd  dans  le  plan  physique  (x,  y). 

L' angle  x,  X|  sera  appeld  Q  , 

Pour  pouvoir  utilisor  lea  relations  des 
oaraoteristiquoo  sous  cette  forme  simple,  il  est 
ndeessaire  de  determiner  une  transformation 
biunivoqus  faisant  oorre3paadre  fc  tout  point  du  pjan 
physique  (x,  y)  un  point  du  plan  (l,  Y)  et  telle  que 
dons  ce  dernier  plan  les  lignes  de  courant  et  leure 
trajectoiros  orthogonales  soiont  reprdsentdee  par  dee 
parallkles  aux  axes. 
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Soit  dona  (dxt ,  dyj )  lea  eaqpoaa&tes  d'ua  dlfaent  lindalre  an  un  point  Q  (x,  yf  t)  suivant  lea 
dlrecticoa  ft  at  yj . 

PO6CO6 

^,.  =  <(<,'.‘1  ‘L* 

(”  A*,  -  iY 

A  #t  fl  dtaat  deux  foncticus  eoarenablenent  ohoiaiea  rendant  intdgrable  k  cheque  instant  t,  1* 

aystkas; 

o,x  =  d  ce*  8  dX  —  aim.  8  AY 

=s  d  -elm.  9  AX  4-  *•*■&  8  Ay 


d  et  (3  astlsfont  done  ndoeasairenent  h  1 


(3) 


21 

•37 


2JL  » 

"D  X 


<X 
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D'aprks  les  relations  (3),  <d  et  (3  s'intkgrent  sous  la  for**  t 


(4) 

<*(X,y,  t)  =  otw(Xy  0,  t)  - 

f’  18 

1  ^ 

« 

'O 

(l  (x^t)  =  po(-»*/Y^  *J 

*d  22  Ax 

•>y 

.00 

Lee  distributions  initiales  o(.(x,  0  ,  t)  et  j3,  (~ao/  7/  t )  aont  a  priori  arbitraires, 

n  y  a  intdrdt  k  poser  t 

v  _  A(x,y,t) 

_  6C*,V,0 

v  Cx,y , t) 

'  fVCx^t) 

d'aprks  (3)  » 

en  effet,  an  a  > 

3A  =-.p(2V  _V>i). 

:  d  jS  h.o-t  V 

(5) 

&  ("V  +  fv2£_) 

-  _d 

'  1 1 

Ces  Equations  aontrent  qua  si  I'dooulenent  est  irrotationnel,  condition  assures  id  en  l'ahsenoe 
d'ondee  de  choc,  on  a  t 

1  =  A  (l,  t) 

f onotion  arbitraire,  qui  pormettr*  d'dohelonner  convenablement  dans  le  plan  physique  les  hcaologuea  das 
lignee  X  ■  ote  (confondues  alors  aveo  dee  dquipotentiollos). 

On  renarquera  d'autre  part  qua  si  rot  V  ■  0  ,  on  a  la  relation  s 


(6) 


b  =  2L  22 
a.  ^y 


A 

oil  h  reprdsente  la  courbure  locale  -  de  la  ligne  de  ocurant  dans  le  plan  physique. 

*3  x, 

Cette  relation  sera  utile  pour  l'dtudo  du  voisinage  du  point  d'arrdt. 


RELATIONS  IES  CARACTER2S PIQUES,  Dans  les  axes  (X,  T,  t)  prdoddemsent  ddfinia,  la  surfaoe 
caractbristique  d'un  point  M  (X,  T,  t  +  dt)  est  un  cine  de  sonnet  M  eoupant  le  plan  t  soiYsnt  une 
ellipse  de  centre  fl  (  xn -  <Lt  ,  y  t")  dont  les  deni-tree  principaux  soot  parallklee  k  OK  et  01 
et  ant  respeottreaeat  pour  assures  i 


rtA  =n&  =  At 

ok 


XL  C  =  IV  b  s  At 


a  dtant  la  odldritd  du  son, 

De  cette  surface  caractdristique,  on  ne  retiendra 
par  exenple  que  les  quatre  bicaractdristiquee 
passant  par  leaaaanets  A,  B,  C  et  D  de  l'ellipee. 


i  Le  long  de  cea  bioaraotdrlstiques,  les  relations 
suivantea  aont  vdrifidee  en  gdndral  (  y  -  _£l_  ) 

+/f 


A  (<k°AM 
A  (a^bm 
A  U(l)^ 

±  (din.) 


♦  i 


v.  22  it 
p  2y 


_  ±  (av)rm  -_y.  if  it 

OL  8M  p  JY 

+  V.  (A0)cm  S- J.  At 

T  a  v  CM  o(  lx 


-  (A  8) 

a.  o  m 


±  At 

*  3* 


D'autre  part,  l'entropie  satisfait  h  la  relation  i 

(8) 

Si  on  dtudie  I'dooulement  isentropique  d'un  gas  parfait  ote  ,  les  relations  se  simplifient  en 
posant  p  -  JL.  <*.  ,  IXr  fait  de  l'isentropie 

.  .  JM> 

Les  relations  (7)  s'doriront  alcre  i 

(IP)  *  /  AX>\  -  UbiH  V  li  it 

(9)  (ap)25  "(  b m  -**  ip  sy 

OM  DM 

Pour  ainplifier  l'expoed,  on  supposera  par  la  suite  que  l'deoulenent  est  effectiveoent  isentropique 
et  que  l'on  peut  utiliser  ces  demi&res  relations, 

ETUDE  IE  QUELQUES  PROBLEMS  PARTICULIEKS 

Le  node  de  calcul  du  point  courant  ne  prdsente  auoune  difficult^  thdorique,  Par  centre,  il  est 
ndeeasaire  de  diseuter  quelquoa  problbmes  particuliexe, 

CALCUL  DU  POINT  COURANT,  Les  trois  grandeurs  P,  V  et  6  ddfinissant  l'dooulenent  au  point  oourant 
M  (x,  T,  t  +  dt)  seront  ddternindes  par  l'application  des  quatre  relations  oaraotdriotiques  (9) 
ndeeseairecient  conpatibles  quo  l'on  pourra  rdsoudre  par  la  ndthode  des  noindres  carrds.  On  peut 
dventuslleoent  fairs  appal  k  d'autres  bioaraotdristiqueo. 


f 


POINT  SDK  IE  PROFIL  :  PftOBUM  DIRECT,  Cn  convient  ds  repidsaBter  Is  profil  sur  1a  coupuro 
0  ^  X  1 ,  I  ■  ±  0  du  plan  transform  I,  Y,  X  ■  0  correspondent  au  point  d'anftt  0. 

A.  tout  point  K  (I,  l  0,  t  +  dt)  correspond  un  point  a  du  profil  dont  I'ebsoiase  ourrilignt  X  comptde 
it  partir  du  bard  da  fuite  aat  donate  par  t 

r* 

X  =  U  (X,±  0,  t  +  At)  AX 


La  distribution  arbitraira  X  (X,  ±  0,  t)  ayant  ltd  alnsi  choiaia  at  la  profil  dtant  dorrnd  it  ohaqua 
Instant  par  la  repartition  9  (  \  ,  t),  l'angle  9  *  eat  done  oornrn  an  ohaqua  point  da  la  coupura 
y  *+0  1  condition  da  connattre  la  point  d'arrlt  sur  la  profil.  Las  deux  autraa  grandeurs  P  at  V 
caraoterisant  l'doouleoent  au  point  courant  da  la  coupura  ou  temps  t  +  dt  seront  obtenuaa  par  les 
relations  {9)  la  long  das  trcia  bicaraotdrlstiquas  Mi,  KB  at  KD  pour  un  point  da  Y  »  +  0. 

Pour  un  point  da  la  coupura  T  «  -  0,  il  faudra  considdrer  les  trois  bicaractdristiquee  KA,  MB  at  MC, 

Lea  deux  f emotions  X(M/±o,t)  peuvent  Itre  ohoisias  arbltrairemant  sous  reserve  da  satisfaira  aux 
conditions  ds  ferae ture  du  profil  dsns  Is  plan  physique. 


j  0t+  c«fl+  AX  =  J  ol'  0"  AX 

[  <*+  Aon.  0+  dx  =  f  oT  -d+/r\.  9  AX 
J  C  Jo 


Nota  t  Si  l'obataol#  se  dd forme,  il  n'est  pas  ligae  ds  courant  f  l'obstacle  ddfini  par  affichage  de 
$  (  X  ,  t)  sur  la  coupura  aat  done  distinot  de  l'obstacle  rdel  pendant  la  periods  da  deformation 
(  ~i£~  yt-  o)  J  oa  point  aat  sans  importance  pour  la  problems  dtudid,  car  on  n'est  intdreesd  par  la 

profil  exact  qua  loraque  l'dcoulemant  permanent  est  attaint. 

POINT  SUR  IE  PROFIL  1  PROBIEME  INVERSE.  On  peut  aussi  se  donner  a  priori  la  distribution 
P  1  ( X  /  t )  sur  la  ooupura  0  <  X  <  1 ,  la  profil  oorraspondant  dtant  h  determiner. 

Las  trois  bloaraoterlstiquss  ucilisdes  au  paragraphs  precedent  serviront  alors  au  calcul  de 
0  (x,  t  +  dt)  at  V  i  (X,  t  +  dt)  sur  oatte  ooupura. 

Aprfca  integration,  il  y  aura  lieu  do  verifier  les  conditions  de  fermeture  du  profil  correspondent 
dans  la  plan  phyaiqua  t 


ri 

j  <**  co*  Q+  AX  ss  I  «t  6  AX 

J  <A  *  ,4  Us.  0  AXmc^ct'-dUxS  Ax 


Sinon,  on  darvr*  poursuivra  ie  calcul  an  modifiant  o<+  par  example  juequ'h  ce  qu'il  en  soit  ainsi. 

POINT  SUR  LB  SILLAGE.  Si  la  problems  est  dissymetriqua,  l'axa  1  =  0  (X>l)  doit  aussi  Stro 

considerd  come  une  coupura  (sillage)  pendant  la 
I  phase  instationnaira  du  calcul, 

± 

Pour  le  calcul  do  deux  points  Q  1  infiniaent  voisins 
de  part  et  d' autre  de  l'axa  Y  =  0,  on  utilisera  les 
six  bicaraoteriatiques  QA+,  QBS  QD+f  QA”,  QB~  etQCT 
et  on  dorira  la  condition  de  compatibility  F*'  =  P", 

e  =p‘. 

On  dovra  choisir  X  (A,  &  0,  t)  de  manibre  qu'en 
tout  point  de  la  coupure  de  sillage,  on  ait  « 

X  (X,  +  0,  t)  =  oCCX^-O,  t) 
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oe  qui  assur*  la  coincidence  dans  le  plan  physique  dee  points  correspondent  aux  deux  points  ST»  la 
condition  de  feraeture  ay  ant  dtd  prdalableaent  satisfaits, 

POINTS  D'ARRET,  Au  voiainage  d'un  point  d'arrit,  on  ne  peut  oalculer  l'abseiaae  ourriligne 
par  integration  de  » 

dLx^  =  <X  <1.  X 

car  d.  tend  vers  1' inf  ini  comae  |  au  point  d'arr6t, 

T 

Mala  dans  sen  vois inage,  on  admettra  sans  demonstration  que  l'dooulemmt  peut  Ctre  consid4rd  corns* 
incoapressible  et  irrotationnel. 

Son  potentiel  cooplexe  eat  alors  de  la  forme  W  =  K  ^ 

aveo  5  =  ■*.  +  *•  *£ 

TX 

*  '  TT-I0J 

©o  dtant  1' angle  de  deviation  au  point  d'arrft  (pour  un  impact  normal,  O0  «  ^  et  n  «  2), 

2 

Ay  ant  posd  o(  m  A  ,  on  trouvo  ainai  qu'au  voiainage  AX  d'un  point  d'arrfit  X,,,  on  a  s 
V 


xt  (  X  i  AX)  =  xi(X0^  £  AL^.VAS 
1  1  V(X0±AX) 


CALCUL  IE  P  EN  UN  POINT  D'ARRET.  On  a  la  relation  s 


=  n  2y  +  Hi 

D  t  3*4  "  1  3 1 


en  poaant 


u= 

4  K  £ 


Dans  le  probl&ne  aymdtrique, 
sur  le  profil.  ^ 

On  pourra  done  dcrire  i 


O  au  voiainage  d'un  point  d'arrSt,  done  U  eat  atationnaire 


U.  =  (JZ^  P/=  ±  [U(AX)  +  U(-AXV) 

4  ^  1 


Dana  un  problkme  portant,  lo  point  d'arrSt  peut  varier  au  cours  des  iterations,  de  sort®  que 
<>V  u  o  .On  admettra  ndanmoins  que  le  proeddd  prdeddoat  reste  applicable,  pourvu  que  cette 
d  t 

variation  aoit  trds  faible,  hypoth&ae  gdndraloaent  vdrifiee. 


CALCUL  IE  oi.  et  ft  .  Dan3  tout  domaine  irrotationnel,  o(  eat  donnd  par  X  «  A  (X.  t)  , 

1  V  (x,  Y,t) 

A  (X,  t)  dtant  une  fonction  arbitral!®. 

H  eat  commode  de  se  dormer  arbitrairement  b  ohaque  instant  o4  (X,  +  o,  t)  et  d'en  ddduira  par 
iteration  A  (X,  t)  qui  cart  ensuite  pour  le  calcul  de  c<  dans  tout  le  plan. 


Dorm  lea  zone3  rotationnelleo  de  1' (Seoul cm ent  (en  aval  d'une  onde  de  choc),  le  Drocddi  precedent  n'eat 
pas  valable  i  on  doit  alors  opdror  par  calcul  pas  h  pas  de  <X  par  1' Equation 


Au  voiainage  d'ui-  point  d'arrSt  (X  =  Xq),  l'intdgmlo  est  rdgulidre,  mais  on  peut  reaarquar  que  l»tV 
dtant  nul,  a  o  ce  qui  permot  d'dcrixe  i 


<x„  ,  ay,  t)  =  A(XO/0f  t)  =  .1  [A  (x.-AX,o,  t)  4- A(X,+ AX,  o,  *)] 


Qoant  k  ,  il  sex*  obtanu  par  1' integration  (4)2  • 


$(*/'f/£)=  t)  f  o( 
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Cana  le  problem*  direct,  la  oaloul  da  B  (X0  +  AX,  0,  t)  singulier  an  Xg  oti  d  —*■  00  rdsulte 
iaDddiataBant  da  la  relation  (6),  la  courbure  locale  k  du  profil  dtant  donnde,  a*  la  ddrivde  »T 
powvant  6tra  obtamie  par  iteration.  ,JJ  T  ' 

Dana  la  problAae  inverse,  k  doit  ausai  fitre  obtenu  par  iteration. 

DETECTION  US  ONEES  IE  CHOC,  Das  ondas  da  choo  peuvent  apparaitre  an  cours  da  oaloul  soit 
paroe  qu'ellee  exiatant  dans  l'dcouleoent  permanent  cherchd,  soit  pares  qua  las  modifications  dee 
conditions  aux  limites  ant  dtd  trop  rapiden  et  ont  provoqud  la  confluence  d' ondas  da  compression. 

XL  y  a  dono  lieu  da  ddteoter  laur  apparition,  soit  pour  ralentir  las  modifications  des  conditions 
aux  limitea,  soit  pour  tenir  compte  ds  css  ondes  de  choo  par  l'application  des  relations  d'HUGONIOT. 

H  y  a  apparition  d'une  onda  da  ohoo  entre  las  instanta  t  et  t  +  A  t  si  le  point  de  oontaot  d'une 
bioaraotdristiqus  quelconque  avec  son  enveloppa  est  situd  dans  cat  intervalle  da  temps. 

Ce  oritAre  doit  3tre  applique  en  cheque  point  du  rdseau  at,  en  prinoipe,  pour  toutea  lea 
bicarao t dris t iquee . 

Nous  n' examine rotus  pas  ioi  la  mdthode  de  oaloul  A  appliquer,  dans  le  oas  oil  une  onde  de  choo  dtant 
apparue,  on  veut  auivre  son  evolution  au  cours  du  oaloul  t  le  prinoipe  de  la  mdthode  a  partir  des 
equations  d'HUGONIOT  no  prdsente  d'ailleurs  auouna  diffioultd. 


PRATIQUE  DU  CALCUL 


HESEAU  EE  CALCUL 

Connaissant  l'dooulement  dans  un  plan  (X,  Y,  t)  on  determine,  par  las  relations  des  caractdristiquea 
et  compte  tenu  des  conditions  aux  limites,  l'doouloaent  dans  le  plan  (X,  Y,  t  +  A  t). 

On  choisit  dans  les  plana  (X,  Y,  t  )  un  rdseau  A  Kailles  uniformea  ;  dans  le  caa  d'un  doouloment 
iaentropiqua,  cet  dooulement  eat  ddtermind  par  la  connaissance  des  grandeur*  P,  V  et  6  en  cheque  noeud 
de  oe  rdseau  j  il  faut  dgaleeent  oonnaitre  les  valeuro  de  «(  et  |S  qui  ddterminent  la  transformation, 

Ce  maillage  rdguliar  facilite  les  interpolations  et  la  determination  des  ddrivdea  ndoessaires  aux 
oaloula.  Le  choix  des  fonctions  arbitrairea  ddfinisaant  oC  et  (k  permet  de  jouer  sur  la  repartition 
dea  pointa  oorrespondants  du  plan  physique  (x,  y)  j  on  pout  en  portioulier  reserrer  les  points  au 
voisinage  du  profil  et  surtout  au  voisinage  das  pointa  d'arrAt. 

Le  rdseau  dtant  ndeesaairement  boznd,  il  est  impossible  d'affioher  les  conditions  Poo,  voo,  et  600 
fixdes  A  l1 inf ini  :  catte  diffioultd  n'a  requ  encore  aucuna  solution  thdoriqua  correote.  On  peut, 
soit  utiliser  un  prolongamant  analytiqra  da  P,  V  at  ©  obtenus  au  stada  t  pour  calculer  les  points 
Q  (t  +  A  t)  A  la  frontier*,  soit  afficher  sur  catte  frontiAra  la  solution  de  l'dooulement  permanent 
obtenua  par  un*  thdorle  lindarisda. 

Afln  da  minimis er  l'influanca  des  errsuro  d'affichage  sur  las  frontiAras  du  rdseau  on  a,  da  toutea 
faqons,  intdrlt  A  reporter  celles-ci  le  plus  loin  possible  du  profil. 

EXEKPLES  IE  MKE  EN  0EUVH3  DU  CALCUL 

Deux  examples  sont  doands  pour  illustrer  la  mdthode  s  un  problAae  symdtrique  et  un  problAoa  portant. 

PREMIER  EXEMPXE  :  PROBIEME  DIRECT  SYJETRIQUE.  On  suppose  qua  l'on  a  ddtermind  l'dcouleoant  A 
l'instont  t,  correspondent  A  un  osrtain  profil  ddfini  par  la  fonotion  f  (A)  exprinant,  en  fonction 
de  l'abaoissa  ourviiigne  X  comptde  A  partir  du  bord  de  fuite,  1' angle  'P  de  la  tangents  orientde 
aveo  la  rdforence  fixe  x  . 
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A  1' instant  t  +  At  ,  on  modifie  le  profil  en  dcrivsnt  i 

Cf{X,  =  if  (X,  t}  +  Alf  (M 

Connaissant  oU  X ,  t  +•  At)  fon  pant  determiner  x1  et  par  sviite  X  en  tout  point  de  la 
ooupure  I»  0,  0  i.  X  4  1  •  On  connait  done  to  d'ou  les  ncruvellea  valeura  de  6  sur  oette 
ooupure.  1 

L'utilisation  des  relations  dea  caraetdristiques  entre  lea  place  X,  Y,  t  et  X,  7,  t  +  A  t  permet 
de  determiner  les  nouvelles  valours  de  F,  V  et  6  en  cheque  noeud  du  rdaeau, 

IEUXIEKE  EXEKPLE  t  FROBIEKE  DIRECT  PORIANT.  La  forme  du  profil  eat  dgaleaent  dorarfe  it  1'instant 

.  t  par  la  loi  if  ( X") 

Soit  Xe  1<  abscissa 
curviligne  du  point  d'arrit 
A  et  i  1' angle  d'incidenoe. 


Sur  l'intradoe  ot  l'exti-ados,  on  a  respectivement  i 

Q~  -  if(M.  -c  =  \  -  \0 

6+  =  f  ( M  -  x.  - tt  xt=X0-X 

A  l'in3tant  t  +  At,  on  modifie  la  position  du  point  d'arrflt  et,  dventuellsment,  la  forma  du  profil  » 

Xo  ( c  +•  A  t)  =  Xe  (t)  +  ^XQ 
vp(X,t  +  At)  -  +  AiflX) 

On  determine  alors,  par  application  dee  relations  des  caractdristiques  au  voisinage  du  bord  de  fuite 
P,  la  quantity  Ai  dont  il  faut  faire  verier  1' incidence  pour  assurer  la  condition  de  JOUKOtGKI  an 
point  P  (dgalitd  des  prsasiens  d'extrados  et  d'intrados). 

Connaissant  ct(X/±0/fc+At)  ,on  peut  alors,  conns  prdoddeaaent,  determiner  la  repartition 
de  8  ( X  ,  ±  0 ,  t  +  At)  3ur  la  ooupure. 

Puis,  on  determine  les  nouvelles  valeurs  de  P,  V  et  6  en  chaque  noeud  du  rdoeau, 

PREMIERS  RESULTAOS  OETENUS  ET  DISCUSSION 

Un  programme  a  dtd  dcrit  sur  UNIVAC  1108  dans  le  oas  d'un  prcbldne  symdtrique,  II  utilise  un  rdseau 
ooaprenant  au  maximum  9  0  points  en  X  et  3  0  en  Y, 

Avant  de  discuter  des  premiers  rdsultats  obtenus,  il  est  neoessairs  d'dtudier  le  oomporteaent  de 
l'doouiement  au  voisinage  des  points  d'arrtSt, 

ETUIE  DE  L'ECOULEnEOT  AU  VOISINAffi  D'UN  POINT  D' ARRET 

On  a  etdais  qu'au  voisinage  d'un  point  d'arrfit,  l’dcouloment  pouvait  8tro  considdrd  oommo  incompres- 
siblo  ot  irrotationnel. 

S'il  s'agit  d'un  impact  normal,  le  potontiol  est  celui  de  I'ecoulonont  autotar  d'un  corcle  dont  le 
rayon  R  est  dgal  au  rayon  do  courbure  du  profil. 
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On  pout  «n  ddduire  que  sur  l'axe  Y  =  0,  La  vitesse  est  donnde  par  t 


K  X  (4  _  — 
4  R 


...) 


X  >  O 


(10) 


1  =-K  X  _  *A.  ♦ x  <  o 

1  Ah 


3y  le 

Quant  aux  ddriveea  r-  at  -  ,  alias  aatisfont  aux  relations  i 

3X  -jy 


(11) 


V1  -  „  *L  (d-  4-...') 

}y  ax  i  ** 
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X  >  o 
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L’angle  6  qua  fait  la  vecteur  vitasae  aveo  l'axe  oac  dims  la  oas  d'un  problfeme  synetrlquo  est  donnd 
par  J 


e  =.  cu«.t^  f- 


u_ 


(12) 


1+E 

1RU.  ’  2.R 


a  - 


♦  v« 


Si  1' inpact  da  la  ligna  da  eouront  n'est  paa  norasl,  la  loi  devolution  de  la  vite33e  sur  l'axa  COC  est 

V  =  K.  |X|  “  .[d  4-  |..IX|S...  ] 

(13) 

rr 


m.  - 


™  -10#| 


6  0  dtant  1' angle  da  deviation  ou  point  d'arrfit. 


SIABXLITE  DE  U  METHOIE 

Un  premier  programs#  ayant  dtd  dorit  dans  la  oas  d’un  problems  syadtrique,  eo  a  oherohd  h  verifier 
qua,  partant  d'un  dcoulement  permanent  cornu,  cette  solution  na  sa  ddgradait  pas  en  cours  de  oaloul. 

On  a  ohoisi,  b  cat  effet,  un  dooulement  incompressible  auteur  d'un  profil  de  JOUKWSKI. 

Dao  premiera  rdsultats  out  dtd  aauraia  oomne  on  peut  la  voir  sur  la  planche  1  ou  la  courbe 
reprdoente  la  loi  devolution  exacts  de  la  vitesse  sur  oe  profil  j  les  croix  reprdsentent  la 
repartition  da  vitassa  obtanue  aprbs  9  cycles  de  caleul, 

I*  degradation  observes  provient  du  fait  que  les  grandeurs  en  cheque  pied  das  bicaraotdxlstiquee 
4 talent  obtenues  par  interpolation  lindaire  entre  les  quatre  points  du  rdseau  qui  l'entcrurent,  Leo 
formulae  (lO)  montrent  que  1' interpolation  doit  porter  sur  la  carrd  de  la  vitassa.  I)e  mfoe  d'aprba 
la  formula  (ll),  on  voit  qua  pour  determiner  ,  il  faut  fairo  porter  la  derivation  dgalement 

our  la  carrd  de  la  vitease  j  pour  lit  ,  on  dorit,  dans  la  voisinage  imnddiat  du  podnt  d'arrtt  s 

■ay 

1©  _  v  — 

ay  "  ax 


au  oas  ou  la  ddviation  de  la  ligne  da  eouront  au  point  d'arrGt  est  diffd rente  da  (cas  d'un  bord 
de  fuite  sane  point  da  robreuasemont),  1' interpolation  et  la  ddrivation  doivent  porter  sur 

Koyennant  cas  precautions,  la  solution  ne  se  ddgrade  plus  oemme  cm  peut  lo  voir  sur  la  planche  1  ou 
les  points  roprdsontent  les  rdsultats  obtenus  aveo  le  nouveau  programs  aprbs  dgalement  9  oydes  da 
calouls. 


OSIPS  IE  CALCUL 


La  determination  de  l'deouleaent  en  cheque  point  du  rdseau  est  relativement  rapid#.  Ea  gfeAral,  cinq 
iterations  successive#  sent  suffis^itee  pour  obtenir  la  precision  marl  male  de  la  machine  j  cepeodant, 
si  lee  points  ne  sent  pas  suffisanoent  serr<B  dans  lea  regions  k  fort  gradient  de  viteese,  le  oaleul 
peut  ne  pas  converger  j  dans  oes  oasf  1’ experience  a  monfcrd  qua  le  oaleul  rederenait  convergent  si, 
pour  cheque  nourelle  iteration,  on  prenait  eoraae  valeur  initiale  dee  inoonraiee  la  moyenne  entre  la 
valeur  initiale  et  la  valeur  finale  de  l'itdration  prdddente. 

L'intervalle  de  tempo  At  choisi  doit  6tre  tel  que  la  trace  dans  le  plan  t  du  ofae  de  Kach  du  point 
N  (X,  T,  t  +  At)  soit  comprise  k  I'intdrieur  du  maillage  entcurant  le  point  (X,  X,  t)„  Au  voisinage 
dee  senes  k  fort  gradient  de  viteese  ou  il  eat  ndoessaire  de  resserrer  for  tenant  lea  point#,  lee  At 
imposes  par  la  condition  prudent#  devlennent  trks  petite.  Si  done,  par  oonmoditk,  on  adopt*,  pour 
1  ' ensemble  du  rdeeau  un  At  unique  o'eat-k-dire  le  At  minimal  correepocdant  k  la  son#  oil  lee  points 
sont  lea  plus  semis,  un  nembre  important  de  cycles  de  oeloula  deviant  nAoeesaire  pour  obtenir  un 
dooulement  permanent.  Lee  temps  de  c&lculs  se  r^vklent  alors  prohibition  le  oaleul  de  l*<ooulemeat 
autour  d'un  oerole  k  M  ■  0,4,  effectuA  dans  oee  conditions  sur  UHI7AC  1108  a  dft  itr#  interrempu  au 
bout  d'une  demi-hsure  de  oaleul,  l'^tat  permanent  ^tant  enoore  loin  d'etre  attaint. 

Sana  un  nouveau  programme  en  oours  de  mine  au  point,  le  rdseau  de  oaloul  eat  subdivisd  en  un  oertain 
nombre  de  aoua-iVSseaux,  dent  la  dlaeatiea  dee  sallies  eat  adaptke  aux  gradients  de  viteese  looaux  ) 
oette  solution  permet  de  resserrer  lea  points  dans  las  regions  ou  oela  est  ndoeesaire,  sene  trop 
aggraver  le  temp#  de  oaloul  total. 


CONCLUSION 


Lea  premiere  eeeais  d'applioation  de  la  adthode  propoede  cut  montrd  qu'elle  dtait  viable  t  le  ohodx 
du  systkme  de  ooordormdee  X,  X  facilite  grandeaent  la  progrevution  et  lea  diffioul+ds  renccntrden 
ont  pu  8tre  rdsolues. 

Cependant  l'aotuel  program#  utiUaant  un  pee  A  t  uniform#  pour  1' ensemble  du  rdasau  n'a  pu  detmer 
de  rdsultats  probants,  le  tempo  de  oaleul  ndoesaaire  pour  attelndrs  l'dtat  permanent  dtant  alors 
prohibittf, 

Un  nouveau  programme  plus  dlabord  est  en  ooure  de  aiae  au  point  t  il  doit  rammer  le  temp#  de  calcul 
k  une  valeur  acceptable. 
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ANNEXE 


HSUTIOIE  res  CAHACIEBISTIQOES  HAKS  L'ESPACE  x,  y,  t 

Cb  asit  qua  It  cfae  oaracteristiqua,  ou  "cone  dt  Mach*  «n  un  point  Q  quelcarqut  de  l'eapaoe  x,  y,  t 
•at  dlfis!  da  la  fa?co  suivante  t 


Scdt,  but  la  plan  t  -  dt,  q  la  projection  da  Q,  xj  at  y^  lea  axaa  locaux  parallfeles  at  perpend! culairoa 
A  V  |  portona  aur  X)  un  vecteur  q  D-  «  -  Y  dt  at  traqons  dans  la  plan  (t  -  dt)  un  cercle  de  centra  fl¬ 
at  da  rayon  adt  (a  vitessa  du  son)  i  oa  cercle  aat  la  trace  du  oflne  de_Xach  an  Q.  Solent  A,  B,  C  et  D 
laa  rxtrdaitai  daa  dlaaAtres  da  oa  oercle  respectivwsent  parallAles  A  xi  et  yj. 

12m  e^n^ratrioa  queloonque  Q  M  est  bioaraoWriatiqua.  Soit  to  =  ,  La  derivation 

auivant  la  direotion  Q  X  e  Merit  i 

(l4)  f— -1  —  -5_  +  (  V  -  Ol  l**  Uj)  -  OL.  U) 

>  Dt'  ”  3C  '3*i 

Far  una  conblnaiaon  Hrrfalra  das  equations  da  quantite  de  mouvemant  et  da  lMquation  de  continuite, 
on  paut  obtenir  la  relation  daa  oaraoteristiquas  t 
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X  T  dtant  la  taaganta  an  X  A  la  traoe  du  oSna  da  Mach  du  plan  (t  -  dt). 

Cette  relation  qui  ne  coaport#  qua  dea  derivations  salon  das  directions  ooetpilsea  dans  la  plan  tangent 
au  ofina  da  Maoh  nontra  bian  qua  calui-oi  ast  surface  oaracteriatiqua. 

Si  lMoouleaeat  a' est  pas  isantrapiqua,  il  y  a  lieu  da  tenir  cocpte  da  la  bicaracteristiqua 
partiouliAre  ft.  Q,  la  long  da  laqualla  l'entropie  ast  oonstanta, 

31  l'cn  ne  s'lntdressa  qu'aux  qua  era  bicamoteristlquaa  QA,  QB,  QC  et  QD,  la  relation  (15)  pexaet 
dMorire  t 
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SUMMARY 


Guidelines  for  the  efficient  formulation  of  time  dependent  transonic  flow 
calculations  are  presented.  Among  the  particular  points  considered  are  procedures 
for  satisfying  boundary  conditions  at  solid  boundaries  and  ensuring  well  posed 
problems  for  flows  that  are  subsonic  in  the  far  field.  A  discussion  of  the 
relative  merits  of  the  Lax-Wendroff  technique  and  an  explicit  method  of  treating 
imbedded  shocks  is  also  included.  To  illustrate  the  points  made,  the  results 
of  several  calcinations  are  presented  and  discussed.  These  include: 

1)  The  subsonic  and  supersonic  flow  about  a  6$  thick  biconvex  airfoil 
lu  a  duct; 

2)  The  flow  in  a  converging-diverging  nozzle  with  supersonic  exit 
conditions; 

3)  The  subsonic  flow  about  a  circular  cylinder  in  an  infinite  stream. 

The  details  of  the  various  finite  difference  techniques  used  in  these 
calculations  are  also  presented. 
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TIME  DEPENDENT  CALCULATION  OF  THE  COMPRESSIBLE 
FLOW  ABOUT  AIRFOILS 

D.  Mac  Kenzie*  and  G.  Moretti** 

Grumman  Aircraft  Engineering  Corporation 
Bethpage,  K.  Y.,  U.  S.  A. 


I.  INTRODUCTION 

The  present  generation  of  computers  is  better-suited  to  the  solution  of  initial -value  problems 
than  to  the  solution  of  boundary-value  problems.  Unsteady  flow  problems  belong  to  the  first 
category.  Steady  flows  containing  subsonic  regions  can  be  analyzed,  in  principle,  by  solving 
initial-value  problems  with  the  steady  state  calculated  as  the  unique  asymptotic  limit  of  an 
unsteady  flow  process  starting  from  an  arbitrary  distribution  of  initial  values  and  subject  to 
steady  boundary  conditions. 

A  wide  variety  of  transonic  flows  of  practical  interest  can  be  generally  divided  into  two 
categories  depending  on  the  nature  of  the  flow  at  the  non-rigid  boundaries  which  enclose  the  region 
of  interest; 

1)  Flows  which  are  supersonic  in  the  far  field  and  contain  one  or  more  subsonic  islands; 

2)  Flows  which  are  subsonic  in  the  far  field  and  contain  one  or  more  supersonic  islands. 

The  most  popular  example  of  the  first  category  (and  probably  the  simplest)  is  the  flew  past  a 
blunt  body  in  supersonic  flight.  It  has  been  proven  that  time-dependent  techniques  are  extremely 
well-suited  to  the  analysis  of  the  blunt-body  problem,  and  definitively  good  results  from  the  view¬ 
point  of  both  accuracy  and  computational  speed  have  been  obtained  (ref.  l). 

The  problems  of  the  second  category  are  much  more  difficult  than  those  of  the  first,  primarily 
for  the  following  reasons; 

1)  The  flow  field  may  contain  imbedded  shocks  generated  by  a  coalescence  of  character istics 
in  a  region  of  supersonic  flow; 

2)  The  flow  on  at  least  part  of  the  computational  boundaries  is  subsonic  so  that  the  location 
and  the  specification  of  the  data  on  these  boundaries  may  affect  the  numerical  results. 
Typical  problems  of  this  kind  are  the  choked  flow  in  a  converging-diverging  nozzle  and 
the  transonic  flow  past  an  airfoil  flying  at  supercritical  speeds. 

We  wish  to  present  some  guidelines  which  we  have  followed  in  our  research  and  whose  effects 
are  discussed  in  the  present  applications. 

1.  Our  aim  is  to  provide  computational  programs  which  can  be  used  for  practical  applications. 
One  of  the  basic  requirements  Is  a  high  computational  speed  and  this  in  turn  depends  primarily  on 
the  use  of  rather  coarse  meshes.  Therefore,  it  is  imperative  to  use  integration  techniques  for 
interior  points  which  are  accurate  to  second  order.  If  there  are  no  shocks  in  the  flow,  both  the 
Lax-Wendroff  conservation  technique  (ref.  2)  and  the  similar,  out  simpler,  non-conservation  technique 
used  by  Moretti  in  the  blunt-body  problem  (ref.  1)  work  equally  well.  The  advantage  of  the  latter 
with  respect  to  the  former  is  twofold:  namely,  it  is  not  necessary  to  recast  the  equations  of 
motion  in  conservation  form  so  that  the  algebraic  manipulations  are  simpler  and  more  straightforward, 
and  the  computational  time  is  shorter  by  a  factor  of  2,  at  least. 

2.  If  shocks  are  imbedded  in  the  flow,  the  Lax-Wendroff  technique,  in  principle,  leads  to  a 
steady  pattern  where  shocks  are  replaced  by  abrupt,  but  continuous,  transitions  spread  over  several 
mesh  intervals.  The  Lax-Wendroff  technique  has  been  used  in  this  paper  for  the  calculation  of 
flows  containing  imbedded  shocks.  This  technique,  however,  suffers  from  the  following  limitations; 

(l)  The  mesh  must  be  relatively  fine  in  the  neighborhood  of  the  shock  since  the  computed 
shock  thickness  varies  directly  with  mesh  size; 

(ii)  The  physical  parameters  near  the  shock  show  a  wavy  pattern  reminiscent  of  truncated 
Fourier  expansions  in  the  vicinity  of  a  discontinuity. 

The  incorporation  of  an  explicit  shock  representation  into  the  simpler  interior  point  technique 
would  eliminate  theBe  shortcomings  and  increase  both  resolution  and  calculation  speed.  However, 
as  discussed  in  section  IV,  a  balance  must  be  struck  between  these  desirable  objectives  and 
several  additional  considerations.  Some  elementary  examples  of  the  explicit  shock  technique 
have  already  been  worked  out  successfully  by  Moretti  (refs.  4  and  5). 

3.  The  boundary  conditions  at  all  rigid  walls  should  be  imposed  using  a  modified  method  of 
characteristics  (ref.  3).  This  is  crucial  to  Insure  over-all  accuracy.  Figure  1  shows  how  well 
the  steady  pressure  distribution  obtained  from  a  two-dlnenoloral  time-dependent  calculation  agrees 
with  the  Prandtl -Meyer  distribution  along  a  wall  with  a  15°  expansion  corner.  In  this  case  a 
second-order  non-conservation  integration  technique  has  been  used  at  all  points  except  on  the  wall 
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vhere  a  modified  method  of  characteristics  has  been  used. 

4,  If  the  computational  region  does  not  extend  to  infinity  and  the  flow  cn  its  non-rigid 
boundaries  is  subsonic,  it  is  physically  impossible  to  prescribe  proper  conditions  on  these 
boundaries  since  all  signals  from  the  interior  region  (computed)  affect  the  exterior  region  (not 
computed)  and  vice  versa.  Consequently,  all  physical  parameters  on  these  boundaries  should  be 
allowed  to  change  with  time  but  there  is  no  way  of  knowing  a  priori  how  these  changes  should  occur. 
Vhile  it  is  true  that  the  flow  at  some  distance  from  an  airfoil  or  any  other  obstacle  is  only 
slightly  perturbed,  all  artificial  limitations  on  non-rigid  boundaries  of  a  computational  region 
will  trap  out-going  waves  to  some  extent.  As  the  computation  proceeds  in  time,  these  artifically 
created  standing  waves  may  eventmlly  accumulate  and  cause  the  calculation  to  become  unstable.  In 
order  to  provide  the  computation  with  a  physically  well-posed  set  of  boundary  conditions,  one 
should  extend  the  computational  region  to  infinity.  This  goal  is  achieved  by  mapping  the  infinite 
region  surrounding  the  obstacle  onto  a  finite  region  where  the  computation  is  performed. 

The  authors  are  indebted  to  R.  C.  Meyer  of  Grumman  whose  encouragement  and  suggestions  have 
significantly  aided  in  the  development  of  the  various  numerical  procedures  used  in  this  paper. 
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II.  NOTATION 


nondimens ionalized  speed  of  sound 
matrices  df/dw,  Sg/dw,  respectively 
defined  in  equation  (14) 

functions  defining  airfoil  and  duct  wall,  respecti'  ely 

o 

pressure  coefficient  =  (p-p^)/  £  pm 

total  energy  =  l/v-3)  p/p  +  £  (u2  +  v2) 

functional  representation  of  coordinate  transformations 

total  enthalpy  =  E  +  p/p 

X  and  Y  node  point  counters  in  the  computation  space 
constants  appearing  in  coordinate  transformations 

WYy  resPectively 

Mach  number 

nondimensionalized  pressure 
log  p 

polar  coordinate  system 
log  p 

nondimensionalized  velocity  components  in  x,y,t  coordinate  system 
nondimensionalized  velocity  components  in  §,R,t  coordinate  system 
nondimensionalized  velocity  vector 
nondimensionalized  velocity  at  a  surface  node  point 

vectors  used  in  the  conservation  formulation 
coordinates  in  physical  space 
coordinates  in  computational  space 
isentropic  exponent 

mesh  spacing  in  the  computational  space 
=  AT 

physical  coordinates  used  for  characteristics  method 

unit  vectors  in  the  5,T|  directions 
nondimensionalized  density 


Subscripting  a  variable  with  any  of  the  coordinates  indicates  partial  differentiation 
while  the  indices  i,J  indicates  the  node  point.  Thus  w^  indicates  the  second 

time  derivative  of  w  in  the  computational  space  at  X  =  iAX^Y  =  JAY 


III.  ANALYSIS 

Several  different  forms  of  the  equations  of  motion  are  used  in  the  calculations  described  in 
this  paper,  depending  on  the  nature  of  the  flow  expected,  and/or  whether  or  not  a  solid  boundary 
is  involved.  In  general,  solid  boundary  points  are  calculated  using  a  modified  method  of  character¬ 
istics.  Interior  (non-boundary)  points  in  shock-free  flows  are  calculated  using  finite  difference 
analogues  of  the  usual  partial  differential  equations  of  motion.  For  flows  containing  imbedded 
shocks,  finite  difference  analogues  of  the  equations  of  motion  in  conservation  form  are  used  for 
the  interior  point  calculations. 

A)  Interior  Points  for  Flows  with  Shocks 


The  nondimensionalized  equations  of  motion  in  a  cartesian  frame  can  readily  be  regrouped 
into  what  is  commonly  referred  to  as  conservation  form  as  follows: 

(p)t  +  (pu)x  +  (pv)  =  0 
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(pu)  +  (pu  +  p)  +  (p'Jv). 


(pv)t  +  (pvu)v  +  (pv  +  p), 


t  '•*  '"'x  '•*-  r'y 

(pE)t  +  (puH)x  +  (pvH)  =  0 


where  for  a  perfect  gas, 


H  =  E  +  p/p  =  v/' (y-l)  p/p+  i  (u  +  v2) 

For  simplicity  in  subsequent  manipulations,  the  following  vector  notation  is  introduced. 


p 

pu 

pv 

w  = 

pu 

;  t  = 

2 

pu  +  p 

>  e  = 

pvu 

2 

pv 

puv 

pv  +  P 

pE 

puH 

pvH 

so  that  the  equations  of  motion  in  conservation  form  can  be  rewritten  as 

Vt  +  fX  +  8y  =  0 

An  auxiliary  computational  space  is  defined  by  the  transformation 


(1) 


(2) 


(3) 


(4) 


T  =  t 

•  X  =  F(x)  (5) 

Y  =  G  (x,y) 

The  specific  forms  of  the  functions  F  and  G  depend  on  the  problem  to  be  calculated  and  are  thus 
deferred  until  the  next  section  of  this  paper.  In  the  computational  space,  the  system  of  equations 
(4)  becomes 

wT  +  rfx  +  mfy  +  ngy  =  ° 


where 


l  =  Xx,  m  =  Yx  and  n  =  Yy 


(6) 


It  is  noted  that  the  transformation  scale  factors  i,m,n  are  not  incorporated  into  the  X  and  Y 
derivatives  to  yield  "conservation  -quations"  in  the  computational  space.  It  is  conjectured  that 
conservation  form  should  be  maintained  in  the  physical  space  rather  than  in  the  computational  space 
for  calculating  shocked  flows  without  explicit  shock  handling.  Following  the  procedure  originated 
by  Lax  and  Wendroff  (ref.  2)  the  vector  w  is  expanded  as  a  trucated  Taylor  series  in  time. 


w(T+AT)  =  w(T)  +  wTAT+wm  ^|-  + . 

In  equation  (7),  the  vector  w  is  immediately  available  from  Equation  (6),  namely 

V 


WT  =  ■  (jtfX  +  ^Y  + 


(7) 

(8) 


Assuming  the  interchangeability  of  the  order  of  differentiation  the  second  derivative  of  w  with 
respect  to  T  is  given  by 

(9) 


TT 


-Cl(AwT)x  +  m(AwT)y  +  n(BwT)y] 


where  A  and  B  are  the  matrices  gf/dw  and  3g/3w,  respectively.  Thus  both  v,n  and  w^  in  the  Taylor 
series  are  expressible  in  terms  of  space  derivatives  of  the  vectors  f  and  g. 

To  obtain  the  finite  difference  analogues  of  these  space  derivatives,  the  following  conventions 
are  employed: 

1)  In  the  evaluation  of  w^,,  the  X  and  Y  derivatives  are  represented  by  central  differences  of 


form 


m  =  *1+1,  j  -  *1-1, J  ,  ^  =  htijilhiJbk 

A  OAY  x  PAY 


2  AX  '  '*  2AY 

where  'f’i  J  =  JAY) 

2)  To  evaluate  the  ter®  w^,  considering  a  typical  terra,  (Av^,  we  set 

(Aw„L  +  [A. 


(10) 


"T/x  ■  ^J  \^,j"Ai^J  "T 


3/AX 

i-*>J 


(11) 


-U..1  .  f- 


{Ai+l,J  +  Ai,J> 


where 
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with  similar  expressions  for  A.  1  ,  and  w_,  .  Then  the  derivatives  of  f  and  g  are  represented  by 

■»'5  i-ij 


<fi+l,.J  -  V/fiC 


fY1+^j=  (fi+l,J+l  "  fi+l„)-l  +  fi,J+l  " 

®3f1+^j  =  ^gi-s:.  j+i  “  gi+i,j-i+  gi,j+i"  gi,j-i^4AY 


with  similar  expressions  at  the  point  i  -j| 


This  finite  difference  representation  is  then  used  to  update  the  vector  w  at  the  interior 
points  of  flows  in  which  shocks  Eire  expected.  This  does  not  of  course  preclude  its  use  for 
continuous  flows,  but  more  efficient  procedures  are  available  for  this  purpose  as  discussed  below. 

B)  Interior  Points  for  Continuous  Flows 


For  continuous  flows,  the  conservation  form  of  the  equations  of  motion  are  not  required  so 
that  the  system  to  be  considered,  in  the  same  cartesian  frame,  is  given  by 

*t  =  *  (ux  +  u*x  +  vy  +  vV 

\  -  -  <uux  +  uvy  +  p/p  Px)  (12) 

t  '  x  y  H  y' 

where  for  irrotational  flows  the  energy  equation  is  given  by 

P  =  a,®  and  P  =  log  p,  R  =  log  p  (13) 

This  set  of  differential  equations  is  again  transformed  into  the  computational  space  defined  above 
so  that  the  system  becomes 

Hj  *  -  (aRjj  +  f>Ry  +  fu^.  +  muy  +  nvy) 

uT  =  -  (ai^  +  Bu^  4  cPx  +  3py)  (14) 

VT  =  -  (avx  +  Svy  +  ePy) 

where  a  =  jfu,  E  =  mu  +  nv,  c  =  jtp/p,  3  =  rap/p,  e  =  np/p  and  l,m,n  are  as  previously  defined. 

Again  each  of  the  variables  R,u,v  are  expanded  as  a  truncated  Taylor  Series  in  time  of  the  form 

2 

R(T^T)  n  r(t)  +  R^T  +  R^J  ^-  +  .  .  .  (15) 

with  similar  expressions  for  u  and  v.  The  first  derivatives,  Ry,  u.^,  vT  are  given  in  terms  of  space 
derivatives  by  the  original  system  of  equations.  To  determine  the  second  derivatives  R^,  u,™,  v 
we  first  determine  the  quantities  R^,  u^,  v^  and  R^,  u^,  v^  which  are  expressible1In  terms  of 
second  space  derivatives  of  u,  v  and  P  (or  R)  and  first  space  derivatives  of  quantities  a,  S,  c,  3 
e,  l,  m,  n.  Then,  again  assuming  interchangeability  of  the  order  of  differentiation,  the  terms 
Rj^,,  u^tj.,  v^,  are  determined.  They  can  ultimately  be  expressed  in  terms  of  first  and  second  space 

derivatives  of  u,  v  and  P  (or  $  and  first  space  derivatives  of  the  quantities  f,  m,  n  which  are 
known  functions. 

At  this  point,  the  following  central  difference  formulae  are  used  to  represent  the  first  and 
second  space  derivatives  of  the  flow  variables, 

%  “  (*i+l,j  '  ?i-l,j)/2AX  >  *  =  foi,j+l  •  t?i,j-l)/2AY 

*xx  “  (*i+i,j  •  *l,j  +  'Pi-l,j)/Ax2  »  <Ph  =  <*Pi,J+l  -  +  ‘Pi,>).i)/^2 

and  tbre  =  (t?i+i,j+i  -  -4>i+i,j.i  +  'p1_i,j.i)/4axay 

This  finite  difference  procedure  has  been  found  to  be  faster  than  the  conservation  scheme  described 
previously  in  those  flows  where  both  are  applicable.  The  non-conservation  formulation  will  not 
work  in  the  case  of  shocked  flows  unless  explicit  shock  handling  is  incorporated  and  the  flow 
rotationality  is  accounted  for. 

C.  Characteristics  Technique  for  Solid  Boundaries 

It  h£is  been  the  experience  of  the  authors  that  the  use  of  reflection  techniques  and/or 
non-centered  difference  techniques  In  evaluate  the  flow  on  arbitrary  curved  solid  boundaries  either 
do  not  work  or  are  highly  inaccurate.  Thus  in  these  calculations  the  solid  boundary  points  are 
calculated  using  a  technique  developed  and  uBed  with  considerable  success  by  Morettl  (ref.  3). 
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This  technique  determines  the  flow  variables  on  solid  boundaries  using  a  quasi-one-dimensional 
unsteady  characteristic  formulation.  The  basic  premise  is  that  wall  points  are  sensitive  mainly  to 
signals  originating  inside  the  flow  and  propagating  toward  the  wall  at  a  speed  equal  to  the  sum  at 
the  sound  speed  and  the  flow  velocity  normal  to  the  wall.  Plow  distortions  due  to  the  two-dimen¬ 
sionality  of  the  flow  are  treated  as  forcing  functions  to  the  quasi-one-dimensicml  formulation  as 
discussed  below. 

At  each  wall  node  point,  a  cartesian  frame  translating  at  the  local  streamwise  velocity  is 
defined  normal  to  and  parallel  with  the  solid  boundary  as  is  indicated  in  figure  2.  In  this  frame, 
the  equations  governing  an  irrotational  flow  can  be  written 

Rt  +  u5  +  + 

uT  +  uu5  +  p/p  P?  =  -  (vUq)  (17) 

vT  +  w,  +  vv^  +  p/p  =  0 

u  =  ■?•§,  v  tf*T|  -  VB  and  yR  =  P 

It  is  noted  that  in  the  continuity  and  the  £ -momentum  equation  terms  containing  IJ-derivatives 
are  collected  on  the  right  hand  side  and  will  be  considered  as  constants  at  each  stage  of  an 
iterative  procedure  used  to  determine  the  characteristics  solution. 

The  characteristics  directions  of  the  first  two  of  equations  (17)  can  readily  be  shown  to  be 


where  for  the  coordinate  system  defined  in  figure  2  the  +  sign  represents  a  characteristic  running 
from  within  the  flow  to  the  wall,  and  the  -  sign  a  characteristic  originating  within  the  Bolid 
boundary.  The  compatibility  equation  along  the  (u  +  a)  characteristic  is  given  by 

$*is--<VV5i>  <»> 

At  a  particular  time  step,  the  (u  +  a)  characteristic  passing  through  the  wall  node  point  is 
projected  back  in  time  to  the  previous  time  step,  intersecting  the  physical  plane  at  the  point  (*) 
indicated  in  figure  2.  The  corresponding  point  in  the  computational  plane  is  then  determined  and 
the  flow  variables  and  their  X,Y  and  eventually JJ,  T]  derivatives  are  determined  by  interpolation 
and  finite  difference  procedures.  Then,  since  u  at  the  wall  is  identically  0,  the  compatibility 
relation  is  sufficient  to  determine  an  estimate  of  R  at  the  wall.  The  reduced  tangentail  velocity 
v  is  calculated  using 

v  (T  +  At)  =  v(t)  -  [vv^  +  p/p  P^dr  (20) 

where  we  use  the  fact  that  u  is  0  at  the  wall.  This  constitutes  the  first  step  in  the  iterative 
procedure.  A  new  characteristic  is  defined  by 

§  =  #awall  +  +  a>*3  (21) 

and  the  process  is  repeated  until  convergence  is  achieved. 

This  procedure  is  used  in  conjunction  with  the  non-conservation  formulation  described  above 
for  the  calculation  of  shock-free  flows.  A  slightly  more  complicated  version  of  the  characteristics 
procedure  is  used  with  the  conservation  formulation  for  flows  where  imbedded  shocks  may  appear. 


IV.  CALCULATIONS  AND  RESULTS 

Several  different  programs  have  been  developed  using  the  finite  difference  schemes  described 
above  to  attack  the  various  aspects  of  the  transonic  airfoil  problem.  The  specifics  of  these 
programs  and  the  results  obtained  to  date  are  discussed  below. 

A)  Biconvex  Airfoil  in  a  Constant  Area  Duct 

Severed  calculations  have  been  meide  for  the  subsonic,  and  supersonic  flow  about  a  6$ 
biconvex  circular  arc  airfoil  aligned  with  the  centerline  of  a  constant  area  duct.  Each  of  the 
calculations  were  made  using  the  conservation  formulation  for  the  interior  point  evaluation  and 
the  characteristics  procedure  on  the  airfoil  surface.  The  tangency  condition  on  the  duct  wall  was 
imposed  using  the  reflection  technique.  For  the  subsonic  calculations,  uniform  horizontal  flow  has 
been  specified  at  x  =  ±®  . 

The  infinitely  long  duct  implied  above  is  reduced  to  a  finite  rectangular  computing  grid  using 
the  following  stretching  and  normalization  of  the  streamwise  and  transverse  coordinates. 

=  k^  tanh  (kgx) 


X 


(22) 
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where  b(x)  is  the  ordinate  of  the  duet  centerline  and  airfoil  and  h(x)  describes  the  shape  of  the 
duet  wall,  here  a  constant.  For  the  supersonic  calculation  the  stretching*  of  the  streamwise 
coordinate  is  not  required  so  that 

X  =  x  (23) 

suid  uniform  supersonic  flow  ar.d  constant  streamwise  derivatives  of  the  flow  variables  were  specified 
J  chord  upstream  and  downstream  of  the  airfoil,  respectively.  • 

The  centerline  and  surface  pressure  distributions  forfreestream  Mach  numbers  of  0.6,  0.7  and 
0.8  are  presented  in  figures  3,  5  and  6.  In  each  case  the  flow  is  subcritical  so  that  the  afore¬ 
mentioned  longitudinal  mapping  together  with  the  specification  of  uniform  flow  at  the  upstream 
and  downstream  boundaries  defines  a  well  posed  problem.  For  each  of  the  three  freestream  Mach 
numbers  an  independent  theoretical  estimate,  consisting  of  a  Spreiter  Mach  correction  to  the 
linearized  compressible  flow  prediction  for  an  airfoil  in  a  duet,  is  superimposed  for  comparison 
purposes , 

Surface  pressure  distributions  obtained  from  the  time  dependent  computer  program  correlate 
well  with  these  approximate  analytic  predictions.  T^e  influence  of  surface  slope  discontinuties 
at  the  airfoil  leading  and  trailing  edges  is  seen  to  cause  some  local  oscillation  in  the  surface 
pressure,  particularly  at  the  lower  Mach  number.  Efforts  are  being  made  to  minimize -this  effect. 

A  typical  time  history  of  the  surface  pressure  at  the  mid-chord  station  is  also  presented  for  the 
M  n  0.6  case  in  figure  k,  which  indicates  the  nature  of  the  decay  to  the  asymptotic  steady  state 
flow. 


The  surface  pressure  distribution  obtained  at  a  freestream  Mach  number  of  2.0  is  presented  in 
figure  7«  A  characteristics  solution  for  the  same  configuration  is  also  Bhown  for  comparison. 

Over  the  major  portion  of  the  airfoil  surface  the  pressure  distributions  are  seen  to  agree  quite 
well.  The  chordwise  range  of  good  correlation  has  been  observed  to  improve  consistently  with  mesh 
refinement.  The  leading  edge  precompression  and  subsequent  over-compression  effect  is  inherent  in 
the  implicit  shock  representation  employed.  A  similar  comment  applies  at  the  trailing  edge.  A 
Mach  profile  at  the  mid-chord  station  is  included  in  figure  8,  which  graphically  illustrates  the 
shock  representation  obtained  using  the  conservation  formulation.  Greater  resolution  can  be 
achieved  by  mesh  refinement  which  implies  greater  computer  times.  The  decision  to  switch  to  an 
explicit  shock  representation  to  obtain  further  increases  in  resolution  muBt  be  carefully  weighed 
against  several  considerations: 

1)  Explicit  shock  representation  requires  a  significant  increase  in  program  sophistication; 

2)  More  importantly,  it  requires  a  pre-knowledge  of  the  basic  shock  structure  that  will  develop. 

Two  approaches  have  been  used  in  our  efforts  to  obtain  supercritical  results  for  the  biconvex 
airfoil.  In  both  cases,  successful  calculations  have  not  been  achieved  to  date. 

The  first  approach  consisted  of  increasing  the  Mach  number  at  the  upstream  and  downstream 
boundaries  of  the  constant  area  duct.  This  specification  is  not  rigorous  in  the  supercritical 
range  but  is  a  reasonable  approximation  in  an  exploratory  investigation  of  this  -type .  The  super¬ 
critical  calculations  showed  an  initial  tendency  toward  the  expected  results,  but  later  on  in  the 
computation,  certain  unresolved  disturbances  developed,  which  after  reinforcement  by  reflections  at 
the  various  boundaries,  eventually  cause  the  calculation  to  go  unstable.  Efforts  to  resolve  this 
problem  are  currently  in  progress. 

As  noted  above,  the  specification  of  uniform  flow  conditions  at  x  =  is  not  precisely  correct 
at  supercritical  Mach  numbers .  The  flow  far  upstream  may  still  be  specified  to  be  uniform,  but, 
because  of  losses  generated  by  the  airfoil  shock  system,  the  correct  boundary  condition  far  down¬ 
stream  cannot  be  specified  a  priori  other  than  to  note  that  it  is  a  constfltnt  pressure  subsonic  shear 
flow.  This  indeterminacy  of  the  exit  station  flow  and  its  effect  on  the  flow  past  the  airfoil  can 
be  removed  by  introducing  a  second  throat  duct  configuration  as  indicated  in  figure  9*  In  this  way 
the  exit  flow  is  forced  to  be  supersonic  and  no  exit-feedback  to  the  airfoil  can  occur.  The 
simultaneous  introduction  of  a  bell-mouth  entry  section  leading  from  an  infinite  reservoir  to  the 
constant,  area  test  section  containing  the  airfoil  constitutes  a  well  posed  physical  problem.  The 
net  result  in  essence  is  to  create  the  computational  equivalent  of  a  closed  throat  transonic  wind 
tunnel  circuit'  containing  an  airfoil  model  in  a  parallel  walled  test  section. 

Calculations  for  this  airfoil-tunnel  configuration  at  supercritical  speeds  have  been  attempted 
with  unsatisfactory  results.  The  problem  has  been  traced  to  an  injudicious  choice  of  inlet  geometry 
which  produced  disturbances  that  propagated  into  the  test  section  and  obliterated  an  otherwise  orderly 
developing  supercritical  flow.  These  calculations  will  be  continued  in  the  near  future. 

B)  liozzle  Calculations  with  a  Supersonic  Exit 

A  two-dimensional  converging-diverging  nozzle  affords  a  natural  testing  ground  for  the 


*  The  stretching  of  the  streamwise  coordinate  to  permit  the  specification  of  boundary  conditions  at 
infinity  was  originally  suggested  by  Dr.  H.  Melnick  of  the  Grumman  Research  Department 
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finite  difference  techniques  that  are  being  considered.  The  nozzle  geometry  employed  is  shown  in 
figure  10.  Again,  the  streamwise  and  transverse  coordinates  are  stretched  and  normalized  as  in  the 
previous  set  of  airfoil  calculations,  except  that  here 

b(x)  =  0 

- T1  (24) 

h(x)  =  -  1  +  \3.3h  +  .66  x 

In  the  physical  plane,  the  upstream  boundary  is  located  at  x  =  -»  in  a  reservoir  where  stagnation 
conditions  are  specified.  For  this  purely  expansive  calculation,  the  nozzle  is  truncated  somewhat 
aft  of  the  throat  and  constancy  of  the  streamwise  derivatives  constitutes  the  downstream  boundary 
condition. 

The  calculations  were  made  using  both  the  non-conservation  formulation  and  the  conservation 
formulation  for  the  interior  point  evaluations.  The  centerline  and  wall  pressure  distributions 
obtained  using  the  two  techniques  are  shown  in  figure  10,  with  the  conservation  results  shown  on 
the  right.  The  results  of  the  two  calculations  are  practically  indistinguishable  and  straddle  the 
one-dimensional  prediction  as  would  be  expected. 

Results  for  the  same  nozzle  configuration  with  a  subsonic  (shocked)  exit  condition  using  the 
conservation  formulation  are  planned  for  the  near  future. 

C)  Subsonic  Flow  About  a  Circular  Cylinder 

In  order  to  develop  the  technology  required  for  handling  real  airfoil  shapes,  consideration 
must  be  given  to  rounded  leading  edges.  The  program  and  calculations  described  in  this  section  were 
made  to  evaluate  schemes  for  treating  simplified  shapes  with  stagnation  points  in  an  infinite  subsonic 
domain.  A  circular  cylinder  of  unit  radius  has  been  chosen  for  simplicity.  The  non-conservation 
formulation  was  used  for  the  interior  point  evaluations.  The  system  of  equations  in  the  physical 
plane  were  in  polar  coordinates  but  the  philosophy  of  the  development  of  the  finite  difference  equa¬ 
tions  parallels  that  indicated  for  the  cartesian  frame  in  section  II-B.  The  transformation  used  to 
relate  the  computational  and  physical  planes  is  given  by 

X  =  ir  -  9  (25) 

Y  =  tanh  k^  (r-1) 

as  Indicated  schematically  in  figureQll.  The  computed  velocities  along  the  forward  and  rear 
stagnation  streamlines,  along  the  90°  ray  and  along  the  surface  are  presented  in  figures  11  and  12. 
Since  the  flow  Mach  number  is  .1,  the  results  are  correlated  with  incompressible  predictions.  The 
agreement  between  the  two  is  seen  to  be  excellent  for  the  forward  stagnation  streamline  and  to 
diminish  somewhat  as  we  procede  around  the  body  to  the  rear  stagnation  streamline.  The  excellent 
correlation  in  the  forward  regions  of  the  flow  leads  us  to  expect  similar  results  when  thiB  technique 
is  applied  to  rounded  leading  edge  airfoils. 

V.  FUTURE  RESEARCH 


Several  short  term  efforts  are  currently  in  progress,  some  of  which  were  indicated  in  the 
previous  section.  These  Include  calculations  for: 

1)  Supercritical  biconvex  airfoil  in  both  t>*  onstant  area  duct  and  the  transonic  tunnel; 

2)  Shocked  two-dimensioned  nozzles; 

3)  Subsonic  Joukowski  section  in  an  ii  »ce  stream; 

4)  Supercriticed  circular  cylinder  in  an  infinite  stream  using  the  explicit  shock  formulation. 

These  short  term  goeds  are  part  of  what  we  consider  to  be  an  orderly  development  of  those 
elements  required  for  the  calculation  of  the  supercritical  flow  about  lifting  airfoils  toward  which 
this  research  is  directed. 

As  demonstrated  in  the  literature,  the  time  dependent  finite  difference  technique  has  proven  to 
be  a  versatile  tool  for  calculating  the  transonic  flow  about  blunt  bodies  at  supersonic  velocities. 
It  wa3  this  success  which  motivated  the  present  application  to  the  equally  challenging  problem  of 
transonic  flow  about  airfoils.  The  encouraging  results  achieved  to  date  tend  to  Justify  its  use  in 
this  application. 
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Figure  1  Surface  Pressure  Distribution*  for  a  Two-Dimensional  15°  Expansion  Corner 
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Figure  2  Grid  Structures  Used  for  Various  Computational  Schemes 


$u&xce  Anem 


Figure  3  Surface  Pressure  Distribution  on  a  6$  Thick  Biconvex  Airfoil  at  =0.6 
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Time  History  of  Mid-Chord  Surface  Pressure  on  e.  b$  Thick  Biconvex  Airfoil  at  Mc 
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Figure  5 
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Surface  Pressure  Distribution  on  a  6%  Thick  Biconvex  Airfoil  at  M  =0.7 
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Figure  6 


Surface  Pressure  Distribution  on  a  6$  Thick  Biconvex  Airfoil  at  M  =  0.8 
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Figure  7  Surface  Pressure  Distribution  on  a  6 $  Thick  Biconvex  Airfoil  at  =  2.0 
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Mach  Profile  at  the  Mid-Chord  of  a  6$  Thick  Biconvex  Airfoil  at  M  =2.0 
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Figure  8 
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Figure  9  Schematic  Transonic  Tunnel  -  Airfoil  Geometry  for  Supercritical  Calculations 
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Figure  10 


Nozzle  Wall  and  Centerline  Pressure  Distributions  for  verging-Dlverging  Nozzle 
with  Supersonic  Exit  Conditions 
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Figure  11  Velocity  Distributions  on  the  Forward  and  Aft  Stagnation  Streamlines  of  a  Circular 
Cylinder  at  Mw  =0.1 
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Figure  12  Velocity  Distributions  on  the  90°  Ray  and  the  Cylinder  Surface  at  =  0.1 


SUMMARY 


A  method  recently  developed  by  Northrop  consists  of  a  computer  program  which  will  deter¬ 
mine  an  airfoil  shape  from  predetermined  supercritical  velocity  distributions  having  extensive 
regions  of  supersonic  flow.  The  velocity  is  given  versus  the  distance  around  the  airfoil.  This 
allows  a  designer  to  design  to  a  given  lift  by  specifying  the  required  circulation.  Also,  bound¬ 
ary  layer  problems  can  be  avoided  by  restricting  adverse  velocity  gradients. 

Starting  with  a  given  compressible  pressure  or  velocity  distribution  with  mixed  subsonic  and 
supersonic  regions  an  airfoil  shape  can  be  determined.  This  is  done  by  making  a  transformation 
that  causes  the  streamline  and  potential  line  network  to  give  an  equivalent  incompressible  flow. 
This  incompressible  problem  is  then  solved  by  complex  function  theory  and  the  solution  is  trans¬ 
formed  back  to  the  compressible  plane.  A  computer  program  using  this  method  has  been  applied 
to  several  shapes  with  known  solutions.  The  results  indicate  that  this  method  is  a  useful  tool  for 
studying  supercritical  transonic  airfoil  shapes. 
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SUPERCRITICAL  TRANSONIC  AIRFOIL  DESIGN 
FROM  PRESCRIBED  VELOCITY 
DISTRIBUTION 


by 

M.S,  Cahn,  H.R.  Wasson,  and  J.R.  Garcia 
NORTHROP  CORPORATION,  NORAIR  DIVISION 
INTRODUCTION 


Supercritical  transonic  airfoil  design  requires  the  solution  of  flows  with  mixed  supersonic 
and  subsonic  speeds.  The  solution  to  the  problem  has  proved  to  be  extremely  difficult.  The  usual 
approach  has  been  to  make  approximate  corrections  to  the  incompressible  flow  solutions  about  a 
given  shape.  Because  of  the  sensitivity  to  small  variations  in  airfoil  shape  this  method  has  not 
been  wholly  satisfactory,  especially  at  supercritical  speeds. 

Almost  complete  reliance  on  wind  tunnel  testing  has  been  necessary  to  get  good  determina¬ 
tion  of  airfoil  characteristics.  With  a  combination  of  wind  tunnel  testing  and  subsequent  modifi¬ 
cation  of  configuration,  designers  have  had  some  success  in  obtaining  satisfactory  design. 

It  has  now  been  determined  that  many  of  the  problems  of  obtaining  a  satisfactory  supercriti¬ 
cal  wing  design  can  be  solved  by  first  starting  with  a  prescribed  velocity  distribution  in  the  physi¬ 
cal  plane.  This  allows  the  designer  to  approach  more  directly  the  desired  airfoil  characteristics. 
Also,  and  perhaps  more  important,  this  leads  to  a  relatively  simple  solution  to  the  difficult  prob¬ 
lem  of  mixed  flows  with  supercritical  velocities.  This  new  method  will  be  demonstrated  in  this 
paper. 


V 
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* 
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OUTLINE  OF  THEORY 


SYMBOLS 


local  velocity 
free  stream  velocity 
velocity  potential 
stream  function 
density 

free  stream  density 


s  -  distance  along  streamline 

n  -  distance  normal  to  stream  line 
Z  -  complex  coordinate  in  compressible  plane 

Z'  -  complex  coordinate  in  incompressible  plane 

6  -  angle  in  circle  plane 

a  -  local  flow  angle  in  airfoil  plane 
$  -  complex  coordinate  in  circle  plane 


Assume  that 


versus  S  and  free  stream  Mach  number  are  given. 

Voo 

<t>  =  Jvds  can  be  obtained  from  a  simple  integration. 


Since  <t>  -  lines  and  P  -  lines  form  an  orthogonal  network  of  rectangles. 

The  length-width  ratio  of  these  rectangles  are  proportional  to  the  local  density  (p)1.  The  equiva¬ 
lent  incompressible  flow  has  <j>  and  ip  lines  orthogonal  and  the  network  forms  squares.  The  com¬ 
pressible  flow  field  can  then  be  transformed  to  an  equivalent  incompressible  flow  by  substituting 
s'  for  s  where  ds'  =  f(p)  ds.  The  transformation  is  discussed  in  NACA  Report  No.  789  (1944)  by 
I.E.  Garrick  and  C.  Kaplan.  Now  <t>  versus  s'  is  known  for  the  equivalent  incompressible  flow. 


♦Mr.  Cahn,  Mr.  Wasson  and  Mr.  Garcia  _•  Research  Engineers  in  the  Aerodynamics  Group. 

^Shapiro,  Ascher  H.,  The  Dynamics  and  Thermodynamics  of  Compressible  Fluid  Flow,  Pg  296 
(Ronald  Press,  1953) 
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Consider  now  the  transformation  of  the  airfoil  into  a  circle  by  the  equation  Z*  =  f  (0  where 
Z'  represents  the  incompressible  airfoil  plane  and  £  represents  the  circle  plane.  It  can  be  shown 
that 


-u 


ds» 

W 


+  i  (a-0-n/2) 


In 


ds' 

de 


From  ^versus  s'  and  knowing  4>  versus  0  for  the  flow  about  a  circle,  s'  versus  0,  fpL',  and 


can  be  determined.  Since  In 


ds'  3#  1 

~  is  the  real  part  of  an  analytic  function  the  imagin¬ 


ary  part  can  be  found  from  its  Fourier  series  representation.  The  imaginary  part  allows  deter¬ 
mination  of  a,  the  local  surface  slope  of  the  airfoil,  and  from  s'  and  a  the  incompressible  shape 
can  be  plotted.  The  equivalent  compressible  shape  comes  from  a  retransformation  by  again  sub- 
1 


stituting  ds  for 


fW 


ds*. 


COMPARISONS  WITH  EXISTING  DATA 

The  method  described  above  for  supercritical  airfoil  design  has  been  programmed  for  IBM 
360/65  system  in  basic  Fortran  IV.  The  program  is  relatively  simple  to  use  and  takes  only 
approximately  two  minutes  of  computing  machine  time  to  run  one  case. 

In  order  to  shed  more  light  on  the  program's  performance,  a  circular  arc  profile  was  com¬ 
puted.  The  velocity  distribution  data  for  this  shape  comes  from  NACA  report  1217.  The  results 
for  a  circular  arc  section  are  shown  in  Figure  1.  The  shape  of  the  section  for  a  Mach  Number 
range  from  0.6  to  0.87  shows  very  little  change.  This  indicates  that  the  compressibility  effect  is 
well  accounted  for. 

Once  the  condition  for  airfoil  closure  was  established  the  problem  consisted  of  refining  the 
numerical  procedure  until  there  was  sufficient  accuracy  at  all  points  of  the  airfoil. 

The  accuracy  of  the  program  for  supercritical  flows  is  shown  in  Figure  2,  where  the  re¬ 
sults  of  calculations  for  an  NACA  0012  section  at  0.75  Mach  Number  are  given.  The  input  data 
are  relaxation  computations  from  NACA  TN  1746.  The  results  indicate  that  the  method  is  feasible 
and  can  give  good  results.  A  comparison  with  supercritical  experimental  data  for  a  NACA  0012 
airfoil  (Figure  3)  shows  the  computed  shape  to  grow  thicker  toward  the  trailing  edge.  This  is 
believed  due  to  the  boundary  layer  displacement  thickness  on  the  actual  experimental  airfoil.  It 
should  be  noted  that  supercritical  flow  exists  on  the  NACA  0012  airfoil  at  the  Mach  Number  tested. 
The  local  Mach  Number  is  above  1  from  10  to  30  percent  chord  and  reaches  a  peak  of  approxi¬ 
mately  1.1. 

The  program  has  been  applied  to  other  supercritical  transonic  airfoils  with  more  extensive 
supersonic  velocities  and  the  results  indicate  similar  accuracy  to  that  obtained  for  the  NACA 
0012.  Among  these  airfoils  were  asymmetrical  and  lifting  configurations. 


APPLICATION  TO  TRANSONIC  AIRFOIL  DESIGN 

The  program  described  herein  is  being  used  by  Northrop  for  the  design  of  transonic  air¬ 
foils.  Three  examples  are  shown  in  Figures  4  through  9  along  with  the  hodograph  plots  for  these 
airfoils.  The  airfoils  are  designated  by  a  letter  and  numbers.  The  letter  indicates  a  specific 
series.  The  first  two  numbers  indicate  the  design  Mach  Number  in  lOOths.  The  next  two  numbers 
indicate  the  design  lift  coefficient  in  lOOths  and  the  last  three  numbers  indicate  the  airfoil  thick¬ 
ness  in  lOOOths  of  the  chord.  All  of  the  data  shown  are  at  the  design  conditions. 

Airfoil  G8027-120  has  an  extensive  region  of  supersonic  flow.  The  hodograph  plot  indicates 
that  there  is  no  tangency  of  the  boundary  streamline  with  a  characteristic  line. 

Airfoil  G-8022-088  has  a  smaller  region  of  supersonic  flow  and  the  lower  surface  is  made 
to  have  free  stream  velocities  over  most  oi  its  distance. 

Airfoil  G-8040-076  has  a  similar  upper  surface  distribution  to  G-8022-088  but  the  lower 
surface  velocities  were  adjusted  to  give  a  higher  lift. 

Further  analysis  on  these  and  other  shapes  are  planned  at  Northrop.  The  analysis  will  in¬ 
clude  boundary  layer  stability  calculations. 
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CONCLUSIONS 

Results  of  calculations  of  airfoil  shapes  from  supercritical  compressible  velocity  distribu¬ 
tions  indicate  that  it  is  feasible  to  calculate  the  shapes  with  reasonable  accuracy  using  a  trans¬ 
formation  to  an  incompressible  plane,  and  that  the  method  can  be  useful  for  studying  transonic 
airfoil  shapes  with  supercritical  velocities. 

The  program  described  herein  can  be  used  to  assist  in  the  design  of  improved  transonic 
airfoils.  The  effect  of  velocity  distribution  changes  on  airfoil  shapes  can  be  studied  at  transonic 
speeds.  Higher  drag  rise  Mach  numbers  may  be  obtained  by  designing  to  avoid  limit  lines  using 
the  hodograph  representation.  * 


♦Cahn,  M.S.,  Journal  of  Aircraft,  May-June  1967  (AIAA). 


FIGURE  6.  AIRFOIL  G-8022-088 


FIGURE  7.  HODOGRAPH  FOR  AIRFOIL 
G-8022-088 


FIGURE  9.  HODOGRAPH  FOR  AIRFOIL 
G-8040-076 


FIGURE  8.  AIRFOIL  G-8040-076 


DETERMINATION  ANALOGIQUE  DE  PROFILS  D’AILE 
EN  REGIME  TRANSSONIQUE 


par 

F.  RIGAUT 


Centre  de  Calcul  Analogique 
29,  Avenue  de  la  Division  Leclerc 
Chatillon  s/s  Bagneux  (92) 


SCf'MMRE 


line  mfithode  de  calcul  analogique,  bas6e  sur  l’enploi  des  differences  finies  est  appliquCe 
a  la  determination  d'ecoulesnents  transsoniques  a  partir  de  leurs  hodographes.  AprSs  une 
br^ve  description  des  methodes  soit  analogiques,  soit  hybridcs  applicables  en  ce  domaine 
il  est  insiste  sur  l'etude  des  profils. 

Sur  ce  sujet  il  est  consider6  success ivement  le  cas  des  profils  syrrdtriques,  le  cas  des 
profils  a  1* incidence  de  portance  nulle  et  le  cas  des  profils  portants.  Des  exemples  et 
contparaisons  sent  foumis  qui  soulignent  les  possibilitds  de  la  methode.  Enfin  un  algo- 
rithne  de  calcul  est  propose  pour  determiner,  selon  une  technique  hybride,  un  ecoulement 
conprenant  une  onde  de  choc. 

Par  ailleurs  ce  procede  est  applicable  au  calcul  de  grilles  d'aubes  et  diff6rentes  possi- 
bilitds  et  exenples  seront  foumis. 


EQUATIONS  A  RESOUDRE. 


On  considSre  1'Scoulement  plan,  permanent  et  irrotationnel  d'un  fluide  compressible.  Les  grandeurs 
representatives  :  le  module  de  la  vitesse,  f  la  masse  spScifique,  •»  la  pression,  *f  le  poten- 
tiel  des  vitesses,  y  la  fonction  de  courant  sont  rapportdes  A  leurs  valeurs  critiques, 


En  introduisant  les  variables  cancniques  9  et  dGfinies  par  : 

9  :  angle  de  la  vitesse  AT* 

les  fonctions  ^  et  satisfont  au  syst&ne  conjuguS  : 


<1 


En  particulier  est  solution  de  1' equation  du  second  ordre,  linSaire  et  de  type  mixte  : 

Ktn  •+  =.  ©  (1) 

OU  Kiel  s.  M-M*;/?1  est  une  fonction  qui  par  l'intermfidiaire  de  la  relation  de  ST  Venant 
reflate  la  loi  de  conpressibilitS  du  fluide.  Cette  fonction  varie  en  signe  comne  «T  et  selon 
qu'elle  est  positive,  nulle  ou  negative,  1' equation  (1)  presenter a  le  type  elliptique,  parabolique 
ou  hyperbolique  ce  qui  correspond  respectivement  d  un  dcoulement  subsonique,  sonique  ou  superso- 
nique.  PrGcisons  qu'un  point  d'arret  Q=.  o  correspond  a  cr=  *o  et  que  l*axe  o"  &  o  est  l'image 
de  la  ligne  sonique.  ' 


Dans  le  demi-plan  o  le  type  hyperbolique  (1)  inplique  1' existence  de  caractdristiques  donnGes 
sous  forme  differentielle  par  : 

et  sur  lesquelles  la  dGpendance  des  coordonn6es  permet  de  relier  les  fonctions  c|  et  ^  par  : 

d'fV  kio  d  vj/*-  as  o  (2) 

Enfin  la  correspondance  entre  les  deux  plans  X  ,  y  et  $  ,  <t  est  donn6e  par  : 

iX  t  t  dl y  a  J-"**  (  d if  4*  i  }  (3) 

tandis  que  les  singularity  de  transformation  sont  obtenues  par  les  z6ro  ou  inf ini  du  Jacobien  : 


T  -  ^  VJ  g.  _  tuff}  1  rfcr 

PCe.a-J  ’ 

METOODE  DE  RESOLUTION  ANALOG IQUE. 

Avec  les  reserves  habituelles  relatives  aux  dfiveloppements  limitds  et  en  adoptant  un  maillage 
irrdgulier  schematise  figure  1,  l'6q  (1)  peut  etre  Gcrite  sous  sa  forme  aux  differences  finies. 
En  admettant  que  les  dfirivfies  secondes  sont  les  differences  rapportGes  au  pas  des  d6riv6es 
premidres  on  obtient  au  troisidme  ordre  prds  (r6f.  2) 


i  i<e-*) 


avec 


C, 


L'analogie  que  l'on  se  propose  consiste  A  identifier  la  forme  (4)  avec  la  relation  exprimant  l'Gtat 
de  potentiel  Glectrique  en  un  noeud  d ' impedance .  On  consid&rc  a  cet  effet  un  rdseau  d' impedances 
groupies  en  croix  et  sidge  d'un  Gtat  de  tensions  alternatives  Vn  dGphasGes  de  par  rapport 
aux  courants  qui  y  circulent. 


A  l'aide  de  la  loi  de  Kirchhoff  et  de  la  loi  d'Ohm  on  obtient  en  un  noeud  : 

t  V,-V„)  «•  i^L  tv*.)  ♦  (  V*-  l/.)  5S  o 

z  z*  Xv 


(S) 


Du  rapprochement  entre  (4)  et  (5)  rGsultent  les  relations  d' identification  : 
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z,  *  .  J.  . 

K. 

et  des  fomiles  analogues  pour  2^  et  2. <}  . 


Ztsz. 


1 4<Tt.  t*Vz 


(6) 


Notons  que  "JT  est  la  fonction  de  courant  eiectrique.  Elle  est  accessible  d  la  mesure  eiectrique 
par  l'interm&liaire  de  sa  diffdrentielle  qui  repr6sente  le  flux  du  vecteur  intensity  (,  ill 
■*n  .  c  d*  ) 

Aprfis  avoir  choisi  un  hodographe  son  domaine  utile  est  quadrille.  Pour  la  partie  elliptique  le 
maillage  est  pris  tel  que  la  frontidre  ne  passe  que  par  des  noeuds  ;  pour  la  partie  hyperbolique 
le  maillage  est  tel  que  le  rfiseau  de  ses  diagonales  se  confonde  avec  celui  des  caractdr istiques . 
De  plus  le  maillage  est  reacrrfi  la  ou  le  gradient  est  fort  (voisinage  d’une  singularite,  effet 
de  pointe,  ...  etc)  et  est  relache  la  cu  le  gradient  est  faible  (point  nodal,  ...  etc). 


Ce  domaine  est  ensuite  reprfisentfi  a  l'aide  d' impedances  calculfies  selon  (6)  et  reprGsentant  chacune 
une  inaille. 


a)  si  le  problfime  d  traiter  est  elliptique  ou  elliptique-parabolique  la  fonction  K  iri  reste 
positive.  Le  rSseau  reprfisentatif  est  alors  constituS  de  resistances  ( oj 

b)  si  le  problfime  est  mixtc  la  fonction  **■  ttf)  change  de  signe.  On  est  alors  amenC  d  choisir 
pour  les  *n  des  impedances  imaginaires  pures,  seifs  et  capacitds  telles  que  le  terme  en 

affecte  les  iv/*,  -»/,  )  du  signe  voulu  (  s  t  tr/v> 


L'application  aux  contours  de  tels  milieux  de  conditions  61ectriques  en  accord  avec  le  probldme 
au  limite  d  resoudre  conduit  d  l'etablissement  des  champs  et  j.  t*  a)  dont  on  peut  par 

des  mesures  dlectriques  relever  les  valeurs.  * 

II  reste  alors  d  in>t6gier  la  relation  (3)  pour  obtenir  dans  le  plan  physique  toutes  lignesdesirCes 
de  l'6coulement  correspondant  d  l'hodographe  choisi. 

METHODES  DE  RESOLUTION  ASSOC I EES  OU  HYBRIDES. 

On  a  vu  que  suivant  les  probldmes  cherch€s  il  pouvait  Stre  utilis6  des  rfiseaux  soit  rbsistifs,  soit 
composes  de  seifs  et  capacitfis.  D'autres  proc€d6s  sont  possibles. 

Si  l'on  remarque  que  la  mSthode  analogique  se  prdte  particulidrement  bien  d  la  resolution  de  pro- 
bldmes  aux  limites  de  type  elliptique  :  Dirichlet  ou  Neuman  et  si  par  ailleurs  on  constate  que  le 
calcul  sur  ordinateur  est  trfis  efficace  pour  la  resolution  de  probldmes  aux  limites  de  type 
hyperbolique  :  Cauchy  ou  Goursat  on  congoit  que  dans  le  cas  d'une  equation  de  type  mixte  les 
methodes  analcgiques  ou  num6riques  puissent  s'avdrer  ccmpl6mentaires. 

Les  probldmes  aux  limites  rencontrfis  pour  de  telles  equations  permettent  en  effet  un  ddcoupage  du 
domaine  d'etude  en  deux  sous-dcmaines  de  resolution  tel  que  pour  I'un  il  soit  preferable  d'em- 
ployer  la  methode  analogique,  pour  1' autre  la  m6thode  ramierique. 

D'une  fagon  generate  les  donnees  d'un  probldme  mixte  sont  portees  par  un  arc  P  du  domaine  ellip¬ 
tique  et  un  arc  ouvert  ft  du  domaine  hyperbolique  fig.  (2).  les  domaines  interieurs,  respective- 
ment  Jl,  et  ,  sont  sfipards  par  I'axe  parabolique. 

Il  est  souvent  possible  de  remplacer  les  donnfies  sur  A  par  des  donn6es  sur  I'axe  <T  »  o  ,  On 
peut  alors  rCsoudre  un  Dirichlet  singulier  en  -Q.|  par  analogie  ;  puis  d  partir  des  resultats  ob- 
tenus  determiner  nnm6riquement  la  solution  dans  -a*,  par  la  resolution  d'un  probldme  de  Cauchy. 
C'est  le  fonctionnement  en  chaine  ouverte  :  subsonique  d'abord,  supersonique  ensuite.  Tel  est  le 
cas  dans  le  calcul  de  tuydre  ou  de  grille  d'aubes. 

Dans  d’autre  cas,  les  donn6es  sur  I'axe  T  «■  o  ne  peuvent  8tre  prises  arbitrairement  et  doivent 
satisfaire  d  des  relations  de  compatibilit6,  Dans  ce  cas  il  est  ndcessaire  d'operer  des  resolu¬ 
tions  altemativement  en  -CL,  (par  analogie)  et  (par  numerique)  jusqu'd  ce  qu’il  y  ait 
raccord  des  solutions  le  long  de  I'axe  «*  m  •  .  C'est  le  fonctionnement  en  chaine  iterative.  Tel 
est  le  cas  du  calcul  d'un  profil  avec  choc. 

Ces  deux  modes  de  resolutions  de  probldme  mixte  reinvent  des  possibilitds  du  calculates  Hybride 
actuellement  realise  au  Centre  de  Calcul  Analogique  (r6f,  3).  Le  champ  subsonique  est  traite  par 
rfcseau,  le  chanp  supersonique  est  determine  par  1 'ordinateur.  L' imposition  des  conditions  aux 
limites  ainsi  que  la  liaison  entre  M.,  et  dependent  d'une  comitation  speciale, 

CALCUL  DE  PROFILS  D'AILE. 

Le  calcul  pratique  de  profils  d'aile  &  partir  de  leur  hodographe  se  heurte  d  trois  difficult6s. 

La  premidre  provient  des  singularit6s  introduiter.t  par  la  transformation  de  l'hodographe  :  doublet, 
point  critique,  ...  etc  et  qui  ont  des  repercussions  sur  la  precision  des  calculs.  La  seconde 
difficulte  apparalt  lorsqu'on  desire  obtenir  des  profils  supportant  des  repartitions  de  vitesses 
partiel lament  supersoniques :  des  precautions  sont  d  prendre  afin  de  n'avoir  d  rdsoudre  que  des 
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probl&nes  bien  pcs 6s.  Enfin  la  demidre  difficultd  consists  en  la  presence  dventuelle  de  choc 
et  sur  la  manidre  dont  on  en  conqoit  I'hodographe.  Bicn  que  dans  le  problSne  le  plus  gdndral  ces 
trois  questions  sont  imbriqudes ,  chaame  de  ces  difficult^  sera  traitde  3  part. 

1.  SINGULARITES  ET  HODOGRAPHE  D'UN  PROFIL  NDN  PORTANT. 

L’image  de  l'dcouleraent  autour  d'un  profil  symdtrique  est  reprdsent£e  figure  (3).  La  courbe  tt'e- 
J>‘  est  l'image  du  profil,  A®  et  C>  sont  celles  de  l’axe  de  symdtrie  et  le  point  P  corres¬ 
pond  3  l'dcoulement  uniforme  a  l'infini  du  profil. 


Si  l’on  s'intdresse  a  la  fonction  de  courant  les  conditions  aux  limites  sont  les  suivantes  : 

-  sur  ,  Afete>  : 

-  a  9‘  et  j>y  sont  des  lignes  de  gradient  mil  ou  : 

H's  O  et  ^ »  '#'T  *  O 

-  en  »«!<*)  se  trouve  un  point  critique  d'ordre  2.  II  en  rdsulte  pour  la  fonction  de 
courant  un  ddveloppemcnt  dont  le  terme  principal  est  (rdf.  7) 


lls  ♦ 


^  Oe  ——  uv i 

VT  L 

k  .  ( «■-  <r«  fjws 


a  ♦  Q- 


(7) 


Sur  le  rdseau  correspondent  il  convient  done  : 

-  Aux  front ifires  B'cV,  All  et  Ch  d'irrposer  un  potentiel  i/s  O 

-  aux  infinis  0»'  et  PD'  de  laisser  le  potentiel  se  fixer  a  la  valeur  Vs  o 

-  En  ^  de  tenir  compte  de  1' Equation  (7).  Pour  cela  il  est  ndeessaire  de  resserxerle  mailla- 
ge  autour  de  T  et  de  calculer  3  l'aide  de  (7)  les  rdsistances  qui  en  sont  issues,  En  ce  point  il 
est  imposd  un  potentiel  V  ss  *f , 


Si  maintenant  on  considdre  un  profil  quelconque  et  placd  3  l’axe  de  portance  nulle  le  ddveloppe- 
ment  (7)  devient  : 


4*  ot  -1. . .  {  a  4*^  «  *  t>  *•*  ) 

VT  t 

Dans  ce  cas  on  nc  peut  se  limiter  a  un  deni-champ  comae  prdeddemment  ct  I’hodographe  s'inscrit  sur 
des  feuillets  de  Riemann  raccordds  en  P  fig  (4). 

Pour  reprdsenter  un  tel  hodographe  il  suffit  de  pratiquer  dans  le  chaap  une  coupure  issue  ndeessai- 
rement  de  P  et  rejoignant  selon  un  chemin  arbitraire  un  point  du  profil  :  le  point  d'arret  par 
exemple.  Sur  cettc  coupure  la  continuitd  des  fonctions  ^  ct  u/  done  X  ct  V  est  assurde  par 
raccord  dlectrique. 

Il  convient  de  remarquer  que  si  le  profil  comporte  une  bossc  ou  un  creux  (fig.  5)  la  situation  se 
conplique  par  1 'apparition  d'un  point  critique  distinct  de  P  . 

Ce  fait  sc  comprcnd  intuitivement  si  l’on  considdre  quo  dans  le  plan  de  l'dcoulcment  le  mdandre 
ainsi  erdd  pour  les  lignes  de  courant  se  rdsorbe  peu  a  peu  au  fur  et  a  mesure  que  l'on  s'dloigne 
du  profil  jusqu'd  s'dvanouir  en  un  point  de  vitesse  stationnaire  M  .  Cans  le  plan  0  ce  fait 
se  traduit  par  des  bouclcs  des  lignes  de  courant  (la  vitesse  repasse  3  fois  par  la  m&ne  inclinai- 
son).  Ces  bouclcs  sont  situdes  sur  des  feuillets  de  Riemann  raccordds  autour  de  l'image  tV'  de  bJ 
Une  coupure  telle  quo  WT  permettra  de  reprdsenter  un  tel  champ. 

2.  SINGULARITES  ET  HODOGRAPHE  D'lJN  PROFIL  PORTANT. 

Lorsqu'on  introduit  la  circulation,  les  termes  prddom inant  pour  la  fonction  de  courant  a  l'infnu 
du  profil  deviennent  ceux  de  l'dcoulcment  uniforme  et  du  tourbillon  (rdf.  4).  Dans  le  plan  Q 
il  en  rdsulte  prds  de  P  un  ddveloppement  comenijant  par  un  terme  doublet  et  un  terme  tourbillon. 

IXi  fait  de  cette  prddominance  les  points  de  vitesse  stationnaire  rcstent  a  distance  finie  dans  le 
plan  X,y  et  sont  distincts  de  p  dans  le  plan  0,<r. 

Il  convient  maintenant  de  distinguer  deux  sortes  de  points  de  vitesscs  stationnaires  afin  d'aider 
a  la  conprdhension  de  I'hodographe  d'un  profil  : 

a)  tout  d'abord  le  point  de  vitesse  stationnaire  "principal"  qui  rdsulte  de  la  ddformation 
erdde  dans  l'dcoulcment  uniforme  par  la  prdscnce  d'un  profil,  S'il  n'y  a  pas  de  portance  ce  point 
est  a  l'infini  du  plan  S.,  y  ,  s'il  y  a  portance  il  est  a  distance  finie,  Dans  le  plan  ©  ,  «r 
ceci  correspond  respect ivement  a  un  point  critique  confondu  ou  distinct  de  p  ,  image  de  l'dcou- 
lement  uniforme.  Sa  prdsence  est  obligatoire  pour  des  profils  biconvexes. 

b)  Ensuitc  les  points  de  vitesse  stationnaire  ’‘sccondaires"  rdsultant  d'dventuelles  bosses 
ou  creux  du  profil.  Dans  les  cas  pratiques  leur  prdsence  est  rare. 
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c)  Enfin  il  faut  noter  que  pour  une  certaine  classc  de  profil  dont  I'intrados  et  1 ' extrados 
pr6sentent  la  meme  courbure  et  dont  les  bord  d'attaque  et  bord  de  fuite  sont  effilGs  il  n'y  a 
pas  de  points  de  vitesse  stationnaire. 

La  transformfie  dans  le  plan  <9  >5”  de  l'Gcoulement  auteur  d’un  profil  biconvexe  et  portant  est 
schGmatisGe  figure  (6).  Sur  A 6?  image  du  profil  la  fonction  prend  une  vitesse  constante. 

En  T  image  de  l'Gcoulement  uniforme  la  fonction  est  approchSe  par  la  partie  imaginaire  de  : 

~  4-  v  (ft  Uj  w  OC.UJ) 

L  f  u’  *■  ‘  PU3W  *•  °(4i )  W 

u>  V.  t  «■-«•)♦"  ’©*») 

Enfin  enA/,1^  prend  une  valeur  finie  tandis  que  ses  dGrivGes  sont  infinies  (rdf.  6): 

©  if  s  ®  ■*  Gry  ~  o 


ou  mieux  • 


■few) 

$0*0 


Par  ailleurs^deux  conditions  supplGmentaires  sont  3  assurer  pour  que  l'hodographe  corresponde  a 
un  Gcoulement  physiquement  rGel. 


La  premiSre  est  celle  de  femeture  du  profil  et  qui  conduit  3  choisir  les  constantes  K  et  |% 
de  fagon  il  ce  que  sur  un  petit  cercle  entourant  P  on  ait  (rdf.  5)  ; 


a.  r 


soit 


(9) 


soit 


La  seconde  est  celle  de  partage,  Les  conditions  de  Joukowsky  doivent  en  effet  etre  satisfaites  au 
bord  d'attaque  et  au  bord  de  fuite.  Il  en  rdsulte  que  les  points  A  et  f  images  des  points 
d'arret  sont  des  points  nodaux  du  champ.  En  consdquence  les  deux  demi-images  de  la  ligne  d'arrdt 
fA  et  doivent  Stre  issues  de  A  et  I*  ,  nilieutdes  abscisses  des  segments  F,  et 
reprdsentent  les  discontinuitds  angulaires  de  la  vitesse. 


Sur  le  rdseau  correspondent  il  faut  done  : 

a)  en  P  reprdsenter  d'aprGs  (8)  le  doublet  par  une  source  et  un  puits  dlectrique  sdpard 
de  £  .Si  T  *  o  ces  sources  dGbitent  une  intensitG  Glcctrique  reliGe  3  oc  : 


b)  sur  AS  F  I>A  imposer  un  potentiel  .  L' intensitG  dfibitGe  par  cette  Glectrode  est  reliGe 
a  la  circulation  P  par  : 

“%  f%  m  ~ —  P  (11) 

A 

c)  enfin  les  points  a  1' inf ini  K  et  f  ainsi  que  le  point  critique  bJ  ne  sont  pas  ali- 
mentC's  et  prennent  d'eux-memes  leur  potentiel  1/*  ,  \/|t  et  . 

Le  rGglage  des  conditions  de  partage  et  de  fermeture  est  le  suivant  : 

a)  Dans  une  premfire  experience  ou  la  circulation  est  rGglGe  Ggale  a  z6ro,la  constante 
du  doublet  est  GvaluGe  a  l'aide  de  l'Gquation  (10). 

b)  le  doublet  Gtant  maintenu  au  meme  niveau  de  potentiel  il  est  rtglG  sur  AS  PSA  la  cir¬ 
culation  assurant  d'aprds  (9)  et  (11)  la  condition  de  fermeture.  La  front iSre  AS  FDA  prend 
alors  un  potentiel  V<. , 

c)  les  potentials  et  sont  mesurGs.  S'ils  sont  Ggaux  3  V«,  la  condition  de  partage 
est  assurGe,  Sinon  il  faut  opGrer  plusieurs  essais  en  jouant  sur  les  positions  respectives  de 

et  y  puis  de  rechercher  par  interpolation  la  disposition  satisfaisant  3  V*  i  s.  . 

3.  CALCUL  DES  ZONES  DE  VITESSES  SUPERSONIQUES. 

Que  le  profil  soit  portant  ou  non  diffGients  typos  d'hodographejsont  3  considGrer  suivant  que  le 
'tech  amont  est  infGrieur,  Ggal  cu  supGrieur  au  Madi  critique. 


Si  le  Mach  amont  est  infGrieur  au  Mach  critique  l'Gcoulement  est  entiGrement  subsonique  et  son 
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hodographe  est  situ 6  dans  le  demi-plan  CT  >  O  (fig.  7b).  Le  probl&re  pos6  est  un  Dirichlet  et 
sa  solution  accessible  3  l'aide  d'un  rfiseau  rSsistif. 

Si  le  Mach  amont  est  6gal  au  Mach  critique,  l'hodographe  est  tangent  3  I'axe  o  .  Lc  pro- 

bl&ne  pos6  est  un  Dirichlet  singulier  dont  la  resolution  est  toujours  possible  par  la  mSthode 
analogique. 

En  particulier  on  peut  ainsi  determiner  des  profils  dont  l'hodographe  est  limit6  par  un  segment 
t»W  de  I'axe  <T (fig.  7c).  Ces  profils  supportent  une  repartition  de  vitesses  du  type 
plateau,  le  palier  6tant  3  M  k.  |  .  En  plagant  judicieusement  le  segment  4.  M  par  rapport  3*|» 
on  peut  espdrer  obtenir  ainsi  des  profils  qui  pour  des  Machs  supdrieurs  pr6senteront  des  distri¬ 
butions  Peaky. 

Enfin  il  reste  3  consid6rer  le  cas  oO  le  Mach  amont  est  supSrieur  au  Macli  critique  mais  tout  en 
restant  infdrieur  au  Mach  d'irreversibilite.  Dans  ce  cas  1' image  du  profil  d6borde  dans  le 
demi-plan  o~  «c.o  et  son  trace  est  continu  puisqu'il  n’y  a  pas  de  choc  (fig.  8a). 

Un  rfiseau  de  seifs  et  capacitds  permettrait  de  representer  un  tel  domaine.  Toutefois  l'unicitd  du 
probl&ne  au  limite  ainsi  posfi  est  douteuse  la  forme  de  pouvant  s’avdrer  incompatible  avec 
les  conditions  regnant  dans  la  partie  elliptique. 

Plusieurs  m6thodes  sont  possibles.  La  premidre  consiste  3  se  donner  l'hodographe  jusqu'3  sa  fron- 
tidre  transsonique  M 5  M* (fig.  8b).  II  convient  alcrs  de  rdsoudre  un  deuxidtne  probldme  de 
Frankl  dans  le  domaine  B'fc  M'>  Hi.  .  Ensuite  la  partie  inconnue  de  la  front idre  NM*  est 
determin6e  par  la  resolution  d'un  probldme  du  type  I  (terminologie  de  Picard)  dans  .e  quadrilatdre 

SATK*. 

Utb autre  possibilite  consiste  3  remplacer  la  donnee  sur  les  arcs  4.M  et  lift'  par  celle  d'une 
repartition  de  fonction  de  courant  4*4  sur  I'axe  a*  m.o  (fig.  8c).  Dans  ce  cas  il  faut 
rdsoudre  un  Dirichlet  singulier  dans  le  domaine  ,  puis  un  probldme  de  Cauchy  dans  le 

triangle  curviligne  tWT  3  partir  des  distributions  vft&i  et  sur  i,**, 

V inconvenient  de  ces  deux  procddds  est  que  l'on  ne  peut  prfivoir  de  fagon  rigoureuse  si  les  parties 
supersoniques  ainsi  calculdes  sont  exemptes  de  lignes  limites,  done  de  choc. 

Toutefois  il  faut  remarquer  que  de  tels  6coulei>.ents  continus  ne  semblent  expdrimentalement  exister 
que  lorsque  la  vitesse  maximale  n'excdde  pas  M  s  1,23  ou  1,3.  Au  del3  les  chocs  deviennent  nets  et 
il  est  nficessaire  d'en  tenir  compte  dans  les  schemas  de  calcul. 

Ce  fait  se  conprcnd  si  l'on  se  rappelle  que  pour  que  la  recompression  soit  isentropique  il  est 
nSccssairc  qu'aux  points  du  profil  oO  elle  ait  lieu  la  courbure  soit  faible.  Si  le  nombre  de  Mach 
maximum  est  trop  fort,  cette  recompression  devra  s'fitcndre  sur  une  portion  plus  large  du  profil 
en  sorte  que  la  ndeessaire  variation  de  la  pente,  Q  variant  au  maximum  de  90°  3  0°,  entralnera 
un  choc. 

Si  maintenant  l'on  suppose  4.1,25,  on  conprend  3  l'aide  des  schemas  de  la  figure  9  qu'il 

importe  peu  pour  une  telle  gamme  de  vitesse  de  se  poser  le  probldme  de  l'existence  d'un  choc.  En 
effet  sur  la  figure  9b  on  peut  voir  l'hodographe  suppose  d'un  choc,  dont  l'image  est  L'QU  .  Si 
l'intensite  du  choc  est  faible  l'hodographe  prend  l'allure  schematisde  figure  9c,  et  devient  ainsi 
trds  voisin  du  schema  continu  9a. 

Si  done  l'on  suppose  M„ 41,25  on  peut  supposer  qu'un  calcul  base  sur  un  schema  continu  conduise 
pratiquement  3  des  rdsultats  voisins  de  ceux  que  l'on  aurait  obtenus  en  tenant  conpte  d'un  choc 
faible. 

Maintenant  done  le  schema  continu  il  est  possible  dans  le  cadre  de  ces  hypotheses  do  simplifier 
l'equation  (1).  Si  en  effet  dans  la  zone  supersonique  AT  est  petit  en  valeur  absolue^on  peut  poser 

Kirixo 

en  sorte  que  (1)  devient 

VU  "  =-  o 

En  se  dormant  ^  sur  le  contour  8  V.  M  /T)/  \c  probldme  3  rdsoudre  est  un  dirichlet  singulier.  Pour 
l'analogie  la  zone  supersonique  N H  m *4.  est  reprCsentfie  cn  reliant  I'axe  cr  »  ©  3  la  frontidretMV 
par  des  resistances. 

4.  RESULTATS  OBTENUS 

Plusieurs  profils  ont  ainsi  6td  determines.  Tout  d'abord  la  mCthode  a  ete  testdc  par  une  comparai- 
son  avec  des  rdsultats  de  Nieiwland.  L'hodographe  obtenu  3  partir  d'une  distribution  M  «•  c<); 

(cas  e  de  la  reference  7)  a  ete  mailie  com;  I'indique  la  figure  10.  Pour  des  raisons  de  conmod;t6s 
le  bord  de  fuite  a  ete  pris  effiie.  Sur  lo  figure  11  on  peut  voir  les  rdsultats  obtenus.  Les  cotes 
du  profil  ont  dt6  retrouv6es  avec  une  erreur  au  plus  6gale  3  11  de  l'dpaisseur  maximale. 

Ce  mSmc  hodographe  a  ete  tronqud  3  I'axe  CT  t  o  ,  les  calculs  ont  conduit  3  un  profil  d'cpjisseur 
moindre  et  supportant  une  repartition  de  vitessesassez  voisine  (figure  11). 
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Une  autre  comparaison  a  dtd  faite  avec  des  rdsultats  obtenus  en  soufflerie  par  Monsieur  Vincent 
de  Paul,O.N.E,R.A.  Les  calculs  ont  dtd  effectuds  3  partir  d'une  distribution  M  **•  4c*>  obtenue 
pour  un  profil  NACA  64A010.  Les  cotes  de  ce  profil  ont  dtd  retrouvdes  avec  une  erreur  de  Si 
(fig.  12).  Toutefois  une  difference  est  apparue  au  bord  d'attaque  sur  i'enplacement  de  la  zone 
supers onique. 

Enfin  il  a  dtd  calculfi  un  cas  portant.  Pour  hodographe  il  a  dtd  pris  un  contour  voisin  d'un 
des  rdsultats  de  Mr.  Vincent  de  Paul,  On  peut  voir  figure  11  les  rdsultats  obtenus.  Pour  ce 
calcul  il  est  3  prdciser  que  la  fermeture  du  profil  n'dtait  pas  rigoureuse  et  que  des  balan- 
cements  ont  dtd  ndcessaires.  Ces  corrections  ont  entrainfi  une  modification  de  l,St  de  la  por- 
tance.  Par  ailleurs  la  position  du  point  critique  fut  delicate  3  trouver  et  s’est  rdvdlde  Stre 
trds  proche  de  T  ,  image  de  l'dcoulement  amont. 

S.  ALGORIUNE  DE  CALCUL  DANS  LE  CAS  D'UN  a  IOC. 


Lorsque  le  Mach  amont  approche  la  valeur  du  Mach  d'irreversibilite,  l'hypothfise  du  schema  continu 
devient  de  moins  en  moins  plausible,  L'intensitd  du  choc  gagne  en  vigueur  et  il  existe  une  plage 
du  Mach  amont  pour  laquelle  on  peut  admettre  que  l'ecoulement  est  irrotationnel  en  aval  du  choc. 
Dans  ce  cas  l'ecoulement  est  toujours  3  potentiel  et  la  methode  de  l'hodographe  est  applicable. 


Sur  le  plan  resolution  ce  probldme  comport e  plusieurs  difficultds.  Tout  d'abord  l'allure  de 
l'hodographe  et  la  correspondance  por.ctue  lie  sur  les  images  du  choc  sont  inconnues.  Cette  difficultd 
sera  en  partie  levde  en  s' inspirant  de  rdsultats  expdrimentaux  obtenus  3  la  soufflerie  de  Lille 
par  Messieurs  Dyment  et  Gontier  (rdf.  9).  D'autre  part  le  type  de  conditions  aux  limites  3  sa- 
tisfaire  rend  trds  deiicat  la  recherche  de  solution*  (  ft  ,(T  }•  Un  schema  de  calcul  est  ici 

propose  qui  s' inspire  de  celui  de  Germain  (r6f.  8). 


En  se  limitant,  pour  simplifier,  au  cas  du  profil  symdtrique  non  portant  on  peut  voir  figure  15 
le  trace  suppose  d'un  tel  hodographe. 


Sur  cette  figure  les  arcs  8*i-t  et  t.(  ^  sont  les  images  des  parties  du  profil  situdes  en 
amont  et  aval  du  choc.  Sur  ces  lignes  prend  une  valeur  constante. 


Les  arcs  LxQ  et  sont  les  images  des  faces  amont  et  aval  du  choc.  En  exprimant  la  conser¬ 

vation  de  la  canposante  tangentielle  de  la  vitesse  et  du  flux  de  masse  normal  et  en  tenant  ccmpte 
du  fait  que  les  arcs  L«.  q  et  q  ont  la  m&ne  image  dans  le  plan  physique  on  doit  satisfaire 
en  des  couples  de  points  <  )  sur  sur  les  relations  : 


3,  *  l 


t  d'?I,  -  E 

V  ^ 


C  OO  ( 


**»  <1, 


(12) 


1 1  - 


-wvt  & 


to 


l. 


Ces  relations  montrent  que  la  correspondance  ponctuelle  entre  Q  et  Li  Q  d Spend  du  champ  3 
calculer.  On  peut  par  exemple  supposer  que  le  choc  est  en  chaque  point  droit  :  9 ,  ®  8\  .  Dans 
cc  cas  les  relations  12  se  simplifient  considdrablement.  Malheureusement  cette  situation,  qui 
conduit  3  des  lignes  limites,  ne  semblc  pas  rdelle. 

A  partxr  des  rdsultats  de  Dyment  et  Gontier  un  tracd  reprdsentant  cette  correspondance  est  montrd 
figure  15.  Il  y  apparalt  que  droite  au  pied  du  choc  la  correspondance  dvolue  de  fagon  imprdvisible 
Notanment  au  point  sonique  Q  il  scmble  que  la  correspondance  soit  la  limite  d'un  choc  oblique 
d'intensitd  nulle. 

Devant  la  difficultd  de  prdvoir  cette  correspondance  il  semble  qu'il  soit  plus  siirole  de  ne  se 
fixer  qu'une  partie  de  l'hodographe,  puis  d'en  trouver  le  complement  3  l'aide  de  12.  C'est  le 
principe  du  schdma  proposd. 

Les  parties  subsonique  et  sonique  de  l'hodographe  sont  choisies  arbitrairemcnt  et  les  solutions 
et  sont  calculdes  par  analogic.  A  partir  de  ces  rdsultats  la  partie  amont 

du  choc  est  ddterminde  numdriquement  et  des  relations  de  ccmpatibilitd  sont  3  satisfaire  sur 
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la  ligne  sonique  Q  W 

D'une  faqon  plus  dGtaillGe  on  se  propose  d'cpGrer  de  la  manifere  suivante, 

L'image  et  p1  du  profil  est  fixGe  et  supporte  la  condition  $ -  ®  .  Ensuite  il  est 

choisi  un  segment  Q  y  pour  image  de  la  ligne  sonique  et  un  arc  QU,  pour  image  de  la  face  aval 
du  choc.  Sur  ces  deux  lignes  il  est  pris  dcs  repartitions  de  function  de  courant  et  1((  r. 

compte  tenu  Gventuellement  de  la  singularity  en  Cf,  r  1 

Pcur  l'ensemble  du  domaine  9  ’  WQ  le  problSme  3  rGsoudre  est  un  Dirichlet,  Entre  autres 
elements  de  solution  on  obtient  les  repartitions  de  dGrivGes  noimales  et  *  (0  r  )  sur 

9W  •**  9**i  ' 

Les  repartitions  if.)  et  $(©1  ,T,)  pemettent  alors  de  trouver  le  premier  membre  de  (12b) 
qui  joint  3  (12c)  permet  pour  chaque  9 ,  ,  T,  de  trouver  le  point  Qy  .Tt  correspondant.  I.’image 
de  la  face  amont  du  choc  est  alors  connue  et  sur  celle-ci  les  conditions  12a  et  12b  sent  3  res¬ 
pecter. 

Si  cette  ligne  est  comprise  entre  les  deux  caractGristiques  issues  de  Q  on  peut  3  partir  de  la 
double  donnfe  et  nr  qu'elle  supporte,  rGsoudre  un  probl&nc  de  Cauchy  et  determiner  l'arc 
R,  Lt  image  d'une  partie  du  profil.  De  plus  on  obtient  une  loi  do  fonction  de  courant  sur  la 
caractGristique  9  ft , 

Il  reste  enfin  3  chercher  la  solution  dans  le  domaine  3  partir  des  repartitions  de  fonction 

de  courant  sur  <?  ft  et  Q  v  .  En  plus  de  l'arc  tW  il  est  trouvG  une  nouvelle  distribution  de 
dGrivGe  normale  sur  QV. 

Si  t il  faut  recommenccr  tout  le  caL.ul  nais  3  partir  de  *s,(»)  au  lieu  dents) 

Ce  nouveau  cycle  conduira  3  une  distribution  et  ainsi  de  suite  jusqu'3  convergence. 

Cette  convergence  n'est  pas  certaine  et  ici  il  est  comptG  sur  plusieurs  essais  av3nt  de  l'obtenir. 

Par  ailleurs  ces  essais  prfliminaires  montreront  comment  choisir  les  donnCes  pour  que  d'une  part 
l'arc  q  n.  soit  bien  compris  entre  les  caractGristiques  issues  de  Q  et  d'autre  part  il  n'y  ait 
point  de  ligne  limite.  Nous  espGrons  pouvoir  puHier  prochainement  des  r6sultats. 

6.  APPLICATION  All  CALCUI  D'AUBES  DE  TURBINE, 

I-c  probldme  de  la  dGter.  iation  de  grille  d'aube  diffSre  de  celui  du  profil  isol6  d'une  part  par 
la  condition  de  pGriodicitG  du  champ  de  1 'Gcoulcment,  d'autre  part  par  le  fait  qu'entre 
1 'amont  et  l'aval  le  vectcur  vitesse  varie. 

Trots  transitions  transsoniques  3  travers  un  aubage  sont  envisageables.  Tout  d'abord  une  transition 
subsonique-supersonique  :  e'est  le  regime  do  J'cyer-Laval  observG  dans  les  tuyfires .  Ensuite  une 
transition  sutsonicnie-sul. sonique  avec  une  ou  plusieurs  zones  de  vitesse  supersoniaue  :  e’est  le 
rfgimc  de  Taylor.  Enfin  ces  zones  de  vitesses  supersoniques  peuvent  etre  bordGcs  par  un  choc. 

Dans  ce  qui  suit  il  no  sera  considGrG  que  le  rGgime  de  'teyer-Lnval.  Le  cas  du  rGgime  de  Taylor 
avec  ou  sans  choc  peut  etre  traitG  suivant  les  memos  techniques  que  celles  dScrites  plus  haut. 

On  consid&re  done  une  grille  d'aubos  caractGrisGe  par  une  entrfie  subsonique  (  R,  >&,)  ,  une 
sortie  supersoniaue  (qt  ,0,  )  ,  la  transition  Gtant  du  type  Meyer  Laval  (fig.  16).  La  grille 
est  dGfinie  gGomGtriauencnt  nar  son  pas  h  ,  sa  section  au  col  $  ,  son  Gpaisseur  &  .  Ses 

paramdtres  aGrodynaminues  sont  la  deflexion  S*  ©*-0*  ,  le  coefficient  de  suxvitesse 
f*  -  ,  le  dGbit  et  la  circulation  ft  .  Les  lois  de  conservations  donnent : 

3  -  & ^  =  e, 

n  s  ^ ,  h  wv\ 

le  caractGre  pGriodioue  de  l'Gcoulemcnt  permet  de  limiter  lt-  domaine  d'Gtude  3  une  bande  ne 
conrprenant  qu'un  seul  profil  et  bordGe  par  deux  lignes  arbitraires  p,  MP*  et  p'  p'  ,  se 
dGduisant  l'une  de  l'autre  par  une  translation  Tj'  .  1  *• 

Entre  deux  points  honologues  M  et  M  ^  la  font  Lion  de  courant  augmente  d'une  ouantitG  constante, 
tandis  que  le  flux  nor-al  est  transris 

MV,  -  ‘  (13) 


Aux  infinis  amont  et  aval  la  deuxiVe  de  cos  relations  s'Gcrit 

Pnfin  sur  le  profil  la  fonction  do  courant  est  constante. 
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Dans  le  plan  de  Tricomi  (fig.  17)  les  dcoulements  amont  et  aval  ont  pour  images  les  points  P, 
??  n  et  la  transformde  de  l'aube  s'applique  sur  le  contour  a.  a,d(  Le  bord 

d'attaque  du  profil  est  arrondi,  et  son  bord  de  fuite  est  A  rebroussement. 

La  pfiriodicitd  du  c'namp  se  traduira  par  l'application  sur  des  feuillets  de  Riemann  de  chaque 
bande  f ,  p(  .  Ces  feuillets  ont  en  coranun  les  points  P,  et  pt  et  sont  raccordSs  par 
une  coupure  arbitraire  supportant  les  conditions  13. 

Des  singularity  de  transformation  apparaissent  aux  points  a.  ct  f*<t  .  An  voisinage  de  ces 
points  le  ccmportement  de  s'approche  par  les  ddveloppements  (r6f.ll)  prSs  de  1 :  f*  •  vf ' rO 
prfis  de  p  t  *  *  w 


*  =  ci^t  •  (C,  c#*«l 


Xx  s  k  t  r» t  i© 


*3* 


e  -Qi 


Sur  la  ligne  sonique  la  recherche  de  solutions  se  prolongeant  analytiquement  A  travers  la  front id re 
transsonique  et  qui,  au-delA,  prdsentent  un  caractfcre  trivalent  (r6f.  12)  conduit  A  respecter  des 
distributions  de  la  forme  : 

=  Tt9)  s5,Ki,  Y  X.  ^  (14) 

1°  Le  caractdre  rr.ixte  de  l'dcoulement  incite  A  fractionner  l'hodographe  en  sous-domaines  de 
resolution.  C'est  ainsi  qu'on  est  amend  A  rdsoudre  success ivement  un  problfime  de  Dirichlet  sin- 
gulier  pour  le  subsonique,  un  probldme  de  Cauchy  pour  le  transsoniaue,  un  probldme  de  Goursat 
pour  le  supersonique.  Ces  calails  ndcessitent  les  donndes  suivantes  :  un  contour  a,  b.bjti*  ,  une 
repartition  HI)  une  distribution  de  vitesse  sur  l'axe  de  la  tuydre  de  sortie. 

2°  Le  probldme  de  Dirichlet  est  rdsolu  par  la  m6thode  d'analogie  Clectrique.  La  transposition 
filectrique  des  conditions  aux  limites  consiste  A  :  sur  O-i  b,  et  bv  imposer  le  potenticl  M } 

sur  b«  bv  imposer  selon  (14)  une  repartition  f(  >  sur  la  coupure  pi  satisfaire  aux 
conditions  (13)  A  I'aidc  de  transformateurs .  Fnfin  une  intensitd  JCp  est  r6gl6e  en  f,  de  telle 
sorte  que  1* image  de  la  ligne  d'arret  alrautisse  bien  en  .  Sa  valeur  est  r elide  A  1' incidence 
normale  Q,  par  la  relation  ^  „  ’C«^  © 

Ce  rSgime  dlectrique  dtabli,  1 ' integration  du  chamn  V(%,r)  conduit  au  contour  subsonique  de  l'au¬ 
be,  et  la  mesure  des  intensitfis  sur  A  la  distribution  de  ddrivdes  normalcs  (6)  *  *V(b) 

3°  Le  contour  b»  0  C\  V\b|  de  l'hodographe  est  ensuite  determine  A  partir  des  distributions 
V(|)  et  v  til)  .  L'dquation  (1)  est  dcrite  en  differences  finies  suivant  le  maillage  schema¬ 
tise  figure  17. 


%  -  (.**  -f  Rtl  -o<  c^(  *  vf,)  -  J3  tt:  WOMW  Q. 

Partant  de  la  ligne  le  calcul  des  s'cffectue  de  proche  en  proche  A  1 ' intdrieur  du 

dcmaine  b,  ci  bv  Si  le  champ  obtenu  contient  une  ligne  limite  il  c„t  ndcessaire  de  modifier 
la  distribution  (14)  en  jouant  sur  les  et  et  de  recotmencer  les  deux  dtapes  prdcdden- 

tes.  Le  retour  au  plan  physioue  conduit  ensuite  A  la  partie  transsonique  de  1'dcoulement  front ibre 
transsonique  incluse. 

4°  Le  calcul  de  l'aube  se  termine  dans  le  plan  physique  par  la  resolution  selon  la  mdthode 
des  caractdristiques  d'un  probldme  dont  les  donndes  initiales  sont  la  front idre  transsonique  et 
la  ligne  de  courant  issue  de  ©  ,  Sur  les  caractdristiques  descendantes,  ddtermindes  de  proche 
en  proche,  les  points  du  profil  sont  obtenus  en  satisfaisant  A  la  condition  de  debit. 

Un  calcul  a  ainsi  6td  effectud  A  partir  d'un  hodograpbe  subsonique  choisi  a  priori,  d’une  dis¬ 
tribution  Yt©>  a  C  et  d’une  ligne  de  courant  rectiligne  issue  de  ©  et  confondue  avec 
l'extrados  du  profil.  La  grille  obtenue  est  prdsentde  par  la  figure  18. 
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SOMHAIRE 


On  se  donne  l'hodographe  relatif  h  l'dcoulenent  sur  un  profil  portant,  la  viteaae  A  l'infini  dtant 
subsonique.  Cet  hodographe  peut  contenir  une  region  Idgbrement  aupersonique  3ana  ohoo. 

La  premibro  phase  du  calcul  utilise  la  loi  de  compressibility  de  CHAPLYGIN.  Des  hodographes  du  type 
ddsird,  dependant  d'un  asoez  grand  nombrs  de  parambtres  peuvont  alors  fitre  conatruits  enalytiqueraent, 
ioa  conditions  de  forme ture  du  profil  et  la  position  de  1' image  I  du  point  b  l’infini  par  rapport  au 
contour  de  l'hodographe  dtant  ddtemindes  avec  precision.  Partant  de  ces  rdsultats  cccme  premibre 
approximation,  on  peut  par  modification  de  la  position  de  I  determiner  des  profils  rdpondant  h  la 
loi  de  compressibility  oxacte. 

Une  mdthode  do  calcul,  basde  sur  la  ddtemination  d'une  fonction  pemettant  de  ddgager  la  singularity 
relative  b  l'imago  du  point  b  l'infini,  est  ddcrite. 


-  SUMMARY  - 

DIGITAL  DETERMINATION  OP  SUB-CRITICAL  WING  PROFILES  BY  THE  HODOGRAPH  METHOD 


An  hodograph  is  given  for  a  lifting  airfoil  with  a  subsonic  velocity  at  infinity.  This  hodograph 
may  include  a  weakly  supersonic  region  without  shock. 

The  first  step  in  the  computation  involves  the  CHAPLYGIN  compressibility  law.  Such  required  hodograph 
containing  a  fairly  large  number  of  parameters  are  obtained  analytically.  The  closure  conditions  of 
the  corresponding  airfoils  and  the  location  of  I  (image  of  the  point  at  infinity)  with  respect  to  the 
hodograph  boundary  are  obtained  with  accuracy.  Starting  from  those  results  (first  stop),  the  location 
of  I  is  changed  in  order  to  find  sono  airfclls  corresponding  to  an  exact  compressibility  law, 

A  computational  cothod  is  thon  described,  involving  tho  determination  of  a  function  which  exhibits 
the  singular  behaviour  of  tho  point  I. 
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L'OBJET  EE  CETTE  ETUDE  est  d'apporter  une  contribution  a  la  dd  termination  das  caraatdrl3tiques 
adrodyaaniques  de  profils  portants,  sounds  k  un  dcouleaeat  uniform#  et  subsonique  k  1*  inf ini  pouvant 
comporter  on  domains  transsoniqua  sans  choo. 

On  utilise  une  methods  de  calcul  hodographique  basde  sur  une  technique  dlaborde  par  R.  IEGENDHB, 
consistent  essentiell ament  k  choisir  un  contour  hodographique  H  ne  conportant,  dans  sa  parti a  utile, 
aucune  autre  singularity  que  ie  doublet-tourbillon  au  point  *o.  image  de  V  inf ini  du  plan  physique. 

Une  autre  originality  de  la  mdthode  consists  pour  feciliter  le  calcul  numdrique  k  ddgager  l'effet  de  la 
singularity  I.  k  l'aide  d'un  champ  auxilialre  induit  par  une  suite  rdgulikremont  dchelonnde  de 
singularitys  ldentiques  dont  toutes  eauf  cells  situye  en  I0  sont  en  dehors  du  champ  utile  de 
l'hodographe  H, 

Ce  champ  de  singularitys  une  fois  connu,  le  problkme  eat  raaeny  k  la  determination  de  fonctions 
rdgulikres  compldmentairea  Sep  ,  S'lf  pour  le  potential  ot  la  function  de  oourant  qui  prennont  sur 
le  contour  de  l'hcdographe  des  valeurs  bion  ddtermindea,  Le  calcul  de  css  fonctions  peut  alors  8tre 
effectud  k  l'aide  de  rdseaux  analogiques  ou  par  une  mdthode  de  relaxation. 

Le  choir  de  l'hodographe  H  rd suite  d'un  calcul  prdliminaire,  effoctud  dan3  le  cadre  de  1' approximation 
de  CHAPLYGIN.  Une  expression  analytique  de  la  solution,  contenant  un  assos  grand  n ombre  de  coefficients 
arbitraires,  ayant  ainsi  dtd  etablie,  le  calcul  numdrique  de  H  a  dtd  progrannd  sur  machine  do  grande 
capacitd, 

Cet  hodographe,  dventuellcment,  ldgkreaent  ddfornd  ost  onsuite  traitd  k  l'aide  des  dquations  du  fluids 
rdel,  la  position  do  la  singularitd  I  correopondanto  dtant  mdthodiquoment  recherchde  au  volBinage  de  Zq. 
Le  retour  au  plan  physique  s'effectua  ensuite  suivant  la  methods  claooiquo. 

Dans  ce  mdmoire,  la  mdthode  do  calcul  basdo  sur  la  teed  ini  que  proposd*  par  R.  LEGENDRE  ost  ddcrite.  Un 
exemple  numdrique  de  calcul  de  H  dans  l'hypothkse  du  fluide  fictif  do  CHAPLYCIN  est  prdsontd.  Les  tables 
numdriques  des  principaleo  fonctions  ndcossaires  k  l'dtablissoment  des  valeurs  de  et  ,  sur  un 
contour  d'hodographo  pour  un  dcoulement  do  fluide  rdel,  sont  donndes. 

La  mise  au  point  du  proeddd  analogiqua  dtant  encore  en  cours  d'dlaboraticn,  aucun  rdsultat  concret  ne 
peut  actuellement  8tre  prdsentd. 


CEIERALHES 

Aprka  avoir  ddcrit  la  classe  des  hodographes  envisagds,  on  indiquera  la  mdthode  gdndrale  ouivie  pour  le 
calcul  des  dcoulements  ontikrenent  subsoniques,  puis  des  dcouloocnts  mirtes. 

COORDOffNEES  ET  CLASSE  D' HODOGRAPHES  COISIDEREE 


q  ddoignant  la  vitesse  locale  du  fluide  et  la  cdldritd  du  Bon  dans  loo  conditions  gdndratricee, 
on  adopte  selon  les  ndoessitds  iaposdes  par  le  calcul,  l'uno  ou  l'autre  des  variables  suivnntes  * 

o)  s.xus;  ») 


dc 


Le  nombre  de  Mach  est  t 


& 

Pour  la  valour  y  “  *»4  du  fluide  rdel,  la  relation  2)  o'intkgre  on  posant  t ot  t \-x 
sous  la  forme  :  ' 


(3) 


CTr 


A  0  A  +  C  t‘  t( 

rr?  c  T  T 


L'hodographe  considdrd  a  la  fortae  reprdsentde  fig.  1,  dans  les  axes  X }  Q 
Le  profil  correspondent  eat  dissyadtrique  ot  portant. 


Le  point  est  1' image  de  1' inf ini  du  plan  physique  )  la  voleur  de  5  qui  lul  correspond  est 

infdriouro  k  la  valeur  critique  t  C;  <  oil  y  oat  rapport  des  chaloura  opdcifiquen.  In  ligne 

AMP  correspond  k  l'oxt~ados  du  profil.  La  ligne  A'  N'  F'  ae  l'hodographe  correspondant  k  l'intrados  du 
profil  prdoente  une  bouole  dostindo  k  dviter  la  prdoence  de  points  critiques  dans  la  partis  utils  de 
l'hodographe. 
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POTENTIEL,  FONCTION  DE  COURANT,  EQUATION  DU  PROFIL 

9  dbaignant  la  pent a  locale  de  la  ligne  de  courant  sur  la  direction  do  la  vitesae  h  1' inf ini,  on 
rappelle  que  le  potential  cp  et  la  fonction  de  courant  \jf  aatlsfont  las  relations  : 

_r 

M  f>-  i$ir[W  +  ''-r]f, 

(5)  <j>J=  xjr. 

Avec  lea  variables  <r}  0  :  '|C  satisfait  la  relation  t 

(6)  trr+^^fw  =  0  aVS°  (7>  ^  =  ^  [“*  ‘ C  £7] 

\|f  etant  nul  aur  le  profil,  Celui-ci  eat  obtenu  par  integration  de  1 

(8)  =  c'1  dcp 

(0  dtant  le  potential  aur  le  contour. 


PRINCIPE  DU  CALCUL  D'UN  ECOULEKENT  ENTIEREMENT  SU3S0NIQUE 

La  forme  d'un  hodographe  du  type  ddaird  pour  une  position  de  la  singularity  I_,  I  eat  d'abord  calculi 
dans  1'liypothbse  du  fluide  fictif  de  CHAPLYGIN.  Cette  forme  e3t  conaervde  pour  l1 dcoulenent  conpreasible 
an  fluide  rdel  ot  en  premibre  approximation  la  position  du  point  I®,  image  de  1' inf  ini  du  plan  physique, 
n'est  pas  modifide.  II  eat  admis,  sans  souci  de  rigueur  et  sans  demonstration,  quo  le  problbmo  du  calcul 
da  la  fonction  de  courant  et  du  potentiel  cp  est  bien  posd  aveo  lea  donndes  ci-de3su3, 

et  •if  satisfaisant  k  des  Equations  lindairos  peuvent  8tre  decoaposdes  en  deux  solutions  de  ces 
dquationa  (  ,  Sij/)  : 

<j)=«|)'+Scp  Njfr^/'+SY 

La  solution  (  (f1 ,  ■vj/’1  )  est  une  solution  ay  ant  en  I®  la  mSma  singularity  qua  la  solution  (  If  ,  \|^ ) 

•t  n'ayant  pas  d'antres  singularltda  dan3  le  domains  utile  de  l'hodographe.  Si  (  Cp',  xj/-'  )  pout  6tre 
calculdo  aveo  pryeision,  il  reste  k  dytenniner  les  fonctions  Sq  ot  iy  rdgulibras  dans  tout  le  domaine 
utile  de  l’hodographe  et  telles  que  sj/ '  +  Sy  soit  nul  sur  le  contour  de  celui-ci.  On  d limine  ainsi 
du  calcul  par  rdseau  analogique  ou  par  diffdrences  finies,  les  difficult^  po3des  par  le  voisinage  de3 
singularltys. 

La  mdthode  de  R.  LECEHDRE  consists  k  choisir  pour  (  Cj> '  ,  ty'  )  le  champ  d’uno  ligne  de  doublets- 
tourbillons  en  nombre  inf  ini,  rdgulibrcaent  espacds  aur  l’axe  parallble  k  l’axo  des  0  passant  par  I®. 

On  pout  adopter  une  suite  do  doublets-tourbillons  identiques  espacd3  de  2  IT  ou  mieux,  pom-  rdduiro 
l’importanoe  de  la  solution  rdgulibro  (  ,  3^  )  une  ligno  de  doublets-tourbillons  altomds 

espacds  de  *  •  Dans  les  deux  cas,  l’une  des  singuleiitds  est  placde  en  I®,  les  autros  se  trouvont 

done  k  1’intdriour  du  champ  utile  de  l'hodographe.  c p'  et  \|f'  peuvent  alors  s’exprimor  par  des  sdries 

de  fonctions  de  CHAPLYGIN  qui  font  intervenir  des  fonctions  hypergdomdtriquo3  facilos  k  calculer. 

Ces  calculs  ayant  dtd  effootuds  pour  une  position  donnde  de  la  singularity  I®,  on  vdrifie  si  le  compor- 
toment  de  In  solution  an  voisinage  des  points  de  vitesse  nulle  est  correct.  S’il  n’en  est  pas  ainsi,  on 
recommence  les  calculs  pour  une  nouvelle  position  do  I®  voisino  de  la  prdeddonto.  Ce  tfttonnement  pout 
8tre  conduit  d’une  manibre  mdthodique. 


PRINCIPE  DU  CALCUL  D’UN  EC0U1EHETP  TRAHSSONIQUE. 

Le  contour  de  l'hodographe  n'est,  dans  ce  cas,  donnd  que  jusqu'h  la  valeur  Zc  de  C  dgale  k  la 
valour  critique  fig.  2.  Les  donndes  sont  'jf  0  sur  le  contour  de  l'hodographe  ,  df  -  \jf  (tt)  0) 
et  v|Tc  3  vpc  (ct|8)  sur  le  segment  Mi  ,  Mg  ,  '  \JT  dtant  nul  on  Mi  ot  M2.  '  ' 

La  mdthode  de  rdsolution  pour  la  ddternination  de  puis  do  dans  le  domains  subsoniquo  est 

identique  b  celle  exposde  dans  le  paragraphs  prdoddont,  la  valeur ^de  devonant  ^  (&.,8)  -  \|>' 

aur  le  segment  M)  ,  Mg.  Le  contour  |»0  de  la  partie  oupersonique,  supposd  trbs  voisin  de  la 
ligno  aonique  D  =  ,  pourra  dtro  obtenu  par  la  lindarisation  suivante  1 

Aveo  les  variables  hodographiquos  olassiques  <T  ,  9  le  potentiel  satisfait  b  la  relation 
vjr^  4.  jt  (O’) 'jfjj  =  0  et  comae  sur  le  segment  sonique  Mi  ,  M2  ,  <r  ot  £<r)  aont  nuln,  on  a  s 

it -fm 

f  (  9  )  ot  g(9)  dtant  fiido  dan3  le  problbme  subsoniquo  prdeddant.  La  valeur  0^  do  <T  sur  lo 
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profil  est  done  donnde  au  2br.o  ordre  prbs  en  0"  sur  cheque  ligne  8  =  cte  par  la  relation  : 

f  =  <^|(9)  +  <g(0)  =0 

On  en  ddduit  la  valeur  do  X.  par  la  relation  (3).  I«  validitd  de  ce  proeddd  a  dtd  ddmontrd«pratique- 
ment  dans  un  calcul  analogiquo  par  la  mdthode  des  rdseaux. 


ANALYSE  DETAILLEE  KJ  PROBLEMS 

Les  pcrincipes  de  la  mdthode  de  calcul  soront  exposes  ici,  sans  rappeler  les  ddnonstrations  rigoureuse3 
dtablies  par  R,  LEGENDRE  ;  ils  comprennent  les  dlfferentes  phases  suivantes  s 

a)  -  condition  de  fermeture  du  profil, 

b)  -  calcul  d'hodographes  du  type  ddsird  et  des  profils  correspondants  dans  1' approximation  du  fluide 

fictif  de  CHAPLYGIN, 

c)  -  definition,  pour  l'dtudo  era  fluide  reel,  des  fonctions  de  CHAPLYGIN  intorvenant  dans  le  calcul  des 

series  exprimant  (%'  et  , 

d)  -  valours  des  coefficients  des  termes  de  ces  s dries, 

e)  ~  positionnement  de  la  singularitd  dans  le  champ  de  l'hodographe  de  contour  donnd. 

CONDITION  DE  fERHBTURE  DO  PROFIL. 

La  singularitd  au  point  image  de  1' inf  ini  du  plan  physique  est  un  doublet-tourbillon.  Une  dtudo  locale  de 
cette  singularitd  (Annexe  I)  montro  quo  l'axe  du  doublet  e3t  parallfelo  A  l'axe  des  8  et  que,  pour  assurer 
la  condition  de  fermeture,  le  rapport  de  1' intensity  du  doublet  B  A  l1 intensity  du  tourbillon  2C  est 
donnd  par  ,'ia  relation  t 

+  iC  =  0 


APPROXIMATION  DE  CHAPLYGIN. 


Cette  approximation  03t  obtonue  en  faisant  tendre  y  vers-1 ,  dans  les  Aquations  gdndrales,  on  obtient  t 


Z 


A 

-»Al<r 


£(<r)  =  d 


POTEOTIEL  DES  VITESSES  -  Le  potential  F  est  done  une  fonction  nnalytiqus  de  la  variable  complexe 
X  —  <r+ ot  on  peut  poser  s 


(9) 


F  r  t  +  +  Zi  -Oui«  Crvfc 

X  =  (5.  -  k(d-beu)  _  (d  +  tO  +f(t) 


de  sorte  quo  la  variable  ouxiliaire  t  assure  la  transformation  conforms  de  l'intdrieur  de  l'hodographe 
en  1'intdrjf.ur  du  cercle  de  rayon  1  dans  le  plan  t  =  Re1" 


Au  bord  d'attaque 
Au  bord  de  fuite 
Sur  l’oxtrados 


CD  =  -  <X 
CO  =  TT  +  0( 

_  oi  £  00  ^  TT 


(point  d'arrOt) 
(point  d'arrfit) 


Sur  1'intradoa  <X -IT  ^  C04  -<x 
0  est  l'angle  de  dibdre  du  bord  do  fuite, 

|(fc)  est  une  fonction  rdgulibro  A  l'intdrieur  du  champ  utile  de  l'hodographe. 

IMtude  effoctudo  pour  obtenir  de3  hodographea  du  typo  ddsird  a  montrd  quo  si  la  fonction  f  (t)  o«t 
ohoisie  partout  rdgulibro,  sa  reprdsontation  par  uno  sdrie  entiSre  devrait  retenir  un  nombre  de  tormos 
considdrables.  L'artifice  dvitant  cot  inoonvdnient  oonsisto  A  introduire,  dans  l'expression  de  f  (t), 
de3  tomes  singuliors  A  l'extdrieur  du  cercle  d'uniforaisation  ot  n'entralnant  pas  la  erdation  de  points 
critiques  A  l'intdriour  du  chemp  utile, 

Finaleoont,  l'expression  retonue  pour  i  (t)  est  s 

(y,0)  |(t)=  (A+iB)&t  [l-te*(<i-te‘r)] 

+  (C  +  i,D)&  [d  +  te'u(d-t'ellf')]  +  $(t) 

g  (t)  dtant  une  correction  rdguliAro  dont  lo  ddveloppemont  on  sdrie  ddbuto  par  un  terms  en  t^  pour  ne 


pas  affecter  la  condition  de  fermeture  du  profil  t 

^  (t)  a  (  Cl4  +  t  +  . +  (  A*  ibw)  fc  +  " 

CONDITIO!!  DE  IEFM3TUHE.  in  vois inage  de  la  singularity  t 

X  =  +  Uu-  t  £.e*u  +  (a<  +  lb,fc) 

le  dernier  tense  dtarrt  le  ddbut  du  ddveloppement  de  f  (t) 

d*ou  t  =  X  ~  °°V  avec  A,  s  to*  o<  _  eo*  *  4.  a4 

A,  +  iB#  ^ 

La  condition  de  fenseture  (Voir  Annexe  i)  impose  t 

Ao-0  fit  Jb_-  (d-r„)*  =*&<£. 

d'oii  a.4  »  c«*o<[  —  -i]  et  B,  =  ji«#  +  —  jin*  +  b.  =  2tf.IT.  jtrvot 

n  J  ir  ^ 

Le  cslcul  de  aj  et  b] ,  ddduit  de  l'expresaion  de  f  (t),  conduit  aux  2  relations  t 

(ll)  fd  -  ®  +•  C"|  cos#  +  Djm#  -  6'  C  to*  (y'-#)  +  t'Diuv  (y'-#) 

_  A  [to*#  -  fcoos  (#+y)]  4  E>  [jin  et  -  6  *U*  (y+#l]  =  0 


(12)  [d  +  ^  -  C]*Uv#  +  Dtoi#  -fc'Cjin  (y'-*0-  t’D  cat  (y'_#) 

-  A[*i«#  -  6  Jin  («*+y)]  -  B  [to*o<  -  l  co*  (y+*)]  «•  2  tft  or.  *Ui  d. 

qui  assurent  la  fermeturo  du  profil. 

EQtUIION  DE  L'HODOGRiPHE.  La  separation  des  parties  rdelle  et  imaginaire  de  la  relation  (9)  conpte 
tenu  de  1' expression  de  (10)  de  f  (t)  donne  1 ' Equation  parandtrique  du  contour  H  de  l'hodographe  cherchd 


T 


+  A  fin  |2  .  2  to*  (u>  +  ot)  +  64  +  4fc  «*(w+o<  +  y)  -  H  cot  y  j 

'  \  d-  te»(w+#)+  t  tot  (w  -c#  +  y)  J 
4.  SL  tv  j  l  +  2  ui(oi-a)  +£'*-  it'  cot  (W-#  +  y')  -2  l'  cot  y'  j 


ld+ — » - «  -  - -  -  »  •  • 

+  a4  to*  2to  _  btiii\4w  4.  ...  +  a*  co*  kw  _  b*  jin  mo 


Sur  l'extrados 
Sur  l'intradoa 
in  bord  d'attaque 
in  bord  de  fuite 


TT  +  <* 

«-TT<  -  et 

i  (point  de  vitesse  nulls) 
:  (point  de  vitesse  nolle) 


to  =  -  o< 


a)  =  oi  -IT 
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La  valeur  de  9  but  l'ertrad03  s'exprima  sous  la  force  : 

0  =  *  _  ®  tU-K  +  ^  (  -  <irt  (to +«)  -t-  fcitn  y)  1 

4  T  i  “  H  .  wj  (w 4«()  +  £,  c*j  (oj  +  *  <-  y)  J 

•f  £,•(»  |  i  + 1*  -  i  trt  (o)  +  «i)  +  it  Oo»  (u>+s(  +  y)  _  i  t  so*  y  | 

+  C  wfc  j  ^  (a)"  ^  -  tSuv  (M-M  +  f)  | 

®  1 4+  cot  (t*> — •< )  —  t'e«*  («u-et  +  y') ) 

+  |  i+ t'*+  icos  (u,-*<)  -  ie'  MS  (t*J-0t  +  Y')**  it'  M»f'| 

-f  b4  M»  2w  +  a4SiA  iw  + -  +  b*  us  n<o  4  a*  ti*  nu> 

Sur  l'intrados  cette  quantity  est  h.  diminuer  de  IT  . 

Le  point  I®  image  de  l'infini  du  plan  physique  a  pour  coordonndes  t  0"  =  S^,  6  **  0 

Les  parambtres  disponibles  sont  :  (T^  ,  ot  ,  &  ,  A,  B,  C,  S,  {,6^  |(y';  a, jbt ,  ... 

Les  11  premiers  doivent  satisfaire  aux  2  relations  (11,  12)  qui  assurent  la  condition  de  formeture. 

On  no  discutera  pas  ici  les  limitations  de  choir  h  Imposer  aux  coafficients  arbitraires  pour  obtenir 
un  hodographe  sans  points  critiques  dans  la  partie  utile,  Le  calcul  numdrique  programmd  sur  machine  de 
haute  capacity,  qui  est  d'ailleurs  trbs  rapide,  pernet  d'dliminer,  aprb3  calcul,  les  rdsultats  qui  ne 
conduiraient  pas  h  un  hodographe  de  la  classe  considdrde. 

Forme  du  profil  dans  le  elan  phvsiQue.  Un  autre  eritbre  de  bon  choir  dos  parambtres  arbitraires 
consists  h  vdrifier  que  le  profil  correspondent  dans  1' approximation  de  CHAPLYGIN  possbde  1' allure  sou- 
haitde  pour  les  applications  (epaisseur  relative,  rayon  de  courbure  au  bord  d'sttaque,  gradient  de 
recompression  au  bord  de  fuite,  etc...).  Ce  profil  est  obtenu,  d'aprbs  l'dquation  de  l'hodographe,  par 
l1 integration  sur  l'intrado3  et  l'extrado3  dos  relations  : 


T— =  cot  8  .tut,  col  -  —  SdiF JinB  jin  ULt*.  col  W~if. 

aU  *  du  fj  t 

Le  rayon  de  courbure  en  un  point  quelconque  du  profil  e3t  t  R  =  —  ^  ■  w  — y— 

di 

Les  calculs  de  x,  y  et  R  ont  dtd  programcds.  dw 


Excaplo  t  valours  r.uadriqucs  dos  parambtres  : 


■=  0,85 


of  =  11° 


SL  =  0,07 
TT 


-0,054258496 


A  =>  0,08843 


D  «  0,0513551 


B  o  -0,20 


6  =  0,05  £'=  0,05  y  =  -32°  y'=  -50° 

ag  ,  bg  ajj  ..  bn  sont  mils 

Avec  ces  valours,  le3  conditions  de  feraeturo  (11  ,  12)  sont  satisfaitos. 

Les  rdsultats  des  calculs  sont  indiquds  sur  les  figures  (3)  ,  (4)  et  (5). 

La  figure  (3)  donno  la  forno  de  l'hodographe.  La  figure  (4)  donne  la  forme  du  profil.  La  figure  (5)  donne 
la  repartition  dos  nombrus  do  Mach  aur  l'oxtradcs  et  3ur  l'intrados  dans  1' approximation  de  CHAPLYGIN  I 

M  =  ab 

L'anglo  que  forme  la  direction  do  la  ligne  de  cou~ant  abouti3oant  au  bord  d'attaquo  (point  d'arrfit),  avec 
la  direction  do  la  vitesso  h  l'infini,  est  9°, 272.  L'anglo  quo  forme  la  bissectrice  du  dibdre  de  bord  do 
fuite,  avec  la  direction  do  la  vltesue  b  l'infini,  est  13°, 15. 

CALCUL  DE  LA  SOLUTION  EN  FLUIDS  REEL. 

DEFINITION,  POUR  L' ETUDE  EN  FLUIDS  REEL,  DES  F0NCTI0IB  DE  CHAPLYGIN  INTER VENANT  DANS  IE  CALCUL  DU 
CHAMP  DES  SINGULARITES.  Dos  deux  relations  (4)  et  (5),  on  ddduit  en  dliminant  t|>  I 


*  ( t  -  <=)  ,  (t  *  r )  f„  + 1  (±  -  p )  =  o 
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Les  aolutioa'i  de  CHAPilGIN  sont  lea  solutions  pdriodiquos  en  9  dependant  d’un  paranetre  n  poaitif 


t  *{.(')«■" 

<P,= 

(45) 

(p,_£c(d_c)^(r)fc~« 

(44) 

fn  {  Z  )  doit  alors  satisfaire  l'dquation  : 

Le  calcul  de  {  t  vj(,/)  fera  intervonir  daux  solutions  pax-ticulidres  de  la  prdcddente  relation. 
La  premiere  fn  (t*)  eat  nulls  au  point  d'arrdt  (  Z  ■  0). 

La  deuxidme  gn  (v)  eat  nulls  b  la  vitease  limits  (  V  m  1), 

Solution  fa  (  Z  )  .  On  eherche  una  solution  de  la  forma  t  |  :  u*  (d -z)^  F (c) 

I  n  ' 


a  vac  o(  s  ±  j  p  = 

F  (  Z  )  eat  uno  fonotion  hypergdoodtrique  F  (a,  b,  o,  t  ). 


0 

\Vl-A 


Saules  les  solutions  correapondant  k  t  >  0  aont  retenuea.  La  adrie  hypergdomdtrique  reprdsentant  F  eat 

.  Un  calcul  facile  conduit  alora  aux  rdaultsta 


•lore  convergente  pour  0  <  X 

<  1  avec  oi  = 

suivants  t  pour  o<  =  ?! 

« 

et  j3=  0 

■  C  »  t  +  TV 

*  )  _  n 

b  )  i 

pour  <*  =  £ 

et  jS  =JL 

r  y-d 

c  »  1  +  TV 

•  1  -  ±  - 
b  )  » 

Solution  ft,  (  Z  )  . 

On  pose  : 

T.'  =  4-t  fyjz)  =  F(t') 

Avec  les  mimes  valeurs  de  c<  et  ^  qua  prdcddeament,  P  eat  una  fonotion  hypergdomdtrique  t 
P  (a*  ,  b‘,  c1,  Z1).  Id  il  corrvient  d*  adopter  t  p  =  y/y-d  •  °n  trouve  alors  : 


pour 


pour 
c  «■ 


il 

at 

a'  ) 

|5=JL 
1  Y-< 

n 

Y-'1 

b'  ) 

Ct  - - ,  a. 

et 

s  =  r 

r  y~s 

iXdL 

a*  ) 

w  —  n  - 

Y~'i 

b*  ) 

~  ~ 

—  -  ±y/4  +  rvt(Y-d) 

*£f-0 


_  n_  _  d  -  -if  ±  y/d  +  n*  (Yt-d/ 
<  (y-d) 


Yaleura  de  <|>  et  ^  correapondant  k  fn  (  Z  ). 

La  ddrivde  de  fn  a  pour  expression  i 

Z*‘*  (d--C)M  [e<  (  d--c)  -fix]  F  +  X^fd-X^Fc 


&v*o 


Fr  =  F (o+d  b+d.  c+d .  z) 

On  adopters  pour  v|r  la  partis  imafcinaire  de  1' expression  (13)  :  \jf  r  ^(x)  s’m  ft.0 

et  pour  la  partie  laaginaire  de  I'expression  (14)  I  Cp  s  -iLx(d-x)  «9 

et  on  dcrira  (j>  s  (x)  cot  »8 
avec  £(x)  =  -^(d-xfT7!^ 

<x=  i  et  |6  =  0 

F(a,  b ,  c ,  e)  sin  n0 

k* 


Pour 
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Valeura  tie  cp  et  ^  correspondent  &  gn  (  Z  ) 

Y  *  lift  *8 

D' autre  part  > 

**  =  -**»  -r'H(^r')^  [^{4-c c'fy-rfF* 

OU  .  /  » -~r  n 

f-  -|c(l-t)  T-^n5«in0 

On  dcrira  i  ^  =  ^(x:)eotn8  avec  [x)  =  -^x(-l-x)  Y'1 


Pour  <*  =  -  - 
l 


et  A  =  _1_ 
P  Y-4 


j»  M  =  |  Tft  [X-r  ♦  5  (4-*)]F(rf,V^i4-«)  +  (4-r)Y-  c“r  Fc 

Le  calcul  des  fonctions  f,  g,  f,  g,  ne  prdsante  pas  de  difficult da,  lea  fonctions  hypergdomdtriques 
qui  leur  correspondent  dtant  convergentes.  Un  ertrait  des  tables  de  ces  fonctions  eat  donne  en  annexe. 

VALEUR  DES  COEFFICIHiTS  DES  TERMES  DES  SEMES  EXPRHAIff  LS  POTEOTIEL  ET  U  EXACTION  DE  COURAlfT 
DES  SINGULARITES.  Le  champ  de  la  file  de  doublets-tourbillons  tous  de  mdme  intensitd,  espacds  de  2V  et 
dont  l'un  placd  en  I®  reprdsonte  la  singularitd  correspondant  k  l'infini  du  plan  physique,  s'obtient 
par  ddrivation  du  champ  d'une  file  de  sources  par  rapport  h  0  auquel  se  superpose  le  diamp  d'une  file 
de  tourbillons. 

Champ  d'une  flj?  de  sources  dletantes  de  2  TT  placde  aux  points  Iv-  (  ^ (tTf).  On  se  propose  de  ddtemminer 

une  solution  foimde  par  deux  adries  de  fonctions  de  CilAPLYGIN  fn  et  gn  ddfinies  prdcddenment,  respec- 
tivement  valables  pour  X  <  'Co0  et  r  >  T,,  .  Les  relations  entre  lea  coefficients  des  termes  de  ce3 
sdriea  aont  ddtermindes  de  naniere  h  assuror  leur  raccord  sur  X  =  et  la  reprdsentation  convenable 
du  potential  et  de  la  fonction  de  courant  de  C03  sources.  Pour  X  <  X^  ,  les  fonctions  fn  ,  ?n  dtant 
rdgulibres,  le  potentiel  et  la  fonction  de  courant  sont  done  exprimd3  par  : 


fa*  £  Ont(v)cosn9 


•^  =  £  oK|„,  (t)  Sin  n9 


Pour  C  >  X^o ,  au  contraire,  le  potentiel  et  la  fonction  de  courant  sont  exprimd3  par  les  sdrie3 
de  FOURIER  : 


b«fyvtocwn8 


=  IT  +  0  4  X  (JJC)  Sin  w0 


R.  JDGSilDRE  a  sdmontrd  quo  dtant  uniforno,  la  condition  de  raccord  entre  I03  deux  solutions  pour 
t  *a  s'dcrit  simplemont  :  jj  ,  .  ,  ,  . 

Pour  X  =  Co,,  ,  ^  est  contimi  si  0  ^  2  kll  et  orolt  de  2 IT  au  passage  de  chaquo  singularitd  Ij- 

(  0  2t.T).  La  discontinuitd  correspoiidante  est  exprimde  par  la  fonction  ESC0L1ER  t 

0O 

7T  +  8  +  £  i  swvnB 

<*•4  y\ 

II  en  rdsulte  quo  les  coefficients  bj  et  %  ,  asourant  cette  condition,  3atisfont  lea  relations  : 

b*  $rv  (C«*>)  -  ^{rv  (^/>)  =  - 

Par  suite  : 


a  =  Jl 

*  n 


(V)  “  (h(C^  %  (*>)  {»  -  5*‘|« 


ln(V) 


L  (**>) 


%  (Cs>)  -  {*  (M  %  i^)  n  fA 


Champ  d'une  file  de  tou 
pour  t  <  Xgo 


eapaeda  de  2  IT  ,  On  pose  comma  dans  le  can  prdeddont  * 


ft  *  2,  cjn{c)  }\n  nfi 


Yt,  *  C^|H  (c)  cos  n8 


pour  X  > 


of 

f f  =  IT  +  9  +  X <1* cj»(t)  Jvn  a8  Yt  =  2.  (c)  Ml  n8 


Dans  ce  probl&ce,  la  fonction  de  courant  est  continue  en  I&  et  le  potentiel  y  cubit  une  discontinuitd 
de  2  1Y  . 
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Os  calcul  analogue  au  prbcddont  donr.e  alors  les  valeur3  de  c,  et  Jn  i 
c  .  t  M  d  _  t  _ 

bh't*'  6„ 

CHAMP  D'UN  F11S  DS  D0UBL2TS-T0UR3ILL0NS  BE  HUE  INIEN3ITE  3ITUES  SUR  L'AXE  !rC^  BT  ASSURANT 
Li  CONDITION  IE  PBRKETURE  DU  PROFIL,  Le  cheap  d'une  ligne  de  doublets  est  obtenu  par  derivation  par 
rapport  k  9  du  chaap  de  sources  prdcddent  t 

Le  potential  ot  la  fonction  de  courant  de  la  ligne  de  doublets-tourbillons  sont  alor3  ddfinis  par  les 
relations  suivantes  s 

pour  t<Zpa  .  *  t  -  - 

<p*s  .  £  I  no»|*(&)  ii«  *9  +  3j  C  CK|^(C)  iuvnfi 

'Jr*  =  3  j£!  na»  (c)  cos  a  9  +  i  C  |  c,  (c)  cos  w9 

pour  c  >  V  ^ 

(j1  =  -  nb«,  ^*(t)  di«  »v6  +  l  £•  2l  <l„  (c)  din>  n  0  +  ■t-'irC  +  ■&TT0 

\Jf'  =  B  t-  Z  r\bn  COS  *8  +  .J  C.  £  (t)  cos  ni 

Pour  rdduire  1* inport once  des  fonetions  conpldmentaires  S  cp  at  R.  LEGENDRE  a  suggdrd  divers  per- 

fectionnements  pouvant  8tre  utilisds  sdpardnent  ou  simultandaent.  II  sera,  en  particulier,  avantogeux, 
ce  qui  n'introduit  pas  de  complications  dans  les  caleuls,  do  substituer  au  champ  ddfini  prdcddemment  celui 
de  tourbillons  et  doublets  altemds.  Les  fonetions  cP*  ,  Cpfc  ,et  \|£  ,  -M  qui  viennent  d’etre 

ddfinies  seront  alors  remplacdes  par  s  '  T 

<P*(V,c)@+tt)  tj!t(r^r,0)-\f/4(r<e,c.,0+TI) 

POSITION  LE  LA  SINGULARITE  DANS  LE  CHAMP  DE  L' HOLOGRAPHS  DE  CONTOUR  DOME.  Les  calculs  prdliminaires 
pour  la  loi  de  compressibilitd  de  CHAPLYGIN,  ont  fourai  une  prenidre  approximation  do  la  position  relative 
de  la,.  Cette  position  doit  satisfaire  les  conditions  : 

C*^?=0au  bord  d'attnque,  =  0  au  bord  de  fuite, 

"it,  Tic- 

0  dtant  1' angle  du  diddre  de  bord  de  fuite.  Si  ces  conditions  ne  sont  pas  remplie3,  les  calculs  du 
champ  de  l'dcoulement  seront  repris  pour  quelque3  positions  de  I,  voisins  do  la  position  prise  en  Ibro 
approximation.  Pour  cheque  position  au  bord  d'attaque  et  i^'Ms  au  bord  de  fuite  sont  gdnd- 

ralonont  finis  et  non  mils,  On  d tab lira  ainsi  un  moule  lindaire  permottant  d'obtonir  deux  dquation3 
ddtorminant  les  coordonndes  c  et  du  point  I. 

KISE  EN  OEUVRE  DE  CALCUIS  A  EFIECTUER 

PARTANT  D'UN  HODOGRAPHE  H  fourni  par  l1  approximation  de  CHAPLYGIN  pour  une  singularitd  I(tH  (z^  ,  0^>) 
on  se  propose  do  ddterminer  un  profil  dans  le  plan  physique  admettant  ce  mdme  hodographe  dans  un  dcoule- 
mont  de  gaz  rdel.  La  position  de  la  singularitd  I0  voisino  de  X  oel4  est  alors  ddtoroinde  pour  satis¬ 
faire  aux  conditions  exprimdes  prdeddement.  Cette  position  ayant  dtd  ddtorainde,  on  calculora  les 
valeurs  ddfinitivos  de  =  Cf '  +  $  if  surle  contour  de  l1 hodographe  et  on  ddterminera  le  profil 
par  intdgration.  C03  calculs  donneront  les  corrections  b  apporter  au  profil  du  plan  physique  ddtennind 
dans  1* approximation  de  CHAPLYGIN,  pour  tenir  compte  de  la  loi  de  compressibilitd  exacto. 

POUR  DES  VALEURS  DE  Z^  diffdrentes  de  cellos  correspondent  b  l1 hodographe  H,  on  devra  d'abord  faire 
subir  b  1' hodographe  une  ldgdre  ddformation  (allongomont  ou  troncaturo)  localisde  au  voislnago  do  C  =0. 
La  suite  de3  calculs  est  alors  idontique  b  celle  qui  vient  d'Gtro  ddcrite. 


CONCLUSION 

Un  mdthode  de  calcul  d'dcoulenents  subsoniquos  ou  transsoniquos  rdversibles  autour  do  profils  portants 
dont  les  principes  ont  dtd  dtablis  avec  riguour  par  R.  IEGENDRE,  a  dtd  mise  on  oeuvre.  Cette  mdthode 
applicable  b  des  formes  d1 hodographe,  no  ccmportant  pas,  b  l'intdriour  du  champ  utile,  d'autres  singula- 
ritds  qua  1' image  du  point  b  l'infini  du  plan  physique,  est  guiddo  par  le  souci  do  ddgngor  analytiqueaent 
la  pArtie  principale  do  cette  eingulaxitd  ot  rdsorver  ainsi  les  mdthodes  numdriquos  aux  diffdrenceo  finies, 
ou  analogiques  au  calcul  de  fonetions  rdgulibres.  Dans  cette  mdthode,  le  problbme  transsonique  est  rea- 
placd  par  un  profclbae  eubsonique,  dont  la  solution  est  prolongoable  dans  un  domains  suporsouique  moddrd. 
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Leo  calculs  en  couro  n'ont  pu  encore  aboutir  k  dea  rdsultats  concrete  d&as  Is  css  d'un  dcouleaent  da 
fluide,  satiefaiaant  k  La  loi  de  compressibility  ezscte. 

I'M  liquations  dea  hodographes  proposes  dans  l'hypothfcse  du  fluids  fiotif  de  CHAPLYGHt  pour  aervir  ds 
base  au  cal cul  exact  ont  Hi  dtabliea  et  rdsolues  nus^riquonent  j  lea  valeuxa  numdriquas  dea  principalea 
fonctiona  suxiliairea  ndcessaires  k  la  d^temination  d'un  £eoule=ont  quelconque,  correspondent  u  la  loi 
de  compressibility  exacts  ont  Hi  calcuiy*a. 
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ANNEXE  1 

NATURE  HE  LA  SINOTLARITE  AD  POINT  IMAGE  I  DU  PLAN  PHYSIQUE  -  CONDITION  DE  FEEHETURE  DU  PROFIL 


Si  l'on  adopts  les  variables  kodographiques  <T  et  6  ,  la  fonction  <'•*  courant  aatisfait  la  relation  t 

<J>fe.  +  t(<r)\^|t  *  0  aveo  4  (<r)  a  (d-c)  ^  [d  -  clii] 

Au  vois inage  de  I  X>  st  (T  tendent  vers  les  valeurs  connuea  et  CT,  et 

AprJis  le  changement  de  variables  <T  *=C<T  1' Equation  de  la  fonction  de  courant  devient  &  la  limit e 
<T  -*■  la  relation  ht-aonique 

f,v  +  f«  *  0 

la  singularity  la  plus  simple  permettant  d'obtenir  un  hodographe  sans  point  critique  dans  la  partie 
utile  est  alors  un  doublet-tourbillon,  dont  le  potential  compleze  eat,  au  voisinage  de  I,  en  posant 

A*  a  <r*  +  id  .  _ 

F  =  A.+± 

A^-cc.* 

Is  potential  compleze  Fj  du  doublet  spoilt  en  coordonndea  polaires  locales 
<T*  -  ff*_  <rj  -  0  s  t  ‘.in  ot 

r-  Aw*i*  + Blis*  .  :  B A  swtot 

M  =  - x - +  - * - 

Le  potential  cooplezo  du  tourbillon  est  de  mSae 

F^s  .i,C[&.t  +  iot] 

Pour  1  et  0  infinimenta  petits,  la  correspondence  entre  le  plan  physique  et  le  plan  de  1' hodographe 
est  foumie  par  A 

=  (4+  i0)  -c}  [d<f  +  i.  {d  -  Zj)  Fjy] 

La  variation  de  %  correapondant  au  doublet  sur  la  circonfdronce  de  rayon  t>  ay ant  le  point  I0  comae 
centre  est  s  0  ^ 

Afy  -  [A.ui.tttn^]r-I  -  Aiinet  _  Un«  +  Acs»«cJ 

Au  parcours  de  la  circonfdronce  de  rayon  Z  du  plan  de  1' hodographe,  correspond,  dans  le  plan  physique, 
un  accroiosoment  %  obtenu  on  integrant  la  prdcddento  relation  : 

0  4  ifiir  .i  />*" 

T’  J  Sin1*  d«(  _  i  Ac//  Jin*0<  d«i 
^  [fi  -  *A] 

La  contribution  du  tourbillon  h  1'accroJ ''se&ent  de  ^  oat  t 
La  condition  de  fenaoturo  du  profil  impose  =  0,  soit  t 


A=  0 


>^+10  =  0 


2 


* 

I 

1 

i 

,  8-An2-1 

5 
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-  Annexe  2  - 

TABLE  ABREGEE  DES  FONCTIONS  L  ,  an 
ET  DE  LEURS  d£rIV£ES 

«  =  1 


L 

F{ott}c. 

1**  fyl, 

0. 

O.ICCCOCOCiOl 

0* ICC030CCE*01 

0* 

pO  - 

i- 

o.5ooooocoe-3i 

0.939C527O6*00 

o.tccooocot*oi 

0.209976571-00 

0.3  73721 111*01 

Oa  1634 1207E  *01  -0.511407841*02 

0,  SiSiiS 

o.iocooocar-co 

0.88im09E*C0 

©.1CCOOGC3£*C1 

0.27865077E-00 

0.211499981*01 

0.10)674621*01  -0. 14439494£*02 

o,lf4S}t 

0.15G933C0C-0C 

C.82629474E*GO 

0*  1GCOOC03C*01 

C.32002258E-00 

0. 146190991*01 

0*65) 15216E*C0  -0. 10892662C*02 

vum 

O.2OOCOWC-OE-O0 

C.774)6186E*C0 

C.KCOOCOC£*Ol 

C.)46)0515E-00 

0.102400011*01 

0.4142)7221-00  -0. 704CCC06E*01 

c,nm 

C.2SOOOOCOE-GO 

0.725309221*00 

0*  lCCOOCC9£*Oi 

C.362&5460E-00 

0.730709041*00 

0.248969471-00  -0.487139361*01 

n  =  2 

Fh,t,c‘,c) 

W>]i1 

fw 

^(c) 

in 

c. 

0. 1COCCDOOEO 1 

0.527185091-01 

0. 

0*  1COCOOCCE*01 

t,oiito3 

0.300000COE-S1 

0.88C38*?3E«00 

0.74319671E-01 

0.44019)561-01 

0* 1242X2821*01 

0.766078131*00  -0.21433016E*02 

o,oiHo6 

C. lOIOSSwOE-QQ 

3.77W1875E*CC 

0.1CC176J8E-CO 

C*  77121876^*01 

0.692I0989C*00 

0.56)000011*00  -0. S7774tl6E*01 

ojottzm 

O.ISOOGOOCE-OC 

0.672CC)92E*00 

0. 129756911-00 

0.1C9I0059E-00 

0.489744941-00 

0.341796891-00  -0 .291 90919E*01 

O'Omtt 

o.2ooooocol-oo 

0.582250011*00 

0.162659421-00 

0.  H4450QQE-00 

0.37244676E-00 

0.24150001E-00  -O.1913872IE*01 

O/OWtf 

C.2500COC01-CC 

C.50U6486C*C0 

0.1985745)1  CO 

C.125)6621E-C0 

0.290200421-00 

O.11914064E-00  ‘-0*14238023001 

c^mso 

n  -  3 

Z 

f(r) 

fl.(c) 

{«■  ?‘v 

0. 

3* 10CCC0C0t*0l 

-0.127233181-C2 

0. 

0.  " 
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Introduction 

Some  years  ago  we  succeeded  in  realising  a  shockfree  transonic  flow  experimental¬ 
ly  (Ref.1).  This  was  a  piano  flow  in  a  curved  channel  having  a  supersonic  region 
imbedded  into  the  subsonic  flow.  The  channel  boundaries  are  streamlines  of  an 
exact  solution  of  the  basic  gaedynamic  equations.  This  solution  describes  the 
compressible  flow  around  a  half  plane  and  has  been  obtained  by  a  Molenbrook- 
Tschaplygin  transformation  (Ref. 2). 

The  experiments  showed  that  the  continuous  compression  of  the  supersonic  flow  is 
relatively  stable  against  pertubatione.  When  the  flow  speed  is  decreased 
continuously  the  supersonic  region  will  continuously  become  smaller.  In  this 
velocity  regime  the  supersonic  flow  is  alBo  stable  against  pertubations  of  the 
channel  boundaries  (Ref.1).  If  on  the  other  hand  the  design  velocity  of  the 
channel  is  exceeded  shocks  will  be  generated  at  the  downstream  end  of  the  super¬ 
sonic  region.  The  flow  will  then  in  general  become  unsteady. 

Instrumentation 

Some  of  the  streamlines  of  the  exact  solution  are  shown  in  Pig.  1.  The  chosen 
boundary  streamlines  are  emphasized.  The  supersonic  region  fills  one  quarter  of 
the  smallest  channel  cross  section.  The  largest  velocity  is  taken  on  at  the 
vertex  of  the  convex  boundary  (  M  =  1.25  ),  Pig.  2  shows  a  schematic  drawing  of 
the  channel. 


Pig.  1  Streamlines  of  the  transonic  Pig.  2  Channel 

potential  flow,  K  is  the  maximum  A  suction,  L  pipes  for  suction 

velocity  on  the  streamline  in  m/s.  P  window,  D  control  nozzle. 

(  -  sonic  line) 


The  channel  is  driven  by  a  vacuum  chamber  and  is  fed  with  dried  atmospheric  air. 
The  flow  volume  is  controlled  by  a  variable  nozzle  in  which  the  flow  is 
accelerated  to  the  velocity  of  sound.  The  boundary  layer  near  the  vertex  of  the 
convex  boundary  is  controlled  by  suction.  In  this  part  of  the  channel  the  wall 
consists  of  polished  sintered  sheet  metal.  The  open  area  ratio  is  o.o5 
approximately.  Typical  values  for  the  suction  velocity  are  1-3  m/sec. 


The  flow  field  is  observed  with  a  Mach-Zehnder  interferometer,  Pig.  3.  The  side¬ 
walls  of  the  channel  in  the  area  of  interest  are  windows  of  a  high  optical 
quality.  At  the  beginning  of  every  experiment  the  interferometer  is  adjusted  to 
infinite  width  of  the  interference  fringes.  Thus  the  interference  fringes  will 
be  lines  of  constant  density  in  the  photographs  to  be  shown.  As  long  as  no 
entropy  changes  occur  all  the  variables  of  state  will  be  constant  on  the 
interference  fringes.  It  may  be  interesting  in  this  connection  that  the  lines  of 
constant  variables  of  state  in  the  caee  of  the  exact  solution  are  circles. 


Pig.  3  Equipment  for  high  speed 
interferometry 

I-IV  Mirrors  of  Mach-Zehnder 
interferometer. 

Brum  camera 
Electronic  equipment 
Plash  light  source 


The  unsteady  flow  is  registered  by  high  frequency  cinematography.  As  a_rule  the 
frame  frequency  will  be  1o  kHz.  Exposure  time  for  a  single  frame  ie  1o“°sec. 

Results 

The  comparison  between  an  interference  mapping  obtained  from  the  exact  solution 
and  a  photograph  of  the  flow  field  under  optimal  conditions  shows  the  degree  of 
agreement  between  the  theoretical  flow  field  and  its  experimental  realisation, 
Pig.  4a,  4b.  If  starting  from  this  steady  shockfree  flow  the  velocity  is  increas 
ed  weak  shocks  will  be  generated  at  the  end  of  the  supersonic  region,  Pig.  5.  As 
may  be  seen  from  the  photographs  these  shocks  are  unstable  with  respect  to 
location  and  strength. 


Pig.  4a  Calculated  Interference  fringes 
Numbers  indicate  velocity  in 
m/s  (T  -  20°C)  . 


Pig.  4b  Shockfree  transonic  flow. 

Velocity  in  the  vertex  of 

boundary  M  *  1.25 

Plow  direction  from  left  to 


Weak  unsteady  shocks  at  the  ond  of  the  supersonic  region. 
Plow  direction  from  right  to  left. 

Interfrometime  t  *  o.4  ms 


Further  increase  of  the  Mach  number  leads  to  stronger  shocks,  Fig.  6.  The  pres¬ 
sure  jump  at  the  foot  of  the  shock  will  become  so  large  as  to  cause  the  boundary 
layer  to  separate.  The  rapidly  growing  dead  water  bubble  behind  the  shock  will 
cause  the  pressure  behind  the  shock  to  rise  and  the  shock  to  move  upstream.  The 
point  of  separation  of  the  boundary  layer  will  move  upstream  together  with  the 
shock.  The  shock  strength  will  decrease  during  this  phase  and  the  shock  will 
reach  areas  with  small  pressure  gradients.  The  flow  will  therefore  become  attach¬ 
ed  to  the  wall  again.  The  dead  water  bubble  floats  downstream.  The  velocity  of 
the  flow  field  now  has  a  minimum.  Thus  the  shock  will  be  dissolved  completely. 

In  the  following  acceleration  phase  the  supersonic  region  will  grow  again.  As 
soon  as  a  certain  Mach  number  at  the  end  of  the  supersonic  region  is  exceeded  a 
new  shock  will  form.-  The  whole  circle  as  described  will  repeat  in  this  example 
with  a  frequency  of  18o  Hz. 


1  6  11 


Fig.  6  Full  cycle  of  an  oscillation  of  unsteady  transonic  flow. 

Mach  number  at  the  vertex  of  boundary  1L  =  1.4  ;  M_._  =  1.2 
Flow  direction  from  right  to  left 
Interframetime  t  =  o.4  ms 
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At  greatly  reduced  suction  the  boundary  layer  will  be  induced  to  separate  even  by 
very  weak  shocks,  Pig.  7.  The  vibration  cycle  will  be  qualitatively  the  same  as 
in  the  previous  example.  However  the  shock  at  the  end  of  the  supersonic  region 
will  be  dissolved  into  a  system  of  compression  and  rarefaction  waves  and  will 
move  on  the  separated  boundary  layer.  The  frequency  is  21o  Hz  in  this  case. 


1 


5 


9 


Pig.  7  Pull  cycle  of  an  oscillation  of  unsteady  flow  with  reduced  suction. 

Plow  direction  from  right  to  left.  Interframe time  t  =  o.4  ms. 

We  have  studied  the  influence  of  the  channel  geometry,  the  boundary  layer  suction 
and  the  flow  volume  on  the  frequency  of  the  shock  vibrations.  One  result  is  that 
a  decrease  in  the  distance  between  supersonic  region  and  flow  control  nozzle, 
decrease  of  suction  and  increase  of  flow  volume  cause  the  frequency  to  rise.  The 
measured  dependence  is  shown  in  Pig.  8.  The  frequency  is  plotted  versus  the 


Pig.  8  Frequency  of  flow  oscillations 
plotted  versus  suction  pres¬ 
sure 

Parameters:  Length  of  the  duct 
between  vertex  of  boundary  and 
diffusor  (y-(5)i  relative 
change  of  flow  volume  in  per¬ 
cent. 

-  transformed  frequency 

ranges 

In  1  excitation  of  harmonic 
oscillations 
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suction  pressure  p  /p  for  five  different  locations  of  the  diffusor,  curve  para¬ 
meter  is  the  relative°change  of  flow  volume  in  percent.  Vibrations  have  been 
observed  only  for  those  values  of  the  parameters  covered  by  the  curves.  The 
vibration  regimes  for  the  five  different  locations  on  the  flow  control  nozzle 
may  be  brought  to  coincidence  by  the  transformation  given  in  Pig.  8(dashed  curve) 
This  transformation  results  from  the  dependence  of  the  eigenfrequencies  of  a 
resonator  carrying  flow  on  the  length  of  the  resonator.  The  part  of  the  channel 
between  the  supersonic  region  and  the  flow  control  nozzle  obviously  acts  as  such 
a  resonator,  determining  the  vibration  regime  to  a  great  degree.  Even  the  excita¬ 
tion  of  higher  harmonics  has  been  observed  for  a  very  large  length  of  the  reso¬ 
nator. 

The  essential  element  of  instability  and  vibration  generation  is  however  the 
separation  of  the  boundary  layer  coupled  to  the  shock.  To  support  this  argument 
the  wave  propagation  in  the  channel  has  been  investigated.  To  this  end  the  time 
dependence  of  the  density  has  been  inferred  from  the  interferogram  for 
approximately  fifty  scanning  points.  An  example  for  such  a  time  sequence  is 
given  in  Fig.  9. 


Fig.  9  Density  in  four  scanning  points 
plotted  vepsus  time. 

Density  is  measured  here  by  the 
order  m  of  interference  fringes 


Fig.  1o  Example  for  cross  correla¬ 
tions  between  density  time 
sequencies.  Phase  shift  is 
indicated  by  the  displace¬ 
ment  of  the  curves 


By  cross  correlating  these  time  sequencies  phase  relationship  for  the  density 
waves  in  the  flow  may  be  obtained,  Fig.  1o,  leading  to  a  so  called  phase  plan. 
Here  the  lines  of  constant  vibration  phase  or  wave  planes  are  plotted.  Fig.  11 
shows  the  phase  plan  corresponding  to  the  unsteady  flow  shown  in  Fig.  7.  This 
indicates  that  the  wave  centre  is  in  that  part  of  the  flow,  where  the  boundary 
layer  is  induced  to  separate  by  the  shock. 


Fig.  11  Phase  plan 


M 


Wave  fronts  or  lineB  of  constant 
phase  for  the  flow  shown  in 
Fig.  7. 

All  cross  correlations  refer  to 
the  time  sequency  of  point  28 
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Special  effects 

Ax  greatly  reduced  suction  the  boundary  layer  remains  separated  permanently, 

Pig.  12.  The  shocks  at  the  end  of  the  supersonic  region  then  move  on  the  separat¬ 
ed  boundary  layer,  which  reflects  the  shocks  as  rarefaction  fans.  In  this  rare¬ 
faction  fan  the  flow  again  expands  to  supersonic  speeds.  This  supersonic  region 
in  turn  collapses  into  another  shock.  Thus  a. sequence  of  shocks  is  generated, the 
first  of  which  influences  the  point  of  separation  of  the  boundary  layer  and 
causes  the  flow  to  become  unsteady. 


1  5  9 


Pig.  12  Unsteady  behaviour  of  the  flow  when  boundary  layer  is  separated 
permanently. 

Suction  is  reduced  considerably.  Plow  direction  from  right  to  left. 
Interframetime  t  =  o.l  ms 


At  very  large  flow  volumes  strong  A-shocks  may  be  observed,  which  penetrate  deep¬ 
ly  into  the  subsonic  region  while  moving  against  the  flow.  As  soon  as  the  foot  of 
the  shock  comes  to  rest  the  shock  is  split  into  two.  The  unsteady  part  moving* 
further  on  against  the  flow  leaven  benind  it  a  nearly  steady  normal  shock, Pig.  15 
This  may  be  explained  as  a  strong  reflection  becoming  especially  apparent  in  the 
next  example. 

To  investigate  the  behaviour  of  the  unsteady  shock,  we  generated  a  shock  by  a 
wire  explosion  in  the  downstream  part  of  the  channel,  which  moves  into  a  steady 
transonic  flow,  Pig.  14.  The  behaviour  of  the  shock  may  be  described  to  great 
extent  by  geometric  acoustic  model  given  down  below.  In  contrast  to  this  model 
the  reflection  at  the  convex  boundary  is  given  initially  in  the  form  of  a  normal 
shock.  This  strong  reflection  does  not  last  however.  The  part  of  the  shock  moving 
forward  and  becoming  weaker  is  now  subject  to  weak  reflection  and  separates  from 
the  strongly  reflected  part. 
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For  another  sequence  of  photographs  the  different  locations  of  the  shock  have 
been  superimposed  into  one  single  figure,  Fig.  15. 


Fig.  15  Positions  of  a  shock  wave  at 
different  times(  t  =  o.l  ms) 
Flow  direction  from  right  to 
left. 

Motion  of  the  shock  from  left 
to  right. 

. . .  sonic  line 
-  reflected  shock 


It  is  noted  that  the  reflected  part  of  the  shock  takes  on  the  same  position  at  a 
later  time  as  the  forerunning  part.  The  fact  that  two  parts  of  the  shock  separate 
may  be  explained  by  a  difference  of  their  respective  components  of  speed  of 
propagation  in  the  direction  of  the  flow  and  by  the  decrease  of  flow  speed  along 
their  paths. 

Apart  from  the  splitting  process  however  the  propagation  of  the  shocks  is  in 
accordance  with  a  geometric  acoustic  model.  Fig.  16  shows  the  calculated  propaga¬ 
tion  of  a  pertubation  situated  initially  at  the  vertex  of  the  known  flow  field. 
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Fig.  16  Calculated  motion  of  a  shock. 
Geometric  acoustic  model. 
Initial  position  of  the  shock 
is  the  vertex  of  the  duct. 


Fig.  17  Calculated  motion  of  a  shock 
Geometric  acoustic  model 

-  shock  and  reflected  shock 

-  direction  of  phase  velocity 

-.-  direction  of  group  velocity 

. . .  sonic  line 

vertex  line 


It  is  seen  that  the  pertubation  initially  moves  downstream  in  the  supersonic 
region,  until  it  takes  on  the  Mach  angle  and  may  propagate  into  the  supersonic 
region.  It  must  not  be  concluded  however  that  energy  may  be  transported  upstream 
in  the  supersonic  region.  Fig.  17  shows  for  a  different  initial  position  of  the 
pertubation  in  addition  to  the  orthogonal  trajectories  giving  the  direction  of 
propagation  of  the  wave  two  dot-dash  lines,  the  direction  of  group  velocity. 

This  makes  clear  that  energy  propagation  has  a  strong  component  in  the  direction 
of  the  shock.  This  at  the  same  time  explains  the  rapid  decrease  in  the  strength 
of  the  shock  during  the  propagation,  Fig.  14,  and  the  initial  increase  of  the 
strength  of  the  initial  shock. 
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Summary 

The  formation  of  unsteady  motion  in  transonic  channel  flow  is  studied  experimen¬ 
tally.  The  starting  point  is  a  steady  shockfree  transonic  flow  corresponding  to 
an  exact  solution  of  the  gasdynamic  equations. 

Changes  in  flow  parameters  generate  shock  waves  causing  a  more  or  less  unsteady 
behaviour  of  the  whole  flow  field.  The  essential  element  of  instability  is  the 
separation  of  boundary  layer  coupled  with  the  shock  formation. 

The  flow  is  recorded  cinematographically  by  high  speed  interferometry.  The  frame 
rate  is  1o  kc/s.  Characteristic  modei.  of  flow  oscillation  are  shown  in  a  motion 
picture. 


The  evaluation  of  the  recordings  by  statistical-numerical  methods  gives  the 
frequency  of  oscillation,  the  propagation  of  density  waves  and  the  origin  of  -Che 
waves.  An  interesting  result  of  a  direct  visual  evaluation  of  certain  pictures 
is  the  splitting  of  the  shock  waves  under  special  flow  conditions.  The  propaga¬ 
tion  of  weak  unsteady  shocks  is  in  accordance  with  a  geometric  acoustic  model. 
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THEORY  OF  VISCOUS  TRANSONIC  FLOW— A  SURVEY 
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INTRODUCTION 

Use  of  the  inviscld  transonic  equation  coupled  with  the  treatment  of  shock  waves  as  Ranklne- 
Hugoniot  discontinuities  sometimes  leads  to  paradoxical  results  or  solutions  which  disagree  with 
experiment.  These  difficulties  usually  arise  when  large  velocity  gradients,  discontinuities  in 
streamline  curvature,  or  highly  curved  shock  waves  occur,  so  that  viscous  effects  cannot  be  ig¬ 
nored.  Such  viscous -transonic  problems  have  received  increasing  attention  in  recent  years,  and 
form  the  subject  of  this  survey.  After  briefly  discussing  some  difficulties  of  the  inviscid  theory, 
the  development  of  the  viscous  transonic  equation  is  given  followed  by  a  discussion  of  applications. 

Starting  with  the  early  work  of  G.  I.  Taylor  (1930)  studies  of  the  transonic  flow  near  the  throat 
of  a  converging -diverging  nozzle  (Gortler  1939,  Emmons  1946,  Tomotika  and  Tamada  1950, 

Ryzhov  1963)  indicated  that  the  inviscid  theory  cannot  explain  the  smooth  transition  from  symmet¬ 
rical  or  Taylor  type  flow  with  subsonic  velocities  both  upstream  and  downstream  of  the  throat  to 
the  fully  developed  subsonic-supersonic  or  Meyer  type  of  flow.  Another  difficulty  of  old  standing 
arises  when  a  weak  shock  wave  is  adjacent  to  a  curved  surface.  Then  Emmons  (1946)  has  shown 
that  the  Rankine  -Hugoniot  conditions  may  lead  to  infinite  streamline  curvature  where  the  shock 
touches  the  surface.  Emmons  tried  to  remedy  this  problem  by  introducing  a  sudden  inviscid  ex¬ 
pansion  immediately  behind  the  shock,  but  gradients  of  velocity  and  temperature  within  this  expan¬ 
sion  are  of  the  same  order  as  in  the  shock  layer  itself.  Hence,  Emmons  has  suggested  that  a  vis¬ 
cous  theory  may  be  required  to  properly  deal  with  this  portion  of  the  flow.  Of  course  this  problem 
is  in  some  sense  an  academic  one  for  a  boundary  layer  must  always  be  interposed  between  the 
shock  wave  and  the  wall  and  would  be  expected  to  influence  the  flow.  However  experiments  (Slnnott 
1960,  Pearcey  1964,  Holder  1964)  do  indicate  that  the  pressure  rise  across  the  shock  terminating 
a  pocket  of  supersonic  flow  at  the  surface  of  a  transonic  airfoil  may  be  appreciably  less  than  the 
Ranklne -Hugoniot  value.  It  seems  reasonable  that  the  difficulties  observed  by  Emmons  (1946)  and 
these  experimental  results  are  related  to  each  other. 

In  the  analysis  of  the  Mach  reflection  of  weak  shock  waves  use  of  the  Rankine -Hugoniot  condi¬ 
tions  at  the  triple  point  leads  to  results  in  serious  disagreement  with  experiment.  To  deal  with 
this  problem  Sternberg  (1959)  introduced  a  region  of  non-Hugoniot  flow  in  the  neighborhood  of  the 
triple  point  which  permits  an  adjustment  of  the  shock  structure  from  that  of  the  incident  and  re¬ 
flected  shocks  to  that  of  the  Mach  stem.  A  giobal  analysis  of  this  viscous  region  in  which  the 
shock  structure  is  no  longer  one  dimensional  results  in  reasonable  agreement  with  experiments. 

Limit  lines,  where  the  velocity  gradient  becomes  infinite  also  occur  near  the  sonic  circle  or 
sphere  when  the  inviscid  equations  are  solved  for  the  classical  problem  of  compressible  source 
and  source-vortex  flow  (Taylor  1930,  Von  Mlses  1958),  and  the  neglect  of  viscosity  in  such  re¬ 
gions  is  clearly  inconsistent. 

A  viscous -transonic  theory  to  deal  with  such  problems  has  been  gradually  developed  over  the 
past  two  decades  and  forms  the  subject  of  this  survey.  The  theory  is  in  effect  an  extension  to  two 
dimensions  of  Taylor's  early  (1910)  analysis  of  the  structure  of  weak  shock  waves.  In  this  survey 
no  attempt  is  made  to  study  viscous  phenomena  within  the  boundary  layer,  rather  attention  is 
limited  to  the  theoretical  description  of  viscous  effects  in  the  external  flow. 


THE  VISCOUS  TRANSONIC  EQUATION 

In  view  of  the  above  discussion  it  is  apparent  that  there  are  numerous  transonic  flow  problems 
in  which  viscous  effects  must  be  considered.  Szaniawski  (1962)  has  given  simple  qualitative  argu¬ 
ments  showing  the  importance  of  viscosity  in  transonic  flow.  In  transonic  small  disturbance  flow 
it  can  be  shown  (Guderley,  1962)  that  the  perturbation  potential  <t>’  satisfies  the  approximate  equa¬ 
tion 

-  (y  +  1)  0  '  0  '  +  $  ’  =  (1) 

v  '  rx  xx  vyy  ' 


*Prof<  ssor  of  Aerospace  Engineering. 


10-2 


where  <J>  represents  the  dissipative  terms.  Now  -  (y  +  1)  <px'  <t>xx'  *»  (1  -  M^)  and  when  the 
terms  (1  -  M^)  <Pxx’>  $yy'»  and<&  In  Eq.  (1)  are  compared,  it  is  usually  found  that  4>  is  negligible 
compared  to  the  other  terms.  However,  as  M  -  1,  (1  -  M2)  vanishes  but  <t>  need  not  vanish, 
so  domains  &  must  exist  in  which  (1  -  M^)  tfax'  ~  0(4>),  and  where  the  dissipative  terms  <t>  cannot 
be  neglected.  The  Interior  of  a  shock  wave  is  an  important  example  of  such  a  domain.  If  the 
domains  *^are  small  compared  to  the  region  of  interest,  so  that  they  can  be  regarded  as  surfaces 
of  discontinuity,  then  the  neglect  of  <J>  may  be  legitimate.  The  thickness,  V,  of  weak  shock  waves 
(Lighthlll  1956)  is  of  order  j!I"/p*a*  (Mi*  -  1)  and  so  can  be  quite  large  as  the  upstream  Mach  num¬ 
ber  Mi*  -  1. 0.  Hence,  the  region  x/ln  which  convective  and  dissipative  effects  are  comparable 
may  be  very  large.  Even  when is  very  small  amplification  may  cause  the  viscous  phenomena 
within  to  exert  an  Important  influence  on  the  overall  flow.  Thus,  viscous  effects  ln^^may 
through  their  influence  on  jump  conditions  determine  the  position  of  the  shock  terminating  a  region 
of  supersonic  flow. 

A  viscous -transonic  (V-T)  equation  was  first  derived  by  Liepmann,  Ashkenas,  and  Cole  (1948), 
and  was  later  rederlved  independently  by  Ryzhov  and  Shelter  (1964),  Sichel  (1962,  1963),  and 
Szaniawski  (1962,  1963).  In  the  derivation  presented  here  steady  flow  of  a  perfect  gas  with  con¬ 
stant  specific  heats,  viscosities,  and  thermal  conductivity  will  be  considered.  Variation  of  the 
thermodynamic  properties  is  taken  into  account  by  Sichel  (1963),  Szaniawski  (1962)  and  Ryzhov  and 
Shefter  (1964),  but  there  is  no  material  change  in  the  results.  The  critical  or  sonic  values  of  the 
flow  parameters  will  be  used  as  reference  quantities,  and  it  will  be  assumed  that  the  undisturbed 
flow  is  in  the  x  or  axial  direction. 

From  the  method  of  characteristics  (Guderley  1962)  for  inviscid  flow  or  from  the  transonic 
Hugoniot  conditions  across  shocks  it  follows  that  perturbations  in  the  dimensionless  quantities 
p/p*a*2,  a/a*,  T/T*,  and  p/p*  will  be  of  the  same  order  as  the  deviation  of  the  dimensionless  x 
or  axial  velocity  component  u/a*  from  the  reference  value  of  unity.  If  [(u/u*)  -  1]  ~  0(e);  where 
e  «  1,  these  flow  parameters  can  be  expanded  as 

u  =  (u/a*)  =  1  +  e  +  e2  u^  +  .  .  .  ;  p  =  p/p*  =  1  +  e  p ^  +  .  .  .  j 

p  =  p/p*a*2  =  (l/y)  +  ep(1)  +  .  .  .  ;  T  =  T/T*  =  1  +  e T(1)  +  .  .  .  f  (2) 

a  =  a/a*  =  1  +  e  a^  +  .  .  .  ) 

Barred  quantities  are  dimensional  and  reference  quantities  are  Indicated  by  an  asterisk.  The 
transverse  velocity,  v  =  v/a*,  is  expanded  as 

•  v  =  v/a*  =  A  (e  v^  +  e2  v^  +  .  .  .  )  (3) 

If  the  disturbance  is  caused  by  a  slender  body  then  it  follows  from  the  characteristic  or  oblique 
shock  relations  that  A  ~  0(e*/2).  In  a  normal  shock,  on  the  other  hand,  v  and  hence  A  are  equal 
to  zero.  From  the  method  of  characteristics  or  the  oblique  shock  relations  it  can  be  shown  (Sichel 
1963,  Guderley  1962)  that  if  L  is  the  characteristic  length  of  the  problem,  then 

x  =  x/L  ;  y  =  y  A/L  (4) 


are  the  appropriate  dimensionless  coordinates. 

Introducing  these  expansions  and  coordinates  in  the  Navier-Stokes  equations  and  keeping  only 
the  largest  terms  yields  the  partial  differential  equations 


«>  ♦»/«  =  <> 

continuity 

(5) 

o 

II 

H 

o* 

+ 

x  or  axial  momentum 

(6) 

y  or  transverse  momentum 

(7) 

(1)  -  (r  - 1)  p ,,(1)  ■  o 

energy 

(8) 

it 

+ 

P  i 

perfect  gas 

(9) 

Assuming  uniform  upstream  entropy,  Eq.  (5),  (6)  and  (8)  can  be  Integrated  to  yield  the  equations 


P^  +  UW  = 


.(1) 


+  pW  =  0 


M) 


(y  -  1)  p(1)  =  0 


(10) 
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which  are  identical  to  the  relations  between  pW,  u^,  pW,  and  T^  in  a  leftward  propagating 
acoustic  wave.  Using  Eq.  (10)  the  y  momentum  Eq.  (7)  reduces  to  the  irrolatlonality  condition 


Since  entropy  changes  are  of  higher-order  in  transonic  flows  and  stagnation  enthalpy  is  assumed 
constant  this  result  could  also  have  been  derived  from  the  Crocco  relation. 

Equations  (5)-(9)  are  five  equations  for  the  five  unknowns  pM,  u^,  vW,  T^,  and  p^;  how¬ 
ever,  since  from  Eq.  (5)  and  (6)  it  follows  that  pW  =  p'*'  the  equations  of  state  and  energy  are 
identical  so  that  the  set  of  Eq.  (5) -(9)  is  redundant.  The  second  order  equations  are  redundant  in 
p( 2),  u^),  v^),  and  p(2)  and  upon  eliminating  the  second  order  expansion  coefficients  the  following 
equation  relating  u(l)  and  v^'  is  obtained  (Sichel  1963,  Ryzhov  1965) 


(‘  *  "x 


-  (y  +  1)  u^  u 


Together  with  the  irrotationality  condition  (11)  this  system  is  sometimes  called  the  viscous  - 
transonic  or  V-T  equation.  Re  is  the  Reynolds  number  p*a*  L/p",  Pr"  is  the  Prandtl  number, 
p"  =  (4/3)  p  +  p’  is  what  Hayes  (1958)  calls  the  longitudinal  viscosity,  p'  is  the  bulk  viscosity. 

The  integer  k  equals  two  in  axisymmetric  flow  and  unity  for  two  dimensional  flow.  From  the 
method  of  derivation  V-T  flow  might  be  considered  as  an  acoustic  wave  with  structure  determined 
by  higher  order  viscous  effects. 

From  the  definition  of  the  shock  thickness  t?  it  follows  that  (e  Re)-1  ~  0(t?/L)  so  that  the  vis¬ 
cous  term  in  Eq.  (12)  will  be  of  0(1)  whenever  L  and  r)  are  of  the  same  order.  In.  two  dimensional 
transonic  flow  it  is,  as  discussed  above,  appropriate  to  let  A  =  e1/2,  and  then  all  three  terms  of 
Eq.  (12)  will  be  of  equal  importance.  In  one  dimensional  flow  A  =  0,  and  then  the  ordinary  differ¬ 
ential  equation  which  is  left  has  as  one  of  its  solutions 

u(1)  =  -  tanh  ■<-y--Vrrr  x  (13) 

2(*  +‘Pr"') 

which  is  identical  to  Taylor's  (1910)  solution  for  the  structure  of  a  weak  shock. 

When  (rj/ L)  or  (e  Re)'*  «  1  a  singular  perturbation  problem  arises  with  respect  to  Eq.  (12). 
With  A2  =  e  the  flow  should  satisfy  the  inviscid  transonic  equation 


(y  + 1)  u(1)  u 


+  [(k-  l)/y]  V(1)  =  0 


except  for  thin  viscous  regions  with  a  thickness  of  order  rj.  The  singular  perturbation  nature  of  the 
V-T  equation  may  account  for  some  of  the  difficulties  of  inviscid  transonic  theory.  A  key  question 
which  should  be  posed  in  all  cases  is  whether  solutions  of  the  V-T  equation  approach  the  inviscid 
solution  as  (t?/L)  ■*  0. 


The  coefficient  of  the  viscous  term  in  Eq.  (12)  can  also  be  written  as 


where 


6/a*  Le  =  (Refi  e)' 


6  H"  ,  (v  - 

~  P*  P*  Cp 


is  a  quantity  which  Lighthill  (1956)  calls  the  "Diffuslvlty  of  sound",  and  is  the  combination  of  trans¬ 
port  properties  governing  the  attenuation  of  sound  waves.  Reg  is  a  Reynolds  number  based  on  6, 
and  appears  more  appropriate  than  that  based  on  just  p".  With  A2  =  e  the  transformation 


X  =  i  (y  +  1)  e  Refi  x 

ft  1 3/2 
v  ■  If  (y  *  l)j  e  Rca  y 


u(I)=|u 
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reduces  Eq.  (11)  and  (12)  to  the  normalized  form 

UXX*UUX  +  VY  +  [(k'1)/Y]  Vs0  (15) 

UY  =  VX 

In  which  the  properties  of  the  gas  do  not  appear.  Equation  (15)  together  with  appropriate  boundary 
conditions  expresses  a  viscous -transonic  similitude  (Sichel  1966)  closely  related  to  that  of  inviscld 
flow  (Guderley  1962).  In  terms  of  the  potential  defined  by  U  =  <t>x,  V  =  <py,  Eq.  (15)  can  be  re¬ 
placed  by  the  V-T  potential  equation 

*XXX  '  VXX  +  *yY  +  [ (k  -  1)/Y1  *Y  =  °  {16) 


Keeping  only  the  largest  terms  in  the  energy  equation  the  dimensionless  entropy  S  =  S/Cp, 
with  A2  =  £,  satisfies  the  equation 


Pr”  e  Sx  =  e3  fa/L)  tJ1* 
If  (q/L)  ~0(1),  Eq.  (17)  implies  that 

s  =  £2s®  +  £3s(3>.... 


(17) 


is  the  appropriate  expansion  for  S.  Equation  (17)  is  an  entropy  transport  equation  which  yields  the 
result,  Si'2'  =  S2®,  when  Integrated  across  a  weak  shock.  Subscripts  1  and  2  refer  to  upstream 
and  downstream  conditions.  From  the  equation  for  s(3) 


as 


(3) 


8x 


1  n  (d 

~  Pr"  L  l 


32T(2)  32T(1)\  t>  , 

2  +  .2  J+  hW 


»(' *%??)(#)  <18> 


3x  3y 

it  follows  that  entropy  production  is  of  third  order  since  (3uW/3x)2  is  always  positive.  These  re¬ 
sults  regarding  entropy  are  in  agreement  with  weak  shock  theory,  as  they  should  be. 


Perturbing  with  respect  to  a  free  stream  velocity  u^/a*  other  than  sonic  the  V-T  equation  be¬ 
comes 


(e  Re^"1  -  (y  +  1)(B  +  u^)  u^  +  ~ 


(1)  .  k  -  1  _(lt 


)■' 


(19) 


while  the  normalized  potential  equation  becomes 

*XXX  ‘  2(B  +  *XX  +  *  YY  +  f  (k  '  1)/YJ  \  =  0  (20) 

In  these  equations  B  =  e-*  [(u«/a*)  -  1],  and  uW  =  B  +  3^)  =  B  +  ?x-  When  ud)  «  B  these  equa¬ 
tions  may  be  linearized  and  the  linearized  potential  equation 

*XXX  -  2B  ?xx  +  ?yy  +  [  fc  -  D/Y]  ?y  =  0  (21) 


which  may  also  be  derived  by  direct  linearization  of  the  Navier-Stokes  equations,  has  been  studied 
by  Rae  (1960)  in  an  investigation  of  viscous  acoustics.  From  Rae's  work  it  is  clear  the  V-T  flow 
is  closely  related  to  the  longitudinal  viscous  waves  discussed  by  Lagerstrom  (1964). 


For  both  supersonic  ( 4>x  >  0)  and  subsonic  (^  <  0)  flow  the  V-T  potential  equation  (16)  is 
parabolic  with  the  three  fold  characteristic,  Y  =  const.  This  property  is  in  distinct  contrast  to 
the  invlscid  transonic  equation  (14)  which  changes  from  an  elliptic  to  a  hyperbolic  equation  as  the 
velocity  passes  from  sub  to  supersonic  values.  The  V-T  equation  is,  thus,  in  some  ways  simpler 
to  deal  with  than  the  Inviscld  equation.  A  limited  uniqueness  theorem  for  the  two  dimensional  case 
gives  some  indication  of  properly  posed  boundary  conditions.  Given  a  rectangular  domain 
$  (Xj  <  X  <  X2>  Yj  <  Y  <  Y2),  it  can  be  shown  (Sichel  1963)  that  if  <Px  is  specified  on  X  =  Xj, 
and  if  <p  Is  specified  on  the  entire  boundary  (X  =  Xi,  X2;  Y  =  Yj,  Y2)  of  the  domain  then  the 
solution  of  Eq.  (16)  is  unique  provided  <Px  <  0  inifc  •  It  is  significant  that  only  one  condition  may 
be  specified  on  the  boundaries  parallel  to  the  undisturbed  flow  just  as  in  the  inviscid  case.  Since 
the  mean  surface  approximation  remains  valid  in  V-T  flow  (Sichel  1962)  a  tentative  conclusion  is 
that  the  boundary  conditions  which  will  represent  a  slender  body  will  be  the  same  as  in  the  inviscld 
case.  Even  though  the  V-T  equation  is  parabolic  it  is  Interesting  to  note  that  <p  must  be  specified 
over  a  closed  boundary  as  for  second  order  elliptic  equations.  The  high  order  of  the  V-T  equation 
is  responsible  for  this  result. 
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The  mathematical  behavior  of  the  V-T  potential  equation  is  dominated  by  the  terms  <(>XXX  anc* 

<f> yy;  therefore,  the  linear  equation 

*XXX  +  *YY  =  °  <22> 

as  well  as  Eq.  (21)  have  been  Investigated.  Partial  differential  equations  of  the  type  of  Eq.  (22) 
have  been  studied  in  general  by  Block  (1912),  and  by  Dezin  (1958,  1959).  Detailed  solutions  have 
been  given  by  Slchel  (1961),  Ryzhov  (1965)  and  Sichel,  Yin,  and  David  (1968).  As  mentioned  above, 
Eq.  (21)  has  been  studied  by  Rae  (1960)  and  periodic  solutions  of  Eq.  (21)  have  been  investigated  by 
Sichel  and  Yin  (1967). 

Higher  order  equations  for  u(2),  v(2),  etc. ,  which  are  linear  and  nonhomogeneous,  have  been 
formulated  by  Szaniawski  (1963).  In  the  case  of  one  dimensional  shock  structure  higher  order  cor¬ 
rections  to  the  Taylor  weak  shock  solution  (Eq.  (13))  have  been  found  in  closed  analytical  form 
(Sichel  1960,  Szaniawski  1966a).  Equations  for  unsteady  V-T  flow  have  been  formulated  by  Ryzhov 
and  Shefter  (1964).  In  the  one  dimensional  case  V-T  flow  is  governed  by  Burgers'  equation  which 
is  discussed  in  detail  by  Lighthill  (1956);  however,  unsteady  flows  are  beyond  the  scope  of  the  pres¬ 
ent  survey. 


EXTERNAL  FLOW 

Determination  of  the  jump  conditions  across  a  non-Rankine-Hugoniot  shoek  wave  terminating  a 
region  of  supersonic  flow  is  one  of  the  key  problems  in  the  study  of  external  V-T  flow  (Pearcey 
1964).  While  this  problem  remains  unsolved  some  progress  in  the  study  of  V-T  flow  past  bodies 
has  been  possible. 

Some  simple  results  can  be  obtained  directly  from  the  V-T  equation.  The  structure  of  an 
oblique  shock  which  is  simply  a  generalization  of  the  Taylor  solution  (Eq.  (13))  can  be  shown  to  be 
a  solution  of  the  V-T  equation  (Sichel  1963,  Szaniawski  1962).  The  angle  between  a  transonic 
shock  and  the  y  axis  is  of  0(e1/2)  and  thus  can  be  set  equal  to  ae1' 2  where  a  ~  0(1).  In  a  curved 
shock  a  will  vary  with  y,  i.  e.  a  =  a(y);  however,  it  can  be  shown  that  unless  (da/dy)  ~  0(e)  or  less 
the  oblique  shock  solution  will  fall  to  remain  valid.  This  condition  implies  that  v/Rs  ~  2)>  i- e- 

the  ratio  of  shock  thickness  V  to  shock  radius  of  curvature  JEg  must  be  second  order  in  e  in  order 
that  the  conventional  oblique  shock  conditions  hold  (Sichel  1962). 

Formal  integration  of  the  two  dimensional  V-T  equation  (15)  with  X  held  constant  yields  the 
result 

Ux  -  11/2}  U 2  =  -/  Vy  dX  +  K  (23) 

where  K  is  a  constant  of  Integration.  Thus  for  constant  X  the  V-T  equation  behaves  like  a  Riccatl 
equation.  This  is  a  highly  significant  result  since  many  of  the  solutions  of  the  V-T  equation  dis¬ 
cussed  below  reduce  to  the  solution  of  a  Riccati  equation  with  different  functions  of  the  independent 
variable  on  the  right-hand  side.  In  the  simplest  case,  of  the  weak  normal  shock  the  right-hand 
side  of  Eq.  (23)  is  a  constant.  In  the  case  of  a  weak  shock  with  uniform  flow  upstream  and  with 
€  =  (Mi*  -  1)  Eq.  (23)  yields  the  expression 

co 

U(+co,  Y)  =  -  [4  +  J  Vy  dX]l/2  (24) 

-co 

for  the  value  of  U  downstream  of  the  shock.  In  a  normal  shock  V  =  0  and  Eq.  (24)  yields  the  usual 
Ranklne-Hugonlot  result  U(+«)  =  -2  or  u( *)(+«)  =  -1.  In  an  oblique  shock  with  the  free  stream  in 
the  +x  direction  VY  <  0  within  the  shock  and  according  to  Eq.  (24)  U(+»,  Y)  >  -2  as  is  actually  the 
case.  In  the  shock  terminating  a  supersonic  region  it  appears  reasonable  that  V  >  0  because  of 
the  wall  boundary  layer.  Then  if  V  decays  with  increasing  Y,  Vy  <  0,  and  Eq.  (24)  predicts 
U(®,  Y)  >  -2  so  that  the  shock  pressure  rise  is  less  than  the  R-H  value  in  agreement  with  the 
numerical  results  of  Emmons  and  with  experiment  (Sinnott  1960). 

Failure  of  the  R-H  conditions  to  hold  across  shock  waves  evidently  arises  whenever  the  Rey¬ 
nolds  number  based  on  shock  radius  becomes  small  and  the  condition  ))/Rs  ~  0(t2)  is  an  expres¬ 
sion  of  this  fact.  A  general  analysis  of  non  R-H  shock  waves,  which  may  also  arise  in  low  density 
supersonic  and  hypersonic  flows,  has  been  made  by  Germain  and  Gulraud  (1964).  Although  not 
germane  to  the  present  survey,  the  measurements  of  flow  near  a  hypersonic  leading  edge  by 
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McCroskey  (1967)  provide  a  clear  indication  that  R-H  conditions  no  longer  hold  when  the  shock 
Reynolds  number  is  low, 

A  desirable  objective  of  any  preliminary  study  of  the  V-T  equation  would  be  to  examine  the 
effect  of  viscosity  upon  a  known  inviscid  solution.  In  two  dimensional  or  axlsymmetrlc  flow  past 
finite  or  semi-infinite  bodies  with  sonic  velocity  at  infinity  Frankl  (1947)  and  Guderley  and 
Yoslhara  (1951)  have  found  that  the  asymptotic  behavior  of  the  flow  far  from  the  body  is  described 
by  self  similar  solutions  of  the  inviscid  potential  equation  of  the  form 

<t>  =  y3n'2  F(?)  ;  5  =  x/(y  +  1)1/3  yn  (25) 

Investigation  of  the  singularities  of  the  ordinary  differential  equation  for  F(C)  shows  that  the  solu¬ 
tion  with  n  =  4/5  represents  the  asymptotic  flow  past  a  finite  two  dimensional  profile  while  n  =  4/7 
represents  flow  past  finite  bodies  of  revolution. 

To  examine  the  effect  of  viscosity  upon  these  inviscid  solutions  Ryzhov  and  Shefter  (1964) 
studied  self  similar  solutions  of  the  normalized  V-T  potential  equation  (16)  of  the  same  form  as 
Eq.  (25),  i.e.  they  assumed  <j>  =  Y2n_2<t  (?)  with  ?  =  X/Yn.  For  fixed  £  it  then  follows  that  the 
terms  of  the  V-T  equation  vary  as 

VxX’  0YY  ~°^Y  )  ;  ^XXX  ~ 0(Y  *  ^26) 

Equation  (26)  leads  to  the  conclusion  that  for  n  >  2/3  the  dissipative  term  4>xxx  vanishes  faster 
than  the  other  terms  of  the  V-T  equation  as  Y  -  «o,  while  for  n  <  2/3  the  dissipative  terms  will  be 
comparable  or  greater  than  the  other  terms  of  the  V -T  equation  with  increasing  Y.  Since 
4/7  <  2/3  <  4/5  Ryzhov  and  Shefter  concluded  that  the  two  dimensional  inviscid  solutions  with 
n  =  4/5  will  not  be  affected  by  viscosity  for  large  Y,  but  that  viscosity  may  have  important  effects 
on  the  asymptotic  solution  for  axlsymmetrlc  flow  with  n  =  4/7.  A  consideration  of  the  Reynolds 
and  Peclet  numbers  Re  =  p*U£/p*",  Pe  =  p*U£/k¥  provides  another  explanation  for  these  results 
Ryzhov  (1965).  If  the  characteristic  length  £  is  takqn  as  the  horizontal  distance  between  two  of  the 
generalized  parabolas  ?  =  const,  then  Re,  Pe  ~  0(Y3n"2)  as  Y  -  oo.  Thus  for  n  <  2/3,  Re  and  Pe 
decrease  so  that  viscous  effects  will  be  Important  throughout  the  flow. 

The  freedom  in  the  choice  of  n  disappears  in  the  V-T  case,  a  similarity  solution  of  the  V-T 
equation  being  possible  only  for  n  =  2/3.  In  that  case,  Eq.  (25)  implies  that  U  =  Y-2/2  f(£), 

V  =  Y"1  g(?)  and  the  function  f(?)  satisfies  the  ordinary  differential  equation 

f”  +  (4/9  S2  -  f)  f'  +  4/9  ?  f  +  2/3  (k  -  2)  (c  -  f|)  =  0  (27) 


while 

g  =  (2/3)  (c  -  f$) 

with  c  a  constant  of  integration.  Numerical  solutions  of  Eq.  (27)  were  compared  to  the  inviscid 
similarity  solution  with  n  =  2/3  corresponding  to  the  flow  over  the  semi-infinite  body  Y  =  V(8/3)  cX. 
For  slender  bodies  with  c  «  1  the-  difference  between  the  viscous  and  inviscid  solutions  was 
appreciable. 

In  the  case  c  =  0,  k  =  1,  solutions  of  Eq.  (27)  such  that  f  remains  bounded  in  -oo  <  ?  <  oo  and 
that  f  -  0  as  I?  I  -oo  have  also  been  investigated  (Slchel  1961).  Such  solutions  satisfy  the  mass 
conservation  condition  J00  VdX  =  0  for  fixed  Y,  and  so  may  represent  the  asymptotic  behavior  of  a 
finite  body.  Comparison  of  these  solutions  with  solutions  of  the  linearized  two  dimensional,  c  =  0, 
version  of  Eq.  (27) 

f”  +  4/9  ?2f’  + 10/9  U  =  0  (28) 

which  arises  from  a  similarity  solution  of  the  linear  V-T  equation  (22)  showed  that  the  non-linear 
term  causes  a  marked  difference  between  subsonic  (f  <  0)  and  supersonic  (C  >0)  solutions  and 
completely  changes  the  asymptotic  behavloi  of  f  as  i  -  ^o.  It  is,  thus,  clear  that  linearized  V-T 
solutions  must  be  regarded  with  considerable  caution. 

Self  similar  solutions  of  the  linearized  V-T  potential  equation  for  axlsymmetrlc  flow  have  been 
studied  by  Ryzhov  (1965).  Then  the  function  f(£)  satisfies 

f  "  +  (4/9)  $2  f"  +  (4/3)  (n  +  1/3)  £f'  +  n2  f  =  0 


(29) 
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and  solutions  exist  for  all  values  of  n.  From  the  asymptotic  behavior  of  this  equation  as  ll  I  -  co 
it  is  shown  that  n  =  4/3  is  the  first  eigenvalue  for  which  f  can  represent  the  flow  past  a  finite  body. 
In  the  case  n  =  4/3  the  solutions  of  Eq.  (29)  are  shown  to  be  confluent  hypergeometric  functions. 

The  inviscid  similarity  solution  for  a  free  stream  Mach  number  of  unity  must  have  at  least 
one  discontinuity  at  some  value  of  4  =  4S  corresponding  to  a  compression  shock  (Guderley  1962). 
The  key  question  of  whether  viscous  solutions  outside  the  shock  layer  approach  the  inviscid  solu¬ 
tion  as  Reg  -  co  was  investigated  by  Szaniawskl  (1966b)  using  the  method  of  asymptotic  expansions. 
The  flow  was  divided  into  outer  regions  upstream  and  downstream  of  the  shock  wave  and  an  inner 
or  shock  layer  region,  and  ordinary  differential  equations  were  derived  for  the  first  order  coef¬ 
ficients  of  inner  and  outer  asymptotic  expansions.  It  is  initially  assumed  that  the  terms  in  these 
equations  with  the  coefficient  Reg'*  can  be  neglected  everywhere  as  Reg  -  co  The  outer  solution 
then  becomes  the  inviscid  Guderley-Frankl  solution  while  the  inner  solution  is  closely  related  to 
Taylor's  weak  shock  solution.  Matching  is  used  to  establish  a  composite  expansion  and  stream¬ 
line  equations  are  obtained  in  parametric  form.  To  this  point  the  solution  corrects  the  Guderley- 
Frankl  solution  for  the  finite  thickness  of  the  shock  layer. 


The  crux  of  the  analysis  lies  in  the  use  of  the  above  solution  to  determine  whether  the  terms 
with  Reg"1  as  coefficient,  which  were  dropped  initially,  are  really  negligible.  The  inviscid  outer 
solution  is  consistent  in  the  two  dimensional  case  since  then  the  neglected  terms  do  indeed  vanish 
as  Reg  -  oo.  However,  in  the  axlsymmetric  case  the  viscous  Reg-*  terms  are  found  to  be  of  the 
same  order  as  the  inviscid  terms  for  sufficiently  large  lyl  in  agreement  with  the  results  of  Ryzhov 
and  Shefter  (1964).  However,  Szaniawskl  finds  that  in  the  axisymmetric  case  the  inviscid  outer 
solutions  will  remain  valid  for  |xl  «  4S7  Reg**,  [y  |  «  (4S3  Reg)7'3,  a  region  which  may  be  very 
large  for  large  Reg.  But  even  when  Reg  is  very  large  the  viscous  terms  may  have  an  important 
inflvence  on  the  asymptotic  behavior  of  the  solution  far  from  the  body. 


An  approximate  viscous  transonic  solution  for  the  classical  problem  of  flow  past  a  wavy  wall 
has  been  determined  by  Sichel  and  Yin  (1967c)  following  the  method  used  by  Hosokawa  (1960a,  b)  in 
the  inviscid  case.  The  normalized  potential  <t>  is  divided  into  a  linear  part  </>(£)  and  a  correction  g 
such  that  <?>  a  +  g.  The  potential  <f>W  then  satisfies  the  linear  equation 


-  2B<*>. 


U) 


XX 


+  <t>. 


YY 


W 


(30) 


which  i3  readily  solved  for  the  periodic  wavy  wall  boundary  conditions.  K  is  an  appropriately 
chosen  constant  and  the  linear  so’  tion  enters  in  the  equation  for  the  correction  g.  Several  approx¬ 
imations  then  lead  to  the  Riccati  equation 

2  B2 

U  '  -  U  *  =  -  ~  +  A  sin  (wX  +  P)  +  C  (31) 

oo  4 

for  uU>  (X,  0)  =  U0,  the  X  velocity  component  at  the  wall.  The  constant  A  and  the  phase  angle  p 
depend  on  the  amplitude  and  frequency  wof  the  wavy  wall,  and  upon  B  while  C  is  an  integration 
constant.  Equation  (31)  can  be  transformed  into  the  Mathleu  equation  from  which  it  follows  that 
solutions  may  be  diverging,  periodic,  or  finite  but  aperiodic  depending  on  the  value  of  the  constant 
C.  Physically  meaningful  solutions  should  be  periodic  with  the  wall  frequency,  and  this  periodicity 
condition  was  used  to  determine  C. 


The  i . viscid  solution  of  Hosokawa  (1960b)  and  the  V-T  solution  are  shown  in  Fig.  1  for  a 
particular  set  of  flow  parameters.  Hosokawa  must  introduce  a  shock  discontinuity  in  his  solution; 
this  is  replaced  by  a  smooth  transition  from  supersonic  to  subsonic  fli  w  in  the  viscous  transonic 
case. 

So  far  attention  has  been  focused  on  flows  in  which  the  fluid  decelerates  through  a  shock  layer. 
Viscous  transonic  effects  are  also  Important  in  establishing  the  influence  of  viscosity  upon  a 
Prandtl -Meyer  expansion  from  an  upstream  uniform  flow  with  Mi  ~  1.  Very  large  velocity  gra¬ 
dients  occur  near  the  corner  in  the  inviscid  Prandtl -Mayer  solution  and  here  viscous  effects  must 
be  significant.  This  problem  was  investigated  by  Adamson  (1967)  using  the  method  of  matched 
asymptotic  expansions  for  botli  Mi  z  1  and  Mi  >  1.  The  flow  was  divided  into  an  inner  region 
about  the  first  Mach  line  and  an  outer  downstream  region.  Since  derivatives  of  the  inviscid  solu¬ 
tion  are  discontinuous  at  the  first  Mach  line,  the  effect  of  viscosity  must  be  to  smooth  out  these 
discontinuities. 


In  the  transonic,  Mi  ~  1  case  the  first  order  inner  flow  near  the  Mach  line  is  irrotational  and 
satisfies  the  V-T  potential  equation  (16).  The  similarity  solution  (Eq.  (27)),  with  c  =  0,  first 
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considered  by  Ryzhov  and  Shelter  (1964),  and  Sichel  (1961)  Is  found  to  be  the  viscous  transonic 
solution  which  properly  matches  upstream  and  downstream  boundary  conditions.  Thus  Adamson 
was  also  led  to  an  investigation  of  the  equation 

f"  -  ff'  +  4/9  ?2  f*  +  10/9  H  =  0  (27a) 

and  in  the  corner  problem  the  appropriate  solution  of  (27a)  varies  as  (-£)"5/2  as  £  — and  as 
S2  as  $  -  +a>.  The  existence  of  such  solutions  is  verified  numerically. 

To  this  point  the  boundary  layer  has  not  been  mentioned  although  it  is  clear  that  consideration 
of  the  Interaction  between  the  boundary  layer  and  the  free  stream  is  essential  for  a  complete  under¬ 
standing  of  the  flow.  The  trouble  is  that  this  interaction  problem  is  very  difficult  in  both  the  in- 
viscld  and  viscous  transonic  cases.  However,  the  role  of  the  boundary  layer  in  viscous  Prandtl- 
Meyer  flow  has  been  considered  by  Adamson  (1967)  who  found  that  when  Mj  >  1  the  thinning  of  the 
boundary  layer  near  the  corner  will  affect  the  flow  more  than  viscous  effects  in  the  expansion 
region.  Although  the  matter  is  not  entirely  clear  it  appears  that  this  situation  reverses  when 
Mi  ~  1  so  that  viscous  effects  in  the  expansion  region  will  be  the  most  important. 

Bertotti  (1957)  indicated  a  possible  approach  to  the  transonic  boundary  layer  interaction  prob¬ 
lem  by  showing  that  the  boundary  layer  approximation  remains  valid  at  the  foot  of  a  shock  wave 
provided  that  the  shock  wave  is  sufficiently  weak  and  that  the  boundary  layer  thickness  is  sufficient¬ 
ly  small.  This  idea  was  applied  to  a  study  of  the  leading  edge  of  the  shock  tube  boundary  layer 
Induced  by  a  weak  shock  wave  (Sichel  1962).  In  that  case  V  <  0  and  Vy  >  0  so  that,  in  agreement 
with  Eq.  (23)  the  pressure  rise  across  the  shock  was  found  to  be  greater  than  the  R-H  value. 

An  analysis  of  flow  near  a  leading  characteristic,  considering  boundary  layer  effects  has  also 
been  made  by  Bulakh  (1986). 

Much  work  has  of  course  been  done  on  the  shock -boundary  layer  interaction  problem,  generally 
based  upon  an  inviscid,  free  stream  flow  with  R-H  shock  waves.  The  present  survey  is  not  con¬ 
cerned  with  such  problems  but  rather  with  the  situation  in  which  the  boundary  layer  influences  the 
viscous  structure  of  the  free  stream,  and  in  this  area  the  literature  is  sparse. 


NOZZLE  FLOW 

Transonic  solutions  for  the  flow  near  the  throat  of  a  converging -diverging  nozzle  are  of  prac¬ 
tical  and  theoretical  Interest.  Conditions  at  the  throat  are  required  to  start  characteristic  calcu¬ 
lations  for  the  supersonic  part  of  the  nozzle.  From  a  theoretical  point  of  view  the  nature  of  the 
transition  from  wholly  subsonic  to  subsonic-supersonic  flow  is  of  particular  interest. 

Meyer  (1908)  first  computed  the  potential  flow  near  the  throat  of  a  nozzle  with  asymmetrical 
subsonic -supersonic  flow  using  a  truncated  double  power  series  in  x  and  y.  Hence  such  flows  are 
often  called  Meyer  flows.  The  solution,  which  is  indirect  in  that  the  velocity  on  the  nozzle  axis  is 
specified  rather  than  the  shape  of  the  nozzle,  yields  a  reasonable  description  of  the  flow.  Much 
additional  work  has  since  been  done  on  the  analysis  of  Meyer  flows,  particularly  on  the  important 
direct  problem  in  which  the  nozzle  wall  contour  is  specified,  and  this  work  is  discussed  in  the 
review  by  Hall  and  Sutton  (1964).  It  appears  that  other  than  for  the  boundary  layer,  dissipative 
effects  will  not  be  important  in  such  flows. 

The  transition  from  symmetrical  flow  with  subsonic  velocity  on  each  side  of  the  throat  to 
asymmetric  Meyer  flow  was  first  studied  by  Taylor  (1930)  also  using  a  power  series,  and  such 
symmetrical  flows  are  therefore  often  called  Taylor  flow.  In  this  case  the  inviscid  theory  leads 
to  difficulties.  Taylor’s  calculations  showed  the  development  of  supersonic  pockets  near  the  noz¬ 
zle  surface  as  the  peak  velocity  on  the  nozzle  axis  Increased,  however,  above  a  certain  subsonic 
value  of  this  peak  velocity  Taylor  found  that  such  symmetrical  solutions  would  no  longer  exist. 

Gortler  (1939)  showed  that  the  series  used  by  Taylor  diverges  as  the  peak  velocity  on  the  axis 
approaches  the  some  value,  and  suggested  that  this  difficulty  is  caused  by  neglect  of  higher  order 
terms  in  the  power  series  expansion.  Gortler  attempted  to  extend  Taylor's  series  solution,  how¬ 
ever,  a  number  of  artificial  assumptions  regarding  the  series  coefficients  makes  the  convergence 
of  Gortler 's  solution  suspect. 
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Emmons  (1946)  applied  the  method  of  relaxation  to  the  transition  problem  and  also  obtained 
supersonic  pockets  near  the  wall.  When  the  peak  centerline  Mach  number  exceeded  a  value  of 
0. 812  shock  waves  terminating  the  supersonic  pockets  had  to  be  introduced  in  order  to  permit  the 
elimination  of  residuals  in  the  relaxation  calculations.  Even  then  there  are  difficulties  for  the 
shock  waves  appear  suddenly  and,  as  mentioned  in  the  Introduction  above,  a  sharp  expansion  must 
be  introduced  immediately  behind  the  shock  to  avoid  a  discontinuous  streamline  curvature.  In 
addition  to  the  experimental  results  quoted  in  the  Introduction,  it  is  interesting  that  a  rapid  pres¬ 
sure  rise  behind  transonic  shock  waves  has  also  been  bserved  by  Ackerct,  Feldman  and  Rott 
(1946). 

Instead  of  considering  approximate  solutions  of  the  full  equations  o»  compressible  inviscid  flow 
as  above,  another  approach  is  to  study  exact  solutions  of  the  approximate  inviscid  transonic  equa¬ 
tion  (Eq.  (14)).  Tomotika  and  Tamacla  (1950),  and  Tomotika  and  Hasimoto  (1950)  obtained  an  exact 
similarity  solution  of  this  equation  describing  both  Taylor  and  Meyer  flow,  however  their  solutions 
did  not  provide  for  a  smooth  transition  between  the  two  types  of  flow.  The  similarity  solutions 
describing  Taylor  flow  also  contain  supersonic  pockets  but  in  the  solution  for  which  the  pockets 
just  meet  on  the  axis  the  .lope  of  the  axial  velocity  distribution  becomes  discontinuous  at  the  sonic 
point.  This  singularity  on  the  axis,  which  appears  to  be  a  source  of  much  of  the  difficulty  dis¬ 
cussed  above  appears  related  to  the  fact  that  here  tangents  to  the  sonic  line  and  the  characteristics 
coincide  (Ryzhov  1963). 

A  large  family  of  two  dimensional  exact  solutions  have  also  been  developed  starting  from  the 
hodograph  equations  (Falkovich  and  Chernov  1966,  Germain  1964),  however,  the  planar  self  simi¬ 
lar  solution  of  Ryzhov  (1963)  is  of  greatest  interest  here  since  he  considered  both  the  transition 
from  Taylor  to  Meyer  flow  and  the  formation  of  shock  waves.  With  the  sonic  point  at  the  origin 
Ryzhov  considers  axial  velocity  distributions  of  the  form 

U(X,  0)  =  AjX  ,  X  <  0  ;  U(X,  0)  =  A2X  ,  X  >  0  (32) 

for  then  the  inviscid  transonic  equation  admits  self  similar  solutions  of  the  form 

U  =  Y2m  ;  V  =  Y3g(S)  ;  «  =  X/Y2 

By  an  ingenious  transformation  of  variables  Ryzhov  is  able  to  study  the  singularities  of  f(£)  in 
detail  and  thereby  determine  the  properties  of  the  self  similar  solution.  Ryzhov  used  the  criterion 
that  shock  waves  must  appear  wherever  limit  lines  along  which  the  acceleration  is  infinite  occur 
and  nozzle  flows  with  shock  waves  are  investigated.  These  flows  all  have  the  feature  that  the  shock 
is  tangent  to  the  sonic  line  at  the  center  of  the  nozzle.  A  weakness  of  the  Ryzhov  analysis  is  the 
use  of  the  inviscid  equations  when  limit  lines  with  infinite  velocity  gradients  appear. 

At  this  point  it  appears  appropriate  to  quote  from  the  footnote  on  page  68  of  Guderley’s  (1962) 
book: 

"If  the  nozzle  is  symmetrical  with  respect  to  the  throat,  then  as  long 
as  the  flow  is  subsonic  along  the  entire  length,  there  exists  a  symmetry 
also  in  the  flow  field.  This  Is  certainly  no  longer  true  when  the  nozzle  is 
acting  as  a  DeLaval  nozzle.  One  would  expect  that  a  study  of  the  transition 
from  one  behavior  to  the  other  would  provide  an  insight  into  the  phenomena 
of  transonic  flow.  A  direct  analysis  of  nozzles  has,  however,  not  in  fact 
led  to  this  hoped  for  result.  " 

It  would  appear  to  be  more  consistent  to  begin  the  investigation  of  such  transitional  flows  with  the 
V-T  equation,  and  then  to  determine  when  viscous  solutions  approach  the  inviscid  solution  as 
Reg  -  oc.  This  problem  has  been  considered  by  Szaniawski  (1964a,  b)  and  in  great  detail  by 
Kopystynskl  and  Szaniawski  (1965). 

Kopystynski  and  Szaniawski  considered  flow  thi’ough  a  nozzle  throat  with  the  contour 

(y^/l  L)  =  1  +  €2  f2  (x)  (33) 

where  L  is  the  nozzle  half  height,  and  f(x)  is  an  increasing  function  of  x  with  f(0)  -  0,  f'(0)  ^  0. 
Assuming  the  series  development 

u  =  1  +  e  U(x)  +  .  .  .  ;  v  =  c2  V(x)  y  +  .  .  . 


(34) 
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the  boundary  condition  (Eq.  (33))  then  leads  to  the  result  that  V(x)  =  e4  (y  +  1)  f(x)  f‘(x)  while  the 
V -T  equation  reduces  to  the  ordinary  differential  equation 

So  A  A  A 

6UM  =  UU*  -ff*  (35) 

A  4 

Here  5  is  shorthand  for  [e  Reg  (y  +  1]  .  The  flow  considered  is  thus  quasi-one  dimensional 

since  the  variation  of  u  with  y  is  not  taken  into  account.  By  taking  v  ~  O(e^)  instead  of  0(e>V2) 
the  authors  have  limited  the  validity  of  their  analysis  to  streamlines  which  are  very  close  to  the 
nozzle  axis. 

A 

When  0  =  0  Eq.  (35)  has  the  two  solutions 

U  =  +  f(x)  (36) 

and  the  problem  is  to  determine  under  what  conditions  solutions  of  Eq.  (35)  approach  the  inviscid 
solution  (Eq.  (36))  as  0  -  0.  Applying  the  theory  of  Vasileva  (1963a,  b)  Kopystynski  and  Szaniawski 
showed  that  the  viscous  solutions  will  converge  to  Eq.  (36)  as  0  -  0  everywhere  except  in  the 
neighborhood  of  the  sonic  point  x  =  0. 

The  stretched  variables 

X=VrW^/2?  *  U  =  f '(0)  [*(5)  +R&?)]  ,  ^R&D-O  (37) 

are  introduced  to  examine  the  structure  of  the  flow  near  the  sonic  point  in  greater  detail.  Then 
expanding  f(x)  in  a  Taylor  series  about  x  =  0  and  keeping  only  the  first  term  Eq.  (35),  after  one 
integration  reduces  to  the  Rlccati  equation 

WM)  -  =  -  S2  +  A  (38) 

where  A  is  an  integration  constant.  The  transformation,  =  2£  -  (v'/v),  changes  Eq.  (38)  to  the 
second  order  linear  equation 

v"  -  2?v'  +  (A  -  l)v  =  0  (39) 


The  solution  of  Eq.  (39),  and  hence  also  of  Eq.  (38)  can  be  expressed  in  terms  of  confluent  hyper- 
geometric  functions.  Depending  on  the  values  of  A  and  of  the  initial  value,  i^0  =  lK0),  solutions 
may  be  continuous  or  discontinuous,  and  the  region  of  continuous  solutions  is  determined  in  the 
%  -  A  plane.  Typical  solutions  are  shown  in  Fig.  2  and  display  a  behavior  suggesting  the  initial 
stages  of  shock  formation  near  a  nozzle  throat.  The  problem  of  matching  these  inner  solutions  to 
the  outer  inviscid  solutions  is  also  considered. 


The  solutions  shown  in  Fig.  2  are  nonunique  for  all  of  them  asymptotically  approach  +  $  as 
I?  I  -  «.  This  is  a  disturbing  result  for  the  solutions  should  be  responsive  to  the  downstream 
boundary  conditions  just  as  in  the  one  dimensional  nozzle  theory  (Shapiro  1953).  The  difficulty 
may  be  related  to  the  quasi-one  dimens!  ial  nature  of  the  theory  which  does  not  take  into  account 
the  variation  of  u  with  y. 


A  different  approach  was  used  by  Sichel  (1966)  who  found  that  a  Tomotlka  and  Tamada  (1950) 
type  nozzle  similarity  solution  is  also  possible  in  the  viscous -transonic  case.  Using  the  irrotation- 
ality  conditions  to  eliminate  V  the  normalized  V-T  equation  expressed  in  terms  of  uW  instead  of 
U  becomes 


XXX 


(D  _  (u(l) 


)XX  +  UYY 


(1) 


=  0 


(40) 


Substitution  of  the  transformation 

u^  =  Z(S)  +  2<j2Y2 


S  =  X  +  crY2 


(41) 


which  is  the  same  as  that  used  by  Tomotlka  and  Tamada  (1950),  collapses  Eq.  (40)  to  the  ordinary 
differential  equation 


Z”'  -  2ZZ"  -  2(Z'  -  2a)  (Z-  +  a)  =  0  (42) 

The  function  Z  is  also  u^Kx,  0),  the  velocity  on  the  axis  Y  =  0.  The  arbitrary  constant  a  can  be 
related  to  the  nozzle  geometry.  Equation  (42)  is  the  same  as  that  obtained  by  T  notika  and 
Tamada  except  for  viscous  term  Z"'.  The  special  Inviscid  solutions  Z  =  2aS,  and  Z  ’  -  oS  are 
also  solutions  of  Eq.  (42),  and  the  nozzle  velocity  distribution  obtained  from  Z  =  2aS  is  identical 
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to  that  obtained  from  the  first  three  terms  of  Meyer’s  (1908)  original  series  solution.  From  a 
study  of  trajectories  in  the  Z,  Z',  Z"  space  it  has  been  possible  to  find  numerical  solutions  of  > 

Eq.  (42)  starting  from  Z  =  2oS,  passing  through  a  maximum  value  and  then  asymptotically  approach¬ 
ing  the  nvisci's  decelerating  solution  Z  =  -  oS,  and  such  solutions  are  shown  in  Fig.  3.  As  the 
maximum  increases  beyond  the  sonic  value  the  deceleration  to  subsonic  velocity  (Z*  <  0)  becomes 
steeper,  resembling  the  transition  through  a  shock  wave.  These  numerical  solutions,  which  are  ! 

similar  to  th  .  ?  found  by  Kopystynski  and  Szaniawski  (1965),  also  apparently  describe  the  first  i 

stages  in  the  transition  from  Taylor  to  Meyer  flow.  1 

i 

The  solutic  above  is  indirect  in  that  the  shape  of  the  nozzle  wall  cannot  be  specified  in  advance,  < 

rather,  it  is  nec  ssary  to  accept  one  of  the  streamlines  produced  by  the  similarity  solution  as  the 
nozzle  contour.  Each  of  the  solutions  shown  in  Fig.  3  produces  a  somewhat  different  nozzle  con¬ 
tour  and  as  the  centerline  velocity  maximum  increases  undulations  occur  in  the  nozzle  wall  stream¬ 
line.  A  typical  nozzle  flow  field  showing  streamlines  and  constant  velocity  lines  is  shown  in  Fig.  4 
for  a  ratio  of  throat  half  height  h  to  throat  radius  of  curvature  of  1/4.  The  beginnings  of  a  shock 
wave  appears  just  downstream  of  the  nozzle  throat.  The  solutions  shown  in  Fig.  3  are  all  asymp¬ 
totic  to  Z  =  -  S  as  S  —  oo;  however,  no  conclusions  regarding  uniqueness  can  be  reached  since  each 
curve  in  Fig.  3  represents  a  different  nozzle  contour.  Axisymmetric  similarity  solutions  have 
also  been  determined  (Sichel  and  Yin  1967a)  and  their  asymptotic  behavior  as  they  approach  the  up¬ 
stream  and  downstream  inviscid  solutions  has  been  investigated. 

A  completely  different  situation  arises  in  low  Reynolds  number  flow  through  very  slender  noz¬ 
zles.  In  that  case  the  flow  is  dominated  by  the  boundary  layer,  that  is  the  shear  stresses  rather 
than  the  compressive  viscous  stresses  play  the  key  role.  This  problem  has  been  considered  by 
Williams  (1963).  In  that  case  the  sonic  line  is  concave  downstream  in  a  flow  accelerating  to  super¬ 
sonic  velocities  rather  than  being  concave  upstream  as  in  the  Meyer  solution.  A  study  of  the 
boundary  layer  free  stream  interaction  problem  will  probably  require  a  combination  of  the  V  -T 
solutions  described  above  and  the  type  of  analysis  considered  by  Williams. 


SOURCE  AND  SOURCE -VORTEX  FLOW 

Exact  solutions  of  the  equations  of  two  dimensional  inviscid  compressible  flow  for  source  and 
source-vortex  or  spiral  flow  contain  limiting  circles  at  or  near  the  sonic  velocity  where  the  accel¬ 
eration  becomes  infinite  (Taylor  1930,  von  Mises  1958,  Oswatitsch  1956).  Solutions  no  longer  exist 
inside  these  limiting  circles,  and  the  inviscid  theory  clearly  fails  when  velocity  gradients  become 
very  large.  Viscous  source  flow  using  the  full  Navier -Stokes  equations  was  therefore  investigated 
by  Wu  (1955),  Sakurai  (1958)  and  Levey  (1954,  1959).  Wu  and  Sakurai  were  able  to  find  closed 
form  source  solutions  valid  in  the  region  of  transonic  flow  and  it  has  been  possible  to  show  that 
these  solutions  are  also  a  similarity  solution  of  the  V-T  equation  (Sichel  and  Yin,  1967b).  With 
the  transformation 

u^  =  f(S)  ,  S  =  X  +  XY  (43) 

which  was  first  introduced  by  Tomotika  and  Tamada  (1950),  the  V-T  equation,  in  the  form  of  Eq. 

(40)  can  be  reduced  to  the  Riccatl  equation  (Sichel  and  Yin  1967) 

f’  -  f2  +  X2f  =  -  CjS  +  C2  (44) 

The  solution  (Eq.  (43))  may  be  interpreted  as  a  source-vortex  flow  with  S  corresponding  to  the 
radial  distance  from  the  sonic  circle  while  the  arbitrary  parameter  X  determines  the  circulation 
and  is  zero  for  source  flow.  The  magnitude  of  the  integration  constant  Ci  depends  on  the  source 
strength. 

Without  the  viscous  f’  term  the  solution  of  Eq.  (44)  becomes 

S  +  (X4/4C1)  =  (l/C1)[f-(X2/2)]2  (45) 

with  a  limit  circle  at  S  -  -  (xV4Ci)  where  df/dS  -  oo.  In  the  transonic  regime  the  solution  (Eq. 

(45))  is  identical  to  that  of  Taylor  (1930),  and  has  an  accelerating  or  supersonic  branch  and  a 
decelerating  or  subsonic  branch.  The  inviscid  solution  provides  no  mechanism  for  transition 
from  one  branch  to  the  other.  The  viscous  solution  of  Eq.  (44)  can  be  found  in  closed  form  in 
terms  of  Airy  functions,  and  is  identical  to  that  found  by  Wu  (1955)  and  Sakurai  11958).  Inclusion 
of  the  viscous  term  eliminates  the  singular  behavior  at  the  sonic  point,  where  the  acceleration 
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now  remains  finite.  Viscous  solutions  exist  which  first  approach  the  supersonic  branch  of  the 
invlscid  solution,  pass  through  a  shock  like  compression,  and  then  approach  the  subsonic  branch 
of  the  inviscid  solution.  All  the  solutions  asymptotically  approach  the  subsonic  branch  of  the  in¬ 
vlscid  solution  as  S  -» .  While  the  Inclusion  of  the  viscous  term  has  eliminated  the  singular  be¬ 
havior  near  the  sonic  point,  the  solution  still  diverges  at  some  point  inside  the  sonic  circle,  where 
the  V-T  equation  apparently  fails.  The  V-T  radial  solution  discussed  above  remains  valid  only  if 
the  sonic  radius  r*  is  of  order  rj/e^  where,  as  before,  r,  is  of  the  order  of  the  shock  thickness. 

It  is  interesting  that  r*  is  thus  of  the  same  order  as  the  shock  radius  of  curvature  Rg  for  which  the 
V-T  oblique  shock  solution  remains  valid. 

Compressible  radial  flow  in  the  presence  of  a  gravitational  field  behaves  like  the  flow  in  a 
converging  diverging  nozzle  in  that  the  flow  can  accelerate  from  subsonic  to  supersonic  values, 
and  such  flows  have  been  used  as  a  model  for  the  solar  and  stellar  wind  (Axford  and  Newman  1967). 
As  in  the  case  of  nozzle  flows  the  invlscid  theory  falls  to  provide  a  smooth  transition  from  flows 
subsonic  throughout  to  accelerating  subsonic -supersonic  flows.  Consequently  Axford  and  Newman 
(1967)  studied  viscous  transonic  solutions  for  such  radial  flows  with  a  gravitational  field.  Axford 
and  Newman  used  a  series  expansion  similar  to  that  used  above  to  develop  a  viscous -transonic 
equation  which  now  includes  a  body  force  term.  Since  the  problem  is  one  dimensional,  integration 
and  suitable  transformation  of  variables  reduces  the  V-T  equation  to  a  Rlccatl  equation  for  which 
solutions  can  be  found  in  terms  of  parabolic  cylinder  functions.  While  some  of  these  solutions 
diverge,  there  is  also  a  family  of  solutions  which  provide  a  smooth  shock  like  transition  from  the 
accelerating  to  the  decelerating  branch  of  the  inviscid  solution  just  as  in  the  nozzle  problem. 


CONCLUSIONS 

Use  of  the  viscous -transonic  Instead  of  the  invlscid  equation  seems  to  resolve  some  of  the 
difficulties  of  the  inviscid  theory  discussed  in  the  Introduction.  The  viscous  transonic  solutions 
provide  for  a  smooth  transition  from  the  Taylor  to  the  Meyer  type  of  nozzle  flow;  however,  the 
problem  of  obtaining  a  truly  two  dimensional  V-T  solution  for  flow  near  the  throat  of  a  nozzle  of 
specified  shape  remains  to  be  solved.  The  key  problem  of  determining  the  jump  conditions  across 
a  weak  shock  adjacent  to  a  curved  wall  has  not  been  solved;  however,  some  progress  has  been 
made  in  evaluating  the  effect  of  viscosity  on  the  asymptotic  behavior  of  the  flow  about  bodies.  The 
precise  role  of  viscosity  in  axisymmetric  flows  remains  to  be  clarified.  The  V-T  equation  appears 
to  resolve  the  limit  line  behavior  near  the  sonic  velocity  in  source  vortex  flows,  and  actually  the 
V-T  solution  is  a  part  of  the  more  general  solution  of  the  viscous  source-sink  problem  by  Wu  (1955), 
and  Sakurai  (1958).  It  appears  necessary  to  Include  viscous  ..  fects  whenever  limit  lines  occur  in 
the  inviscid  transonic  flow  theory.  At  the  very  least,  in  these  cases,  the  question  of  whether  in 
the  limit  Reg  -eo  the  flow  can  be  represented  by  inviscid  regions  separated  by  Ranklne-Hugoniot 
discontinuities  needs  to  be  Investigated. 

The  theory  of  viscous  transonic  flow  is  an  extension  of  the  Taylor  (1910)  theory  for  the  struc¬ 
ture  of  weak  shock  waves.  The  Riccatl  equation  appears  to  play  a  central  role  in  the  study  of  V-T 
flows.  Thus  for  fixed  X  the  V-T  equation  can  be  formally  reduced  to  a  Riccatl  equation,  ana  many 
of  the  V-T  problems  discussed  in  this  survey,  in  the  end,  involved  the  solution  of  a  Riccatl  equa¬ 
tion.  The  fact  that  the  Riccati  equation  can  be  transformed  to  a  second  order  linear  equation, 
made  it  possible  in  many  cases  to  obtain  solutions  in  closed  form.  Almost  invariably  there  were 
then  divergent  solutions  and  solutions  which  contained  shock  like  transitions  from  supersonic  to 
subsonic  flow.  Even  such  a  simple  equation  as 


has  the  solutions  z  =  -  b  coth  bx,  -  b  tanh  bx.  Of  these  the  solution  -  b  coth  bx  diverges  at  x  =  0 
while  -  b  tanh  bx  is  the  same  as  the  Taylor  weak  shock  solution.  It  is  to  be  expected  that  this 
Riccati  type  behavior  will  also  arise  in  more  complicated  V-T  flows.  In  any  case  a  key  advantage 
of  the  V-T  approximation  Is  that  the  interaction  between  convection  and  dissipation  is  reduced  to  a 
mathematically  simple  form. 

It  is  felt  that  the  V-T  equation  may  be  able  to  shed  some  light  on  the  well  known  "transonic 
controversy"  regarding  the  existence  of  smooth  pockets  of  supersonic  flow  Imbedded  in  an  outer 
subsonic  flow.  This  controversy  has  been  reopened  by  the  inviscid  calculation  of  transonic  pro¬ 
files  by  Nleuwland  (1967)  and  by  the  shock  A  ee  supersonic  pockets  produced  experimentally  by 
Pearcy  (1962).  It  would  be  Interesting  to  see  how  viscosity  influences  the  mathematical  question 
of  existence  or  nonexistence  of  smooth  pockets  of  supersonic  flow.  In  the  case  of  the  nozzle  prob¬ 
lem  the  V-T  theory  quite  naturally  describes  the  gradual  formation  of  shock  waves  terminating  th 
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supersonic  pockets  at  the  wall. 

The  question  of  the  stability  of  various  viscous -transonic  flows  appears  not  to  have  been 
investigated.  There  are  also  a  number  of  magnetohydrodynamic  and  relaxing  transonic  flows 
where  viscosity  may  play  an  important  role. 

No  comparison  between  theory  and  experiment  are  presented  in  this  review,  and  this  fact 
reflects  a  serious  gap  in  the  theory  of  V-T  flow.  There  is  a  decided  need  for  a  checkpoint  be¬ 
tween  theory  and  experiment  if  the  theory  of  V-T  flow  is  to  do  more  than  provide  qualitative 
explanations. 
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Fig.  1.  Comparison  of  the  Inviscid  and  Viscous 
Transonic  Wavy  Wall  Solutions  (Sichel  and  Yin 
1967c). 


Fig.  3.  Numerical  Solutions  of  Eq.  (42)  for  the 
Axial  Velocity  Z  (Sichel  1966). 


Fig.  2.  Viscous  Transonic  Nozzle  Solutions  of 
Kopystynski  and  Szaniawski  (1965). 


Fig.  4.  Nozzle  Isotachs  and  Streamlines 
Corresponding  to  Curve  C  of  Fig.  3  and 
for  h/Rt  =  0. 25  (Sichel  1966). 
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SUMMARY 


Attention  is  drawn  to  important  restrictions  to  the  range  of  applicability  of  the 
flow  model  developed  in  earlier  work  on  shock-induced  separation  of  turbulent  boundary 
layers  on  aerofoils  and  wings,  and  also  corresponding  restrictions  to  ths  conclusion 
then  drawn  that  full-scale  behaviour  could  readily  be  reprcduced  at  low  Reynolds  numbers. 
These  restrictions  arise  because  the  model  of  a  bubble  growing  progressively  from  the 
foot  of  the  shock  towards  the  trailing  edge  does  not  include  the  interaction  that  some¬ 
times  occurs  between  the  disturbance  at  the  foot  of  the  shock  and  a  subsonic-type  rear 
separation  if  one  exists,  or  is  incipient,  in  the  continuous  adverse  gradient  further 
downstream. 

Such  interactions  are  shown  to  be  of  increasing  importance  at  wind-tunnel  scale  (as 
the  possibilities  of  using  thicker  and  more  highly  loaded  wing  sections  develop)  and  to 
introduce  real  difficulties  in  reproducing- full-scale  behaviour  at  low  or  moderate 
Reynolds  numbers. 


NOTATION 


U  -  Mach  number 

p  -  static  pressure 

H  -  stagnation  pressure 

Cp  -  pressure  coefficient  (p  -  p0)/?YPcAu^ 

Ci  -  lift  coefficient 

R  -  Reynolds  number  (based  on  wing  chord) 
b  -  wing  span 

c  -  wing  chord 

x  -  chordwise  co-ordinate 

a  -  angle  of  incidence 

Y  -  ratio  of  specific  heats 

Suffices 

o  -  value  in  the  undisturbed  stream 
L  -  value  locally  on  the  wing  surface. 
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1 .  Introduction 


In  considering  shock-induced  boundary-layer  separation  on  aerofoils  and  wings,  and  the 
effects  that  it  ha3  on  loads  and  moments,  certain  broad  features  have  to  be  taken  into  account  in 
addition  to  the  local  interaction  between  the  foot  of  the  shock  and  the  boundary  layer  (?ig.  1). 
Three  such  features  in  particular  are  often  more  important  than  the  details  of  the  local 
interaction: 

(a)  the  presence  of  mixed  supersonic/subsonic  flow,  and  the  compression  from  one  to  the 
other,  in  the  flow  external  but  immediately  adjacont  to  the  separated  flow; 

(b)  the  presence  of  a  continuous  adverse  pressure  gradient  in  the  subsonic  flow  over  the 
rear  of  the  aerofoil  downstream  of  the  shock  and  following  the  near-discontinuous 
gradient  through  the  shock  itself;  and 

(c)  the  special  importance  of  the  trailing  edge,  and  of  tho  variation  of  trailing-edge 
pressure  in  determining  the  overall  circulation  and  lift  on  the  aerofoil  -  the 
significant  effects  on  the  overall  flow  do  not  develop  until  the  separation  has 
disturbed  the  pressure  at  the  trailing  edge. 

The  pattern  of  development  of  the  separation  and  of  its  effects  -  and  the  influence  of  such 
variables  and  parameters  as  free-stream  Mach  number,  incidence,  shock  strength,  Reynolds  number, 
transition  position  -  can  best  be  understood  by  postulating  a  flow  model  that  incorporates  these 
broad  features. 

<1  2  j  h 

The  flow  model  that  ha3  often  been  used  satisfactorily  for  this  purpose  in  the  past  ’  is 
one  in  which  the  influence  of  features  (a)  and  (c)  tend  to  be  dominant.  The  bubble  that  forms  at 
the  foot  of  the  shock  remains  localised  so  long  as  the  steep  pressure  rise  through  such  a 
localised  interaction  is  able  to  decelerate  the  upstream  supersonic  flow  to  a  subsonic  one.  As 
soon  as  the  upstream  Mach  number  has  increased  to  a  value  for  which  this  is  no  longer  possible, 
the  bubble  spreads  rapidly  towards  the  trailing  edge,  and  in  doing  so  triggers  a  rapid  fall  in 
trailing-edge  pressure  through  its  effect  on  tho  boundary  layer  there.  It  is  this  fall  in 
trailing-edge  pressure  that  leads  to  the  first  significant  effects  on  the  overall  circulation  and 
loads  on  the  aerofoil  and  wing. 

Tho  success  of  this  model  stemmed  from  the  fact  that  the  effects  on  the  boundary  layer  at  the 
trailing-edge  position  were  dominated  by  the  rapid  bubble  growth  that  is  triggered  by  the  spread 
of  supersonic  velocities  along  tho  edge  of  the  bubble.  The  influence  of  the  adverse  gradient  in 
the  downstream  subsonic  flow  (feature  (b))  was  not  sufficient  to  modulate  thi3  pattern. 

In  particular,  scale  effects  that  could  stem  from  differences  in  boundary-layer  thickness 
over  the  roar  of  the  aerofoil  were  noticeably  absent.  It  was  shown**-  that,  provided  the  boundary 
layer  was  turbulent  at  the  initial  separation  point,  full-scale  behaviour  could  be  well  reproduced 
at  quito  moderate  values  of  Reynolds  number  (—1.5  x  10°).  This  was  because  the  form  of  the 
recorapression  from  supersonic  to  subsonic  flow  was  well  represented,  and  hence  the  rapid  growth  of 
the  bubble. 

The  major  scale  effects  were  then  confined  to  cases  for  which  the  boundary  layer  remained 
laminar  up  to  the  separation  point .  For  these,  the  precise  position  of  transition  in  the 
separated  shear  layer  could  influence  the  nature  and  magnitude  of  the  steep  pressure  rise  and  so 
determine  whether  or  not  subsonic  flow  was  re-established  for  a  given  shock  strength.  Even  these 
scale  effects  could  be  eliminated  by  fixing  transition  artificially  at  wind-tunnel  scale  because 
the  boundary  layer  was  likely  to  be  turbulent  at  the  foot  of  the  shock  for  all  relevant  full-scale 
applications. 

This  remained  valid  for  as  long  as  the  wings  that  were  used  for  excursions  into  the  transonic 
flow  regime  remained  relatively  thin  and  lightly  loaded;  for  such  wings  the  adverse  gradients  in 
the  subsonic  flow  downstream  of  tho  shock  were  not  strong  onou$i  to  influence  tho  overall  pattern. 

However,  progress  in  tho  dosign  of  swept-wing  aircraft  in  recent  years  has  oalled  for  the  use 
of  progressively  thicker  and  more  highly  loaded  sections.  Inevitably,  this  has  led  to  steeper 
adverse  pressure  gradients  in  the  rear  subsonic  flow,  gradients  that  now  modulate  tho  gross  effect 
represented  in  the  flow  model  originally  postulated.  Clearly,  therefore,  a  new,  more  comprehen¬ 
sive  model  is  needed  which  will  incorporate  this  modulation.  In  particular,  and  especially  at 
wind-tunnel  scale,  a  second  separation  tends  to  occur  in  the  downstream  subsonic  flow  and  to 
spread  forward  from  tho  trailing  edge. 

This  second  separation  (Fig.  1b)  is  the  roar,  subsonic  type  which  is  known  to  depend 
critically  on  tho  thickness  and  the  velocity  profile  of  tho  boundary  layer  approaching  tho 
trailing  edge  as  well  as  on  tho  local  pressure  gradients.  Even  in  tho  absence  of  a  shock  wave, 
tho  occurrence  and  development  of  such  separations  are  known,  for  example,  to  be  sensitive  to  the 
effoots  of  Roynolds  number  and  to  the  manner  in  which  transition  is  fixed  at  tunnel  Reynolds 
number  in  attempting  to  simulato  full-scalo  conditions.  It  is  not  surprising,  therefore,  to  find 
those  sensitivities  carried  over  into  the  flows  in  which  tho  rear  separation  and  tho  local  effects 
of  tho  shook  interact  with  one  another,  nor  indeed,  to  find  them  amplified  by  the  interaction. 

Y/ith  tho  progress  in  swept-wing  dosign,  tho  tendency  has  developed  for  rear  separations  to 
occur  in  wind-tunnel  experiments  and  to  bring  with  them  tho  scale  effects  inherent  in  tho 
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alternative  flow  model  now  to  be  described,  and  inherent  in  the  change  from  one  flow  model  to  the 
other  as  full-scale  conditions  are  approached.  The  correct  full-scale  behaviour,  for  cruise  aid 
mouerate  lift  coefficients  at  least,  is  probably  stiil  represented  by  the  original  flow  model,  but 
thi3  has  become  much  more  difficult  to  reproduce  at  wind-tunnel  scale. 

The  paper  will  draw  on  detailed  flow  observations  -  for  the  idealised  situation  provided  by 
two-dimensional  aerofoils  -  to  describe  the  differences  between  the  two  flow  models  and  to  contrast 
the  sensitivity  to  scale  for  the  alternative  one  with  the  insensitivity  for  the  original.  Some 
examples  will  bo  shown  to  support  the  details  postulated  for  the  alternative  model,  and  to  illus¬ 
trate  the  order  of  the  scale  effects  that  can  be  introduced  by  differences  in  chord  Reynolds  number 
and  in  the  type  and  location  of  the  agency  used  to  fix  transition  artificially. 

The  relevance  of  this  to  swept  wings  will  be  briefly  illustrated  by  reference  to  similar 
observations  on  a  representative  model. 

Finally,  some  tentative  remarks  will  be  made  to  indicate  the  increased  difficulties  of 
achieving  correct  simulation  in  wind-tunnel  tests. 


2.  The  original  flow  model.  A 

The  development  of  the  flow  according  to  this  nodel  is  indicated  diagrammatically  by  the 
sequence  of  sketches  in  the  extreme  left-hand  column  of  Fig.  2.  The  sequence  I  to  VI  can  he  taken 
os  successive  stages  in  a  progressive  increase  of  free-stream  Mach  number  or  of  incidence  -  in 
either  case  tho  parameter  that  first  caused  the  separation  and  then  increased  its  severity  would 
be  the  increasing  shock  strength.  This  is  illustrated,  for  example,  by  tho  family  of  upper  surface 
pressuro  distributions  shown  in  Fig.  3  For  an  increase  in  free-stream  Mach  number  with  incidence 
held  fixed.  The  shock  wave  is,  of  course,  the  steep  pressure  rise  in  the  middle  part  of  the  chord. 
It  first  appears  at  about  M<,  =  0.7,  corresponding  to  stage  I,  say,  of  the  sketches  in  Fig.  2. 

From  there  on,  the  increasing  shook  strength  is  at  first  revealed  in  the  increasing  magnitude  of 
tho  pressure  rise  associated  with  an  increasing  local  Mach  number  immediately  upstream  of  the 
shock;  later,  after  separation  has  occurred,  the  steep  pressure  rise  at  tho  3urfaco  is  limited  by 
the  separation  itself,  but  tho  strength  of  the  shock  away  from  the  3urfaco  is,  nevertheless, 
progressively  increasing. 

The  influence  of  tho  local  bubble  at  tho  foot  of  the  shock  is  first  evident  for  M0  =  0.76  (tho 
first  curve  after  that  labelled  0.74),  corresponding  to  stage  III  in  tho  sketches.  The  progressive 
spread  of  tho  bubble  towards  tho  trailing  edge  is  revealed  by  tho  distributions  for  subsequent 
free-stream  Mach  numbers.  The  rate  at  which  tho  pressure  at  the  trailing  edge  varies  with  Mach 
number  is  first  influoncod(first  divergence  of  trailing-edge  pressure2)  for  the  froe-stroam  Mach 
number  Just  below  M0  =  0.8,  corresponding  to  stage  V  of  the  sketches,  and  tho  bubblo  itself  spreads 
to  the  trailing  edge  immediately  after  M0  a  0,8,  corresponding  to  3tago  VI. 

The  progressive  growth  of  tho  bubblo  is  thus  a  prominent  feature,  with  the  separation  point 
fixed  to  tho  too  of  the  shock  and  tho  reattachment  point  moving  downstream  towards  the  trailing 
edge  as  tho  overall  strength  of  tho  shook  increases.  For  a  range  of  shock  strengths  beyond  that 
for  which  separation  first  occurs,  the  boundary  layer  remains  attached  to  the  surface  between  tho 
bubble  and  tho  trailing  edge;  for  tho  first  part  of  this  range,  the  boundary  layer  at  the  trailing 
edge  is  not  sufficiently  disturbed  to  influence  the  trailing-edge  pressure  or,  through  it,  the 
overall  circulation  and  loads. 

It  is  a  further  feature  of  this  flow  model  that  the  influence  on  trailing-edge  pressuro  and 
circulation  develops  rapidly  from  a  particular,  fairly  clearly  defined  stage.  If  one  considers  the 
flow  with  a  well  developed  bubble  (Fig.  ia),  one  finds?  that  a  "tongue"  of  local  supersonic  flow 
extends  along  tho  edge  of  the  bubblo  downstream  of  tho  toe  of  tho  shock.  This  tongue  is  existing 
in  a  region  in  which  pressure  is  rising  in  the  downstream  direction  and  so  the  stream  tubes  aro 
contracting.  The  contraction  offsets  the  tendency  for  the  shear  layer  to  reattach  and  delays  tho 
closure  of  tho  bubblo.  In  contrast,  a  local  subsonic  flow  with  expanding  stream  tubes  would  help 
to  promote  reattachmont,  and  for  as  long  as  tho  pressure  rise  near  the  forward  part  of  tho  bubblo 
ro-ostablished  subsonic  flow,  tho  bubblo  size  would  tend  to  bo  self- limiting.  The  self-limiting 
influence  is  removed  immediately  the  suporsonio  tongue  appoars,  and  this  in  turn  loads  to  a  snow¬ 
balling  effect1  and  a  rapid  bubble  expansion. 

Wo  thus  have  the  situation  in  which  the  rapid  divorgonoe  of  trailing-edge  pressure  - 
"significant  offoots  of  separation"  -  ooours  in  response  to  a  rapid  bubblo  growth  triggered  from 
the  toe  of  the  shook.  This  is  a  situation  which  is  not  particularly  sensitive  to  tho  thickness  or 
profile  of  tho  boundary  layer  (providod  it  is  turbulont  at  sopi  .)  and  one  in  which  tho  growth 
of  bubblo  from  tho  shook  rearwards  is  too  n.pid  to  be  strongly  oed  by  smaller  changes 

spreading  forward  from  the  trailing  odge. 

This  is  why  it  was  possible  to  roproduoo  in  wind-tunnel. tests  at  relatively  low  Reynolds 
number  tho  same  flow  developments  as  wore  obtained  in  flight  .  For  example,  the  comparison  in 
Fig.  5  shows  cloarly  a  very  similar  bubble  development  betwoon  tunnel  and  full  scale  from  shook 
strengths  that  correspond  quite  closely  (although  tho  section  shapes  differed  slightly  -  giving 
slightly  further  aft  shook  positions  in  flight). 
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Of  course,  some  scale  effects  can  occur  even  with  this  type  of  flow,  due  to  change®  in  the 
detailed  interaction  at  the  foot  of  the  shock  reflecting  in  changes  in  the  magnitude  of  the  steep 
pressure  rise  and  hence  in  the  range  of  local  upstream  Mach  numbers  for  which  subsonic  flow  is  re¬ 
established  in  the  steep  pressure  rise'.  The  repercussions  of  such  changes  are  usually  small  so 
long  as  the  overall  flow  conforms  to  this  model;  the  real  impact  of  such  changes  can  occur  in  the 
alternative  flow  model  because,  as  we  shall  see,  there  is  likely  then  to  be  an  amplifying  process 
involved. 

Some  further  analysis  at  this  stage,  of  the  manner  in  which  surface  pressures  are  affected  by 
separation  developing  according  to  the  original  model,  A  -  and  of  how  the  surface  pressures  can  be 
used  to  detect  the  essential  features  of  the  flow  -  will  help  later  in  drawing  the  contrast  between 
the  two  flow  models. 

'  pi 

The  product  Cp(l  -  Hq  )*  for  a  fixed  chordwise  station  (Pigs.  7  and  8)  varies  little  with 
free-stream  Mach  number  until  the  pressure  at  the  station  in  question  is  subjected  to  the  local 
influence  of  the  shock  wave  (as  at  point  X  of  the  upper  left  diagram  of  Fig.  7)  or  of  the 
separation  bubble  (as  at  point  X  of  the  upper  right  diagram  of  Fig.  7) •  The  curves  for  fixed 
stations  at  the  rear  of  the  chord  will  take  the  form  shown  in  the  lower  diagram  of  Fig.  8,  with  the 
first  influence  of  separation  indicated  by  the  divergent  fall  in  pressure. 

The  development  represented  in  Fig.  3,  then,  produces  the  series  of  curves  shown  in  Fig.  8  for 
fixed  stations  XI  to  X6  (indicated  on  Fig.  3) •  These  again  demonstrate  clearly  that  the  influence 
of  the  shock-induced  separation  spreads  rearwards  from  XI  to  X6  as  the  flow  develops,  reaching  the 
trailing  edge,  X6,  last.  This  is  indicated  both  by  the  locus  of  crosses,  marking  the  first 
influence  of  the  separation,  and  by  the  points  A,  B,  C,  D,  marking  a  certain  approximate  level  of 
static  pressure  in  the  disturbed  flow. 


3.  The  alternative  flow  model,  B 

The  essential  difference  between  this  model  and  model  A  is  the  inclusion  of  a  second 
separation  in  the  subsonic  flow  approaching  the  trailing  edge  (Fig.  2). 

This  second  separation  is  the  classical  subsonic,  rear,  turbulent  separation  occurring  in  the 
adverse  gradient  over  the  rear  of  the  aerofoil.  The  occurrence  and  development  of  thi3  type  of 
separation  is  known  to  depend  on  the  magnitude  of  the  pressure  gradient  approaching  the  trailing 
edge  and  on  the  boundary- layer  thickness  and  profile,  i.O.  on  the  local  pressure  gradient  and  on 
tho  upstream  history  of  the  boundary  layer.  It  is  the  upstream  history  that  is  of  the  greater 
importance  in  considering  the  occurrence  and/or  the  progressively  increasing  severity  of  the  roar 
separation  in  the  flow  developments  that  are  now  in  question  and  that  occur  a3  either  free-stream 
Mach  number  or  incidence  is  increased  (down  the  page  in  tho  schematic  representation  of  Fig.  2). 

The  downstream  pressuro  gradients  themselves  are  changing  only  slowly  through  any  particular  one  of 
the  sequences  shown,  but  tho  disturbances  to  tho  boundary- layer  thickness  and  profile  at  the  foot 
of  the  shock  are  increasing  progressively  as  the  shook  strength  increases. 

Thi3  local  shook  interaction  catalyses  the  development  of  a  rear  separation  that  was  already 
either  incipient  or  actually  present  in  the  subsonic  rear  gradionts  before  shock  waves  appeared. 

When  tho  rear  3eparati'n  occurs,  there  is  a  strong,  more  extensive  interaction  between  tho  distur¬ 
bances  at  the  foot  of  tho  shock  and  tho  rear  separation,  and  this  larger  interaction  accelerates 
and  intensifies  tho  influence  of  the  shook-induood  phenomena  on  tho  overall  flow  including  the 
circulation.  Tho  larger  interaction  is  now  sufficiently  strong  to  produce  a  modulation  to  the 
pattern  of  development  previously  described  for  the  model-A  type  of  flow.  This  applios  particularly 
to  tho  well-defined  interval  botwoon  the  f  rst  appearanoe  of  a  local  bubble  at  tho  foot  of  the 
shook  and  the  first  significant  effects  on  the  circulation  that  stem  from  changes  in  tho  pressure 
at  the  trailing  edge,  and  to  tho  connection  botweon  this  intorval  and  tho  spread  of  local  super¬ 
sonic  flow  downstream  from  the  immediate  vicinity  of  tho  stoep  pressure  rise  at  the  too  of  the 
shook. 

Tho  rear  separation  is  tho  common  feature  that  distinguishes  this  flow  model  from  model  A,  but 
it  can  appear  and  influence  tho  flow  development  in  a  variety  of  ways  that  differ  from  ono  another 
in  detail.  It  is  useful  to  take  note  of  these  differences  at  this  stage,  although  in  certain 
ovorall  rospocts  they  are  differences  only  of  dogroo,  especially,  for  e.-aaplo,  in  contrasting  the 
sensitivity  of  this  flow  model  to  scale  effoct3  with  that  of  model  A. 

The  differences  between  the  various  sequences  sketched  in  Fig,  2,  as  distinct  from  develop¬ 
ments  in  each  sequence,  are  strongly  dependent  on  the  severity  of  tho  local  pressure  gradients  in 
tho  downstream  subsonic  flow,  as  woll  as  on  the  thickness  and  profile  of  tho  boundary  lay or.* 


* 

This  applios  also  to  the  differences  botwoon  the  model  A  sequence  and  the  others. 
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Thus,  the  combination  of  downstream  gradient  and  of  boundary-layer  thickness  and  profile 
might  be  such  that  the  rear  separation  does  not  appear  until  there  is  a  bubble  at  the  foot  of  the 
shock  (variant  Bl),  that  is,  until  the  local  interaction  with  the  shock  causes  a  substantial  dis¬ 
turbance  to  the  boundary  layer  approaching  the  trailing  edge. 

With  a  somewhat  steeper  downstream  gradient  or  with  a  turbulent  boundary  layer  that  is  thicker 
as  it  approaches  the  shock  (e.g.  at  lower  unit  Reynolds  number  or  for  a  more  forward  transition 
position),  the  interaction  with  the  foot  of  the  shock  would  be  sufficient  to  develop  the  incipient 
rear  separation  before  it  produced  an  actual  shock  separation  bubble  (variant  B2) » 

For  more  severe  downstream  gradients  still  (e.g,  for  a  thicker  or  a  more  highly  loaded  aero¬ 
foil)  or  for  thicker  boundary  layers  still,  the  rear  separation  could  be  present  even  before  the 
appearance  of  shook  wavds  (variant  B3) . 

An  important  feature  of  all  three  variants  is  that  the  interaction  between  the  local  distur¬ 
bance  at  the  foot  of  the  shock  and  the  rear  separation  accelerates  the  development  of  the  whole 
shock-induced  phenomenon  as  compared  with  model  A,  In  turn,  the  forward  spread  of  the  rear 
separation  to  link  up  with  the  bubble  at  the  foot  of  the  shock,  or  with  the  foot  of  the  shock 
itself,  is  an  important  agent  in  this  acceleration;  in  this  connection  it  is  convenient,  for 
variants  B2  and  B3»  to  distinguish  between  the  cases  whero  the  link  up  is  with  a  local  separation 
that  is  alroady  present  at  tho  foot  of  the  shock,  B2a  and  B3a,  and  those  for  which  the  rear  separation 
spreads  to  tho  foot  of  the  shock  before  separation  would  otherwise  have  occurred  there,  B2b  and  B3b. 

Some  divergence  of  trailing-odge  pressure,  and  hence  influence  on  circulation  and  loads,  starts 
as  soon  as  the  rear  separation  is  present;  it  builds  up  as  the  rear  separation  spreads  forward 
under  the  influence  of  the  growing  disturbance  at  the  foot  of  the  shock.  The  link  up  between  the 
two  separations,  or  between  the  rear  separation  and  foot  of  the  shock,  leads  to  a  greatly  acceler¬ 
ated  divergence.  The  rate  of  development  of  tho  rapid  divergence  of  trailing-edge  pressure  thus 
differs  from  one  variant  to  another  and  in  particular  between  variants  B2a  and  B2b  on  the  one  hand 
and  between  B3a  and  B3b  on  the  other. 

We  are  now  in  a  position  to  compare  the  surface-pressure  distributions  observed  for  a  flow  of 
this  type  with  those  described  for  model-A  flow  in  the  preceding  section;  thi3  will  also  provide  a 
bettor  background  for  subsequent  discussions  of  the  part  now  played  by  the  spread  of  local  super¬ 
sonic  flow  downstream  from  the  toe  of  the  shook,  of  the  work  of  others  with  flow  models  falling  in 
this  general  category''0  and  of  the  nature  of  the  important  scale  effects  to  which  this  flow  model 
is  prone. 

The  family  of  uppor  surface  distributions  reproduced  in  Fig.  4  illustrates  tho  developing 
effocts  of  separation  for  a  model-B  type  flow'1  as  free-stream  Mach  number  is  increased  for  a  fixed 
angle  of  incidence.  In  tho  same  way  as  for  the  corresponding  family  for  model-A  flow  (Fig.  3),  the 
increasing  shock  strength  is  the  parameter  that  produoe3  the  occurrence  ar.d  progressive  development 
of  shock-induced  separation.  Although  the  aerofoil  (NPL  92lfi)  is  different  from  that  used  for  tho 
earlier  illustration  (NPL  9230),  the  angle  of  incidence  is  chosen  so  that  tho  increasing  shock 
strength  covers  approximately  the  same  range  of  values  and  takes  place  in  approximately  the  same 
range  of  froo-stream  Mach  numbers.  In  particular,  the  shock  first  appears  at  about  Mq  =  0.7  and 
the  separation  develops  strongly  between  Mg  =  0.74  and  0.85  as  before. 

The  Reynolds  numbers  were  the  same  for  the  two  cases,  and  transition  wa3  fixed  in  tho  same 
manner  in  the  same  ohordwiso  position,  so  that  the  thickness  of  tho  turbulent  boundary  layer 
approaching  the  shock  should  have  been  closely  similar  (there  may  have  been  small  differences  duo 
to  the  small  differences  in  tho  pressure  gradients  upstream  of  the  shock  and  in  the  shock  positions). 
The  most  relevant  difference  between  the  two  aerofoils  in  the  present  context  is  in  tho  severity  of 
the  pressuro  gradient  in  the  subsonic  flow  over  the  rear  of  the  aerofoil.  This  feature  i3  bettor 
demonstrated  by  the  low-speod  (Mg  =  0.6)  pressuro  distributions  reproduced  in  Fig. 14. 

Tho  result  of  the  significantly  more  severe  gradient  for  the  HFL  92 W  aerofoil  is  a  major 
difference  in  the  development  of  the  separated  flow,  and  this  is  shown  clearly  by  the  pressure 
distribution  over  the  rear  of  tho  aerofoil  for  I'ach  numbers  betweon  0,74  and  0.85  (Fig.  4).  In 
contrast  to  the  progressively  rearward  bulging  of  tho  curves  for  the  model-A  flow  (Fig.  3), 
reflecting  the  progressive  roarward  growth  of  tho  bubble,  the  curves  for  tho  model-B  flow  (Fig.  4) 
-llustrato  a  fan- like  development  contred  on  tho  foot  of  tho  shock.  This  reflects  tho  fact  that,  at 
a  certain  stage,  the  roar  separation  links  immediately  to  tho  foot  of  the  shock  to  give  a  flow  that 
is  completely  separated  from  shook  to  trailing  odge.  The  pressures  at  all  points  over  the  rear  of 
the  aerofoil,  including  tho  trailing  edge,  aro  influenced  right  from  tho  start  of  this  proooss,  and 
the  pressure  at  the  trailing  edge  most  strongly  of  all.  It  can  readily  be  inferred  that  this  will 
have  a  strong  bearing  on  tho  nature  of  the  trailing-odge  pressuro  divergence  and,  through  it,  on  tho 
effects  on  the  overall  circulation  and  forces. 


In  postulating  tho  modol-A  flow,  it  was,  of  course,  assumed  that  the  combination  of  downstream 
gradient  and  boundary- layer  thickness  woro  suoh  (i.o.  less  severe  than  for  Bl)  that  a  rear 
separation  would  not  'pear  before  the  rapid  rearwards  growth  of  tho  shook  bubble,  triggered  by 
events  near  the  too  of  tho  shock,  had  dominated  the  ovorall  development. 

^  It  will  bo  evident  later  that  this  is  an  examplo  of  the  B3a  variant. 
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This  is  further  illustrated  in  Figs.  9  and  10  by  the  analysis  of  the  variation  of  pressure  at 
fixed  chordwise  positions.  The  sketches  in  the  upper  part  of  Fig.  9  indicate  the  manner  in  which 
the  chordwiso  pressure  distribution  is  disturbed  by  the  occurrence  of  rear  separation:  at  the  rear, 
under  the  separated  flow  itself,  the  pressures  are  lower  than  they  otherwise  would  be,  but  further 
forwards,  just  upstream  of  the  separated  flow,  they  are  higher.  A3  the  separation  point  moves  for¬ 
ward,  e.g.  with  increase  of  ,free-stream  Mach  number  from  (a)  to  (b),  so  the  disturbance  at  points 
like  XI>.1  changes  from  an  increase  in  pressure  to  a  decrease.  Thus,  when  the  pressures  at  fixed 
points,  3^  ,  Xn_.j  ,  say,  are  plotted  against  M0  in  the  form  shown  in  the  lower  diagram,  the 
first  influence  of  rear  separation  is  seen  at  a  fall  in  pressure  at  the  extreme  rear  of  the  chord 
and  an  increase  further  forwards.  As  the  separation  spreads  and  becomes  more  severe  with 
increasing  M0  ,  the  pressures  at  the  rear,  e.g.  at  point  Xn  ,  fall  progressively;  those  at 
points  further  forward,  e.g,  at  point  X^  ,  start  to  fall  as  the  separation  point  moves  forward 
over  the  points  in  question. 

The  curves  in  Fig.  10  have  been  cross-plotted  from  the  family  of  chordwise  distributions  of 
Fig.  V.  The  upwards  divergence  (fall  in  pressure)  in  the  curve  for  the  trailing  edge,  Xg  , 
indicates  that  some  rear  separation  was  present  from  about  Mq  =  0.5  onwards,  i.e.  before  the 
appearance  of  shock  waves.  Yfe  thus  have  a  nodel-B3  flow. 

As  ii.  wa3  increased  to  0.74,  the  mild  upwards-divergence  spreads  forwards  in  turn  to  positions 
X5  and  X;f  ,  indicating  a  gradual  forward  spread  of  the  separated  flow. 

Increase  in  M0  beyond  0.74  produced  an  abrupt  change  in  which  the  separation  point  spread 
forwards  suddenly;  the  pressure  started  to  fall  at  several  positions  simultaneously,  and  the  rate 
of  fall  at  the  trailing  edge  increased  substantially. 

The  abrupt  change  in  the  pressure  variations  wa3  obviously  associated  with  a  correspondingly 
abrupt  change  in  tho  development  of  the  rear  separation  that  was  in  turn  caused  by  a  change  in  the 
disturbance  at  the  foot  of  tho  shock.  The -fact  that  shock  waves  were  already  present  for  U0=  0,72 
and  0.74  (Fig.  4),  and  not  then  noticeably  disturbing  the  previously  established  pattern  of  slow 
development  in  ths  rear  separation,  sugg03t3  that  it  was  the  occurrence  of  a  local  bubble  at  the 
foot  of  the  shock  that  triggered  tho  subsequent  abrupt  change,  and,  further,  that  in  this  change  the 
rear  separation  point  jumped  forwards  to  Hide  with  the  shock  bubble  as  postulated  for  the  model-B3a 
flow. 


Tho3o  curves  illustrate  clearly  how  the  interaction  between  the  two  separations  serves  to 
transmit  tho  effect  of  the  shook-induced  separation  immediately,  and  in  a  magnified  form,  to  the 
trailing  odge  -  in  contrast  to  the  situation  for  modol-A  flow.  In  the  process  of  transmitting  tho 
effect  of  tho  disturbance  at  the  foot  of  the  shock  to  tho  overall  circulation  about  the  aerofoil, 
tho  rear  separation  thu3  acts  both  as  a  relay  and  as  an  amplifier. 

The  amplification  would  bo  expected  to  apply  to  tho  effect  of  small  differences  in  the  3hock 
interaction  rogion,  and  this  was  well  illustrated  by  the  work  of  Little'.  Ho  studied  in  dotail  tho 
stoop  pr033uro  riso  at  tho  toe  of  the  shock  and  tho  ability  of  thi3  to  ro-ostablish  subsonic  flow 
downstream.  He  showed  that  a  throe-fold  increase  in  the  thickness  of  the  turbulent  boundary  layer 
approaching  tho  shock  too  (equivalent  to  a  proportional  decrease  in  unit  Reynolds  number  of  over 
200)  led  to  a  reduction  of  the  upstream  Mach  number  for  which  subsonic  flow  could  bo  ro-ostablished 
from  1.26  to  1.21.  By  itsolf,  (i.e.  with  model-A  flow),  such  a  chango  would  bo  expected  to  produce 
only  a  slowly  developing  offect  of  decreasing  Reynolds  number.  But  in  his  experiment  in  which  a 
roar  separation  was  also  present  (model-B3a  flow),  tha  effect  was  considerably  magnified  because 
tho  rear  separation  spread  immediately  forward  tu  the  shook  bubble  as  soon  as  tho  supersonic  tongue 
began  to  appoar  downstream  of  the  shook  too.  Here  then  is  one  particular  mode  by  which  the  relaying 
and  amplifying  processes  can  lead  to  substantial  scale  effects. 

Q 

Thomas  has  also  oxandnod  theoretically  the  naturo  of  scale  effects  that  can  exist  with  model-B 
flows.  He  postulated  tho  B2b  variant  in  which  tho  shock  modifies  tho  profile  of  tho  turbulent 
boundary  layer  at  its  foot  without  causing  it  to  separate  locally,  but  in  which  even  this  modifica¬ 
tion  leads  to  the  occurrence  anl  development  of  a  roar  separation:  the  rear  separation  point  moves 
rapidly  forward  to  tho  foot  of  the  3hock  as  tha  shook  strength  increases.  He  derived  tho  distur¬ 
bance  to  tho  boundary-layer  profile  at  tho  foot  of  the  shock  by  assuming  that  tho  pressure  rise  wa3 
tho  Sinnott  "equivalent  shock  prossuro  rise"  '  and  that  this  rise  was  spread  sufficiently  (over 
about  five  boundary- layer  thicknossos)  to  bo  troatod  by  conventional  boundary- layer  thoory. 

Gadd10  has  also  studied  experimentally  tho  process  by  which  shock  separation  links  with  that 
at  tho  trailing  edge. 


4.  Experimentally  observed  scale  effects  with  model-B  flows 

Some  of  tho  oloarost  ovidonce  of  the  really  serious  discrepancies  that  can  occur  between  wind 
tunnol  and  flight  was  presented  by  Loving11  and  tho  prossuro  distributions  shown  in  Fig.  6  are 
reproduced  from  his  paper.  Although  tho  results  of  those  moujurements  are  not  available  in 
sufficient  dot.  li  to  analyse  in  the  mannor  described  above,  it  is  a  reasonable  inference  from  the 
contrast  with  th  earlier  results  presented  in  Fig.  5  that  the  flow  was  of  nodol-B  typo  for  these 
lutor  wind-tunnel  experiments.  For  exanplo,  tho  strong  differences  that  Loving  observed  bt.waon 
t  mnol  and  flight  .ndoubtodiy  stem  from  the  p>oor  pressure  recovery  downstream  of  tho  shock  in  tho 
wind-tunnel  t.-st.-:;  the  core  forward  shook  position,  and  the  aifforor.cos  in  circulation  that  would 
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result  from  the  different  t railing-edge  pressure,  are  direct  consequences  of  this  poor  pressure 
recovery* .  Furthermore,  there  is  no  evidence  of  the  inflection  point  between  shock  and  trailing 
edge  that  is  characteristic  of  the  closed  bubble,  as. in  Fig,  3,  for  example. 

This  inference  will  be  supported  by  the  ensuing  discussion  of  a  wider  selection  of  wind-tunnel 
results,  (a)  for  aerofoils  in  a  given  range  of  unit  Reynolds  number  but  with  differences  in 
boundary- layer  thickness  at  the  shock  and  downstream  introduced  by  differences  in  fixing  transition 
upstream;  (b)  for  aerofoils  at  different  Reynolds  numbers;  and  (c)  for  a  swept  wing  at  different 
Reynolds  numbers.  These  examples  have  been  chosen  in  such  a  way  that  they  illustrate  a  variety  of 
the  problems  introduced  by  model-B  flows. 

(a)  Aerofoils  with  differences  in  fixing  transition 

The  two  widely  different  curves  of  variation  of  lift  coefficient  with  increasing  Mach  number 
shown  in  Fig.  11  were  obtained  on  the  same  aerofoil  with  different  transition  bands.  The  ohord  , 
Reynolds  number  increased  with  Mach  number  (atmospheric  stagnation  pressure)  from  1 ,3  to  2.0  x  10  , 
The  lower,  chain-dotted  curve  was  obtained  with  a  relatively  coarse  transition  band,  near  the 
leading  edge,  that  provoked  transition  at  or  very  near  the  end  of  the  band (i.e.  in  the  region  of 
chord).  The  upper,  full  curve  corresponds  to  a  finer  band,  further  back,  for  which  transition 
occurred  significantly  further  downstream,  well  beyond  the  end  of  the  band  even;  although  transition 
was  complete  upstream  of  the, shock  (at  about  mid-chord),  the  thickness  of  the  turbulent  layer 
approaohing  the  shock  would  have  been  significantly  smaller. 

The  main  feature  of  interest  in  the  curves  is  the  break. from  a  rising  coefficient  to  a  falling 
one,  at  about  MQ  =  0.7,  that  was  caused  by  the  shock-induced  separation.  The  main  difference 
between  the  curves  is  that  the  break  is  earlier  and  more  severe  for  the  thicker  boundary  layer. 

This  difference  is  a  direct  result  of  the  rear  separation  -  and,  more  specifically,  of  it3 
interaction  with  the  disturbance  at  the  shock  -  that  developed  in  the  model-B  type  flow  for  the 
thicker  boundary  layer.  The  curves  begin  to  diverge  slowly  from  one  another  before  the  break 
because  a  mild  rear  separation  began  to  form  even  before  shocks  were  present,  but  the  really  large 
differences  developed  later  as  the  local  separation  at  the  shock  increased  the  severity  of  the  rear 
separation  and  produced  an  interaction  between  the  two  separations. 

The  pressure  distributions  corresponding  to  points  A, and  B  of  Fig.  11  are  reproduced  in  Fig.  12. 
The  pressure  recovery- downstream  of  the  shock  is  noticeably  stronger  for  A  than  for  B,  and  indeed, 
there  is  an  indication  of  the  inflection  point  expected  in  the  presence  of  a  bubble  tending  to  close. 
This  comparison  is  closely  similar  to  that  shown  between  flight  and  tunnel  in  Fig.  6,  In  addition, 
it  illustrates  how  the  difference  in  trailing-edge  pressure  influences  the  pressures  on  the  lower 
surface;  the  lower  pressures  for  curve  B  are  associated  with  the  reduced  circulation  that  results 
from  the  more  severe  separation.  Reference  back  to  Fig.  5,  for  which  no  such  differences  appeared, 
serves  to  emphasise  that  such  scale  effects  as  this  were  absent  so  long  as  model  A  was  appropriate 
for  both  wind  tunnol  and  full  scale. 

An  illustration  of  the  importance  of  the  rear  pressure  gradient  in  the  development  of  model-B 
type  flows  is  provided  by  the  comparisons  in  Fig.  13.  The  two  lift  curves  of  Fig.  11  (for  the  NPL 
9240  aorofoil)  are  compared  with  a  corresponding  pair  for  a  slightly  modified  aerofoil  (NPL  9241 ). 
The  modification  and  the  nature  of  its  influence  on  the  rear  pressure  gradient  (in  the  absence  of 
shock  waves)  are  illustrated  in  Fig, 14. 

For  both  aerofoils,  the  effects  of  shook-induced  separation  were  amplified  by  the  strong 
model-B  interactions  that  oocurred  when  the  thickness  of  the  turbulent  boundaiy  layer  at  the  foot 
of  the  shock  was  increased  (by  the  change  in  transition  band).  The  difference  in  lift  coefficient 
produced  by  the  amplification  is  in  each  case  indicated  by  a  vertical  arrow  from  the  curve  for  thin 
boundaiy  layer  to  that  for  the  thick.  The  difference  in  the  length  of  the  two  arrows  ahow3  that 
the  amplification  was  much  smaller  for  the  modified  aerofoil  (NPL  9241)  than  for  the  original  one 
(NPL  9240) . 

The  influence  of  the  strong  model-B  interactions  (with  the  thicker  boundaiy  layer)  was  here 
cloarly  affected  by  some  small  change  in  the  flow,  probably  a  small  change  from  one  aerofoil  to  the 
othor  in  the  degree  to  which  the  roar  separation  had  developed  before  the  shook  appeared.  This  is 
an  indication  of  how  critically  this  type  of  scale  effoet,  as  between  wind  tunnel  and  flight,  might 
depend  on  the  precise  conditions  reproduced  in  the  wind-tunnel  experiments. 

Of  at  least  equal  importance  is  the  demonstration  that  tho  comparison  between  the  two  aerofoils 
was  completely  distorted  by  the  strong  modol-B  interactions.  Tho  small  differences  in  aorofoil 
profile  hod  practically  no  offoot  on  thu  results  wi.en  the  turbulent  boundaiy  layer  approaohing  tho 
ahock  was  reasonably  thin  (upper  two  curves),  but  a  vory  significant  effect  when  the  boundaiy  layer 
was  thick  (lower  two  curves).  The  inferonoo  of  this  is  that  completely  misleading  results  can  bo 
obtained  with  modol-B  typo  flows  even  whon  tho  object  of  tho  wind-tunnel  tests  is  restricted  to 
producing  a  qualitative  comparison  between  differo.nt  designs. 

The  results  in  Fig,  15  show  that  similar  differences  occur  for  a  shock-induced  separation 
developing  with  increasing  incidence  at  fixod  Mach  number.  The  three  different  curves  represent 
different  transition  band3.  The  ohord  Reynolds  number  was  the  same  for  tho  three  cases,  but  the 
o..*cknes3  of  tho  boundaiy  layer  approactdng  ary  given  chordwiso  position  decreased  as  the  band  was 
moved  further  aft  towards  that  position,  Tho  three  curves  are  different  even  for  the  low  values  of 
incidence  for  which  tho  flow  was  attached  beoauso  the  viscous  effeots  on  circulation  were  already 
greater  for  the  larger  bo ^.^.y- layer  thicknesses.  These  relatively  small  differences  were,  however, 
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magnified  by  interactions  that  occurred  as  the  separated  flow  developed  near  the  incidence  for 
maximum  and  beyond. 

The  pressure  distributions  for  the  three  points  a,  b,  c,  near  the.  position  of  maximum  Cjt  on 
the  respective  curves,  are  shown  in  Fig.  16a.  These  reveal  that  the  shock  that  produced  the  stall 
was  situated  at  about  30$  chord. 

For  points  b  and  c,  corresponding  to  the  intermediate  and  furthest  forward  transition  positions 
respectively,  the  3teep  pressure  rise  is  that  characteristically  associated  with  a  turbulent 
separation  at  the  toe  of  the  shock  (confirmed  by  flow  photographs  not  here  reproduced)  and  is  just 
re-establishing  subsonic  flow.  In  other  words,  a  further  increase  in  shock  strength  (i.e  of 
incidence)  would  be  expected  to  produce  a  rapidly  expanding  bubble  and  hence  rapidly  developing 
separation  effects,  as  indeed  is  confirmed  by  the  subsequent  fall  in  C^.  The  most  significant 
difference  between  these  two  curves  is  probably  the  small  difference  in  trailing-edge  pressure 
which  is  indicative  of  a  slightly  more  severe  rear  separation  for  point  o  than  for  point  b.  (The 
difference  near  the  shook  for  point  'a'  is  also  of  considerable  significance,  but  for  different 
reasons  -  see  below.) 

For  an  increase  of  incidence  to  that  corresponding  to  points  B  and  C  (Fig.  15),  the  pressure 
distributions,  Fig.  l6b,  show  how  the  more  severe  rear  separation  interacts  with  the  expanded 
bubble  at  the  foot  of  the  shock  to  magnify  the  difference  between  the  two  cases.  The  differences 
in  pressure  at  the  trailing  edge  indicate  that  the  rear  separation  for  C  i3  increased  more  in 
severity  than  is  the  one  for  B,  and  that,  as  a  result  of  the  greater  reduction  in  circulation 
associated  with  this,  the  forward  displacement'  of  the  shock1  is  greater;  the  supersonic  flow  at  the 
leading  odgo  is  in  fact  about  to  collapse  .  Tho  sequence  here,  then,  was  almost  certainly  that 
(i)  the  difference  in  the  thickness  of  the  boundary  layer  approaching  the  shock  led  to  a  small 
difference  in  the  strength  of  the  disturbance  at  tho  foot  of  the  shock;  (ii)  this  difference,  in 
turn,  led  to  an  amplified  differerce  in  the  severity  of  the  rear  separation;  (iii)  although,  even 
in  its  amplified  form,  the  difference  in  roar  separation  was  relatively  3mall,  it  produced  a  signi¬ 
ficant  difference  in  the  overall  flow  development  at  a  critical  3tage. 

For  this  example  there  i3  an  indication,  in  the  pressures  near  the  immediate  trailing  edge, 
that  some  small  degree  of  rear  separation  remained  oven  for  the  curve  B,  corresponding  to  the  inter¬ 
mediate  transition  band.  Even  this,  therefore,  might  be  subject  to  3ome  of  tho  effects  expected  for 
modol-B  type  flow. 

However,  other  and  different  difficulties  were  encountered  on  moving  the  transition  band  still 
further  aft  in  an  attempt  to  eliminate  these  effects  at  the  Roynolds  number  of  these  tests 
(1.6  x  10°).  Transition  no  longer  occurred  upstream  of  tho  separation  point  at  the  toe  of  the  3hock, 
but  immediately  downstream  in  the  separated  layer.  As  a  result,  the  3teep  pro33uro  rise  was  greater 
in  magnitude  (boo  Fig.  16a,  point  'a1  and  Fig.  16b,  point  A)  and  sufficient  to  re-establish  subsonic 
flow.  Reduced  effects  of  separation  would  then  be  oxpocted  on  this  scoro  alone,  and  it  is 
impossible  to  resolve  how  much  of  tho  difference  that  rosulted  from  tho  second  shift  of  the 
transition  band  wa3  duo  to  this,  and  how  much  to  tho  elimination  of  the  model-B  interactions. 

It  is  indeed  frequently  and  characteristically  more  difficult  to  eliminate  tho  spurious 
influence  of  modol-B  flows  in  wind-tunnel  tests  as  incidence  i3  increased  and  tho  shock  moves  for¬ 
ward  towards  the  leading  odgo.  ftitli  the  rearward  shocks  that  occur  at  low  incidences  one  i3  able  to 
offset  3ome  of  tho  effect  that  reduced  unit  Reynolds  number  has  -  in  increasing  boundary- layer 
thioknoss  -  by  allowing  the  boundary  layer  to  remain  laminar  over  more  of  the  chord;  transition  can 
be  considerably  furthor  aft  in  tho  wind  tunnel  than  at  full  scale  but  still  bo  complete  upstream  of 
tho  shock.  This  is  no  longer  possible  with  tho  forward  3hock  positions,  and  ono  is  driven  to  the 
need  for  highor  Roynolds  numbors  in  tho  wind-tunnel  tests  so  tj.at  transition  can  be  fixed  upstream 
of  tho  shook  without  provoking  a  spurious  roar  separation. 

(b)  Aerofoils  at  different  Reynolds  numbors 

Fig,  17  illustrates  tho  effect  of  increasing  Roynolds  number,  again  for  a  case  in  which  the 
shock-inducod  separation  develops  with  increasing  incidence  at  fixed  tech  number. 

Tho  curve  for  Roynolds  nunbor  =  1 .6  x  10^  was  obtained,  from  a  similar  set  of  measurements  to 
those  of  Fig.  15,  in  tho  NPL  .20  in  x  8  in  tunnel  (0.51  m  x  0.20  m)  with  a  transition  band  for  which 
transition  Wai  not  complete  upstream  of  tho  shock,  Tho  curves  for  higher  Reynolds  numbers  were 
obtained  in  a  BAC  4  ft  x  4  ft  tunnol  (l  ,22  m  x  1.22  ro);  transition  was  provoked  early  on  tho  chord 
by  disturbances  from  pressure  holes  near  tho  leading  edge. 

Those  rosults  help  to  confirm  that  low  ReynoLi3-nuabor  tests  with  transition  incompletely  fixed 
give  spuriously  favourable  lift  curves  by  comparison  with  high  Ro^nolds-numbor  results.  On  the 
other  hand,  by  comparison  with  Fig.  1 5 ,  it  can  be  deduced  that  the  effects  of  shock-inducod 
separation  are  loss  sovoro  far  tho  high  Roynolds- numb or  tests  than  they  would  spuriously  have  been  at 
low  Reynolds  number  with  transition  fixed  near  tho  leading  edge. 

Tho  difficulties  in  simulating  full-scale  flows  vary  in  severity  from  ono  part  of  tho  range  of 
Mach  number  and  incidence  to  anothor.  This  is  illustrated  by  tho  results  presented  in  Fig.  18.  Tiro 
curves  without  hatching  are  tho  loci  of  conditions,  or  boundaries,  for  which  significant  effects  of 
separation  -  dofinod  by  tho  rapid  divergence  of  truiling-edgo  pressure  -  wore  first  encountored  in 
tests  on  an  aerofoil  for  throe  different  Roynolds  numbors.  The  wind  tunnels  and  transition 
conditions  wore  tho  same  ns  those  described  above  for  tho  rosults  in  Fig.  17. 
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The  Mach  number  range  has  been  divided  into  four  parts,  starting  from  the  highest,  I,  which 
stretches  from  just  over  0,7  upwards,  and  progressing  to  IV,  which  stretohes  from  about  0,56 
downwards , 

In  range  I,  the  separation  was  induced  by  a  shock  well  back  on  the  chord  at  relatively  low 
lift  coefficients.  Even  for  the  lowest  Reynolds  number,  transition  could  be  fixed  well  back  and 
still  be  upstream  of  the  shock,  and,  moreover,  the  pressure  gradients  at  the  rear  wore  at  their 
weakest  for  the  given  design,  Model-A  flows  thus  applied  for  all  cases  and  the  effects  of  Reynolds 
number. on  the  initial  developments  of  separation  were  minimal. 

In  range  II,  with  the  shock  having  moved  further  forwards,  transition  was  incomplete  at  the 
shock  for  the  lowest  Reynolds  number.  The  initial  developments  of  separation- were  thus  postponed 
in  relation  to  the  high  Reynolds-number  results.  A  more  forward  transition  band  may  have  been 
beneficial  for  the  upper  part  of  this  range  but  not  for  the  lower  part  because  it  would  almost 
certainly  have  led  to  rear  separations  and  the  spurious  results  associated  with  model-B  flows. 

These  spurious  results  are  evident  in  range  III.  The  presence  of  rear  separation  for  lift 
coefficients  above  about  0.6  is  indicated  by  the  appropriate  hatched  line*. 

Rear,  separation  was  present  even  for  the  highest  Reynolds  numbers  in  range  IV,  and  it  is  diffi¬ 
cult  to  know  just  how  closely  the  results  for  these  would  be  representative  of  full  scale.  As  one 
moves  downwards  in  Mach  number  in  this  range,  one  approaches  the  regime  of  low-speed  stall  which 
could  involve  some  rear  separation  even  at  full  scale.  The  correct  simulation  might  therefore 
involve  the  simulation  of  the  rear  separation  itself  and  its  interaction  with  any  development  of 
local  supersonic  flow‘d  and  shock  waves  that  may  be  present  near  the  leading  edge.  As  far  as  the 

authors  know,  there  have  been  even  fewer  systematic  studios  of  scale  effects  in  this  range  of  Mich 

numbers  than  in  the  others. 

(c)  Swept  wings  at  different  Reynolds  numbers 

Relevant  results  are  available  for  a  wing  with  55°  of  3weep  for  which  the  3hock-induced 
separation  occurred  at  low  supersonic  speeds.  The  flow  was  then  similar  in  principle  to  that  for 
an  unswept  wing  or  aerofoil  at  Mach  numbers  corresponding  to  the  values  of  the  component  normal  to 
the  leading-edge  of  tho  swopt  wing.  Moro  specifically,  tests  on  the  two-dimensional  aerofoil 

corresponding  to  the  section  shape  normal  to  the  leading  edgo  of  the  3wept  wing  have  confirmed  the 

broad  similarity  botwoen  the  two  for  the  pattern  of  occurrence  of  tho  shock-induced  and  rear 
separations  that  were  present  in  the  model-B  type  flows''.  Furthermore,  none  of  the  tests  on  less 
highly  swept,  subsonic  wings  to  which  the  authors  have  had  access  ha3  revealed  any  features  that 
would  run  counter  in  a  broad  qualitative  sense  to  thoso  here  described  for  aerofoils  at  one  extremo 
and  for  the  55°  3wept  wing  at  the  other. 

The  results  shown  in  Fig.  19  were  obtained  in  the  NPL  25  in  x  20  in  tunnel  (0.63  m  x  0,51  m)  - 
the  lowest  Reynolds  number  -  and  in  the  ARA  9  ft  x  8  ft  tunnel  (2.74  m  x  2.44  m)  -  tho  two  higher 
Reynolds  numbers.  Transition  was  fixed  upstream  of  the  shock  in  all  cases, 

Tho  basic  section  was  such  that  the  adverse  gradients  in  the  dovmst  ream  flow  producod  a 
tendency  to  model-B  flows.  Thus,  for  the  lowest  Reynolds  number  (  2  x  10°),  rear  separation  was 
already  present  at  the  lowest  Mach  number  (0.9),  that  is,  before  the  appearance  of  a  shock  wave. 

For  thi3  Reynolds  number,  therefore,  one  would  expect  the  effects  of  shock-induced  separation  to  bo 
amplified  in  a  model-B3  type  of  flow.  Tho  differences  obsorved  between  tho  results  for  this 
Reynolds  number  and  those  for  the  higher  ones  confirm  this,  and  are  strikingly  similar  to  the 
differences  between  tunnel  and  full  scale  shown  for  a  subsonic  swept  wing  in  Fig,  6,  and  botwoen 
two  different  transition  positions  shown  for  a  two-dimensional  aerofoil  in  Fig.  12. 

In  all  those  cases,  the  differences  can  be  attributed  to  the  effect  of  difforoncos  in  tho 
thickness  of  tho  turbulent  boundary  layer  approaching  tho  shock. 

In  tho  present  case,  tho  detailed  form  of  tho  curve  for  the  lowest  Reynolds  number  at 
M.  =  1 .145  suggests  that  tho  rear  separation  spread  right  forward  to  tho  shock  at  an  early  stage, 
linking  either  with  a  small  bubble  (model  B3a)  or  with  the  shock  itself  (model  B3b).  Results  are 
not  available  at  close  enough  intervals  of  tech  number  to  resolve  this  difference. 

The  increase  in  Mq  from  0.90  to  1.145  produces  an  interesting  change  also  in  tho  differences 
between  tho  curves  for  the  two  higher  Reynolds  numbers  (  8  and  12  x  10°),  At  Mq  =  0.90,  a  small 
difference  in  tho  rear  separation  is  just  discernible  in  tho  pressures  near  the  trailing  edgo,  but 
thi3  difference  i3  significantly  magnified  at  M0  =  1 ,145,  indicating  tho  great  extent  to  which  the 
rear  separation  amplifies  tho  differences  in  the  degroe  of  disturbance  at  tho  foot  of  tho  shock. 


The  roar  separation  disappeared  aa  Mach  number  increased  above  a  certain  value  because  of 
favourable  changos  in  pressure  gradient  -  ai.„  hence  boundary- layer  growth  -  upstream  of  tho  shock. 

^  Of  course,  for  this  highly  swept  wing,  the  spanwiso  drift  in  the  separated  flow  itself  tonded  to 
aggravate  tho  severity  of  tho  separation,  and  the  shock  and  separation  positions  at  any  given 
spanwise  station  wore  subject  to  some  influence  from  other  parts  of  the  span. 
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The  resulting  difference  in  trailing-edge  prossure  at  M0  =  1 ,145  could  be .sufficient  to  produce  a 
significant  difference  in  circulation.  In  this  case,  however,  the  position  of  the  shock  itself  was 
not  affected.  By  the  time  the  free-stream  Mach  number  had  increased  to  1 ,35>  the  separation  was 
fully  developed  from  the  shock  to  the  trailing  edge  with  little  difference  remaining  between  the. 
two  Reynolds  numbers. 


5.  Concluding  remarks 

For  flows  that  conform  to  the  original  model  A,  the  pattern  of  development  depends  primarily 
on  changes  in  the  immediate  vicinity  of  the  shock,  and  more  on  those  in  the  external  flow  adjacent 
to  the  separating  boundary  layer  than  on  those  in  the  boundary  layer  itself.  This  applies 
particularly  to  the  rapid  rearwards  growth  of  the  shock  bubble  and  to  the  manner  in  which  the  rapid 
growth  starts  at  a  particular  stage.  It  follows,  therefore,  that  for  a  given  shock  strength,  at  a 
given  condition  of  free-stream  Mach  number  or  incidence,  the  whole  shock-induced  phenomenon  is 
relatively  insensitive  to  3cale  effects,  and  to  differences  in  boundary-layer  thickness  or  profile, 
provided  the  boundary  layer  is  turbulent  at  the  separation  point.  The  full-scale  pattern  of 
development  can  thus  bo  fairly  readily  simulated  in  wind-tunnel  test3. 

For  model-B  flows,  on  the  other  hand,  the  rear  separation  -  already  present  or  incipient  when 
the  shook  and  the  separation  at  the  foot  of  the  shock  appear  -  modulates  the  rate  and  magnitude  of 
the  development,  and  in  maiy  oases  dominates  it. 

The  rear  separation  at  first  increases  rapidly  in  severity  as  the  disturbance  at  the  foot  of 
the  shock  increases,  and  then  links  up  with  this  disturbance  to  modify  it  directly.  This  inter¬ 
action  between  the  two  separations  produco3  a  significant  amplification  of  the  effects  of  the 
disturbance  at  the  foot  of  the  shock.  The  amplification  applies  in  a  broad  sense  to  the  pattern  of 
development  with  increasing  Mach  number  or  incidence  for  a  given  upstream  boundary  layer,  and  in  a 
more  specific  sense  to  the  differences  that  are  introduced  by  differences  in  the  upstream  layer  for 
a  given  Mach  number  or  incidence.  In  the  broad  sense,  the  repercussions  on  the  circulation  about 
the  aerofoil  or  wing  appear  earlier  than  they  otherwise  would,  and  in  a  magnified  form.  In  the 
specific  sense,  small  changes  in  the  disturbance  at  the  foot  of  the  shock,,  resulting  from  differ¬ 
ences  in  the  thickness  or  profile  of  the  boundary  layer  approaching  the  shock,  assumo  much  greater 
significance  than  they  otherwise  would.  It  is  the  amplification  of  the  effects  of  such  changes 
that,  it  is  postulated,  dead3  to  the  greatly  increased  sensitivity  to  scale  effects  and  to  the 
increased  difficulty  in  achieving  correct  simulation  in  wind-tunnel  tosts. 

Recent  evidence  confirms  that  a  boundary  layer  that  is  laminar  as  it  approaches  the  shock  lead3 
to  an  interaction  that  ca..not  be  relied  upon  to  reproduce  full-3cale  conditions^.  The  example  shown 
in  Fig.  20,  from  some  current  tosts,  is  typical  of  the  spuriously  favourable  effects  that  are 
produced  when  the  boundary  layer  is  on  tho  point  of  transition  at  the  separation  point. 

The  prime  requirement  for  corroct  simulation  thus  remains  a  boundary  layer  that  is  turbulent 
at  the  point  of  interaction  with  the  shock.  It  is  now  also  clear,  however,  that  there  i3  a  further 
requirement  of  almost  equal  importance  and  gonorality:  this  turbulent  layer  mu3t  bo  of  a  thioknoss 
that  is  not  30  magnified  in  relation  to  full  scale  (and  must  have  a  profile  that  is  not  so  distorted) 
that  aftor  interaction  with  tho  shock  it  will  provoke  a  rear  separation  that  would  not  bo  present  at 
full  scale,  or  will  increaso  significantly  tho  severity  of  such  rear  separation  as  might  bo  presont 
at  full  scale. 

To  achiovo  thi3  second  requirement  for  the  cases  in  which  rear  separation  would  not  be  prosent 
at  full  ooalo,  i.o.  modol-A  would  apply  at  full  scale,  tunnel  Reynolds  number  should  be  high  onough 
for  transition  to  occur  naturally  at  an  appropriate  point  or  at  least  high  enough  for  transition  to 
bo  provokod  artificially  with  a  minimal  disturbance.  Transition  has  to  be  complete  upstroam  of  tho 
shock  but  it  nood  not  bo  as  far  forward  a3  it  would  bo  in  full  scale.  The  difference  in  transition 
position  can  thU3  bo  used  to  offset  tho  effect  of  tho  reduced  Roynolds  number  of  the  wind-tunnel 
tosts.  Moreover,  for  many  ca30s,  tho  rolative  thickness  of  tho  turbulent  layer  approaching  tho 
shock  could  bo  groator  than  for  full  scale  without  provoking  tho  offending  rear  separation. 

Tho  difficulties  of  achieving  oithor  of  those  alternatives  will  tend  to  inoroaso  with  a  number 
of  factors. 

First,  a3  attention  moves  from  oruiso  lift  coefficients  with  shock  waves  that  are  well  aft  on 
tho  chord  to  Ughor  lift  coefficients  and  lowor  Mach  numbors  for  which  the  shocks  approach  tho 
leading  edge,  so  tho  range  of  difference  in  transition  position  that  is  available  for  compensating 
tho  offooto  of  roduced  Roynolds  number  booomos  smaller  and  smaller. 

Secondly,  tho  samo  increaso  in  lift  coefficient  will  increase  the  pressure  gradients  in  the 
downstream  flow  and  honco  reduce  the  margin  of  boundary-layer  thickness  for  which  roar  separation 
can  be  avoided. 

Finally,  tho  current  trends  in  design  towards  ultimate  limits  of  acceptable  adverse  pressure 
gradient  are  reducing  tho  margin  of  boundary- layor  thickness  for  which  tho  spurious  rear  separations 
can  bo  avoided  ovon  at  oruiso  lift  oooffioionts. 

If  one  turns  now  to  tho  caso3  for  which  somo  rear  separation  is  present  oven  at  full  scale 
(i.e.  modol-B  flow  applies  at  full  scale),  tho  simulation  of  tho  full-scale  pattern  for  tho 
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development  of  shock-induced  separation  would  appear  to  present  formidable  problems.  There  mi^it, 
for  example,  bs  no  real  alternative  to  reproducing  the  actual  boundary- layer  thickness  at  the  foot 
of  the  shock  and  hence  to  a  close  approach  tc  full-scale  Reynolds  numbers^  This  is  tantamount  to 
suggesting  that  higher  Reynolds  numbers  will  be  necessary-  than  those  that  are  used  to  give 
realistic  values  of  max  in  the  low-speed  stall  for  which  rear  separations,  in  the  form  of  rear 
stall,  are  very  frequently  inherent.  The  underlying  justification  for  such  a  suggestion  is  that 
the  shock-induced  separation  upstream  of  the  rear  separation  introduces  a  critical  factor  that  is 
not  always  present  in  the  low-speed  stall,-  The  scale  effects  are  larger  as  a  result  and  may  not 
decrease  to  negligible  proportions  until  the  higher  Reynolds  number  is  reached. 

Ibr  such  cases,  and  also  for  the  cases  where  it  was  suggested  that  there  would  he  no  margin  of 
boundary- layor  thickness  (relax ivo  to  wing  chord)  above  the  full-scale  value  for  which  rear 
separation  could  be  avoided,  soae  further  systematic  theoretical  investigations  of  the  type  made  by 
Thomas*5  would  be  a  valuable  complement  to  the  additional  experimental  work  that  is  clearly 
deoirablo.  Such  investigations  could,  for  example,  be  based  on  a  flow  model  in  which  the  turbulent 
boundary-layer  growth  up  to  rear  separation  could  be  studied  in  the  presence  of  representative 
pressure  gradients,  with  a  rapid  gradient  representing  the  shook  superimposed  on  the  mow  gradual 
adverse  gradient.  Boundary- layer  thickness,  Reynolds  number  and  pressure  gradient  could  bo  varied 
parametrically.  It  is  difficult  to  envisage  that  the  precise  nature  of  the  disturbance  at  the  foot 
of  the  shock  could  be  introduced  theoretically,  especially  since  this  usually  involves  a  separation 
bubble  that  is  critically  influenced  by  the  form  of  the  compression  from  supersonic  to  subsonic 
flow,  but  the  effect  of  the  disturbance  could  probably  be  simulated  by  a  variable  disturbance  to 
boundary- layer  thickness  and  profile. 

In  tho  meantime,  the  evidence  available  to  the  authors  is  inconclusive  as  to  what  value  of 
chord  Reynolds  number  may  ultimately  have  to  be  used  to  eliminate  the  scale  effects  of  the  type  now 
being  encountered.  But -this  could  well  be  at  least  of  an  order  of  magnitude  greater  than  the  value 
of  about  1.5  to  2  x  10°  that  was  acceptable  when  the  original  flow  model  was  applicable  for  all 
conditions. 
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FIG  II  INFLUENCE  OF  BOUNDARY-LAYER  THICKNESS  ON  EFFECT  OF  SHOCK-INDUCED  SEPARATION 


OF  TURBULENT  BOUNDARY  LAYERS  FOR  MODEL  B-TYPE  DEVELOPMENT  (  NPL  924  0  AT 
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FIG.  13  SCALE  EFFECTS*  (INFLUENCE  OF  THICK  BOUNDARY  LAYERS)  MAGNIFIED  BY  SMALL  CHANGES 
IN  AEROFOIL  SH APE  ,  OR ,  CONVE R SELV  ,  EFFECT 5  OF  AEROFOIL  SHAPE  MAGNIFIED  BY 

SCALE  EFFECTS  (MODEL  B  -  TYPE  FLOW  ) 


npl  mjo 

FIG.M  AEROFOIL  SHAPES  AHO  10V-SPEE0  (H#-  0  6)  PRESSURE  DISTRIBUTIONS 
(U»»»r  wtlict  e*l j) 


F,G  17  EFFECTS  OF  REYNOLDS  NUMBER  ON  A  SHOCK -INDUCED  STALL  FK3.I8  8QUNDAR1ES  FOR  SIGNIFICANT  EFFECTS  OF  SEPARATION  ,  SHOWING  HOW 

(NPL  31)1  AEROFOIL  AT  Mo-0-66)  THE  INFLUENCE  OF  REYNOLDS  NUMBER  VARIES  THROUGHOUT  THE 

Cl-M0  PLANE  (NPL  3HI  AEROFOIL) 
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(Mors  rearward  shock  position  and  greater  circulation  at  Mo“0*725) 
Obtained  when  transition  is  incomplete  at  the  shock; 

NPL  5201  aerofoil;  a  ■*  5°;  R«  1*7x10^;  pressure  distributions 


The  Prediction  of  Aerofoil  Prefigure  Distributions 
for  Sub-Critical  Vlaoou3  Plows 

ty 

R.C,  Look,  Aerodynanias  Division,  National  Physical  Laboratory 
B.J.  Powell,  Kingston  College  of  Technology 

CJlL.  Soils,  Aerodynamics  Department,  Eoyal  Aircraft  Establishment 
and  P.G*  Wilby,  Aerodynaaios  Division,  National  Physio  cl  Laboratory. 


Sl’ttTTTAry 


The  paper  y.insnariae&  reoent  advances  in  practical  methods  for  predicting  pressure  distributions 
on  aerofoils  in  two-dimensional  sub -critical  flows.  First,  a  finite  differenoe  method  is  described 
for  solving  numerically  the  full  equations  of  notion  for  compressible  flow,  starting  with  a  con¬ 
formal  mapping  of  the  region  exterior  to  the  aerofoil  onto  the  inside  of  a  circle.  Next,  it  is  shown 
how  standard  second  order  theory  can  be  modified  and  extended  to  provide  a  rapid  approximate  method 
whioh  gives  adequate  aocuracy  for  most  aerofoils  up  to  the  critical  Maoh  number)  several  comparisons 
with  exact  theory  are  given.  Finally,  an  iterative  method  is  described  for  estimating  the  effect  of 
viscosity,  calculating  successively  the  displacement  effeot  of  the  boundary  layer  and  wake  on  the 
aerofoil  pressure  distribution,  and  the  development  of  the  boundary  layer  under  a  given  external 
pressure  distribution)  several  comparisons  are  given  with  reoent  experimental  results. 
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1,  Introduction 

in  essential  item  in  the  equipment  of  an  aircraft  designer  or  project  engineer  is  the  capability 
of  predicting  accurately  the  pressure  distribution  on  an  aerofoil  in  a  real  compressible  visoous 
flow}  the  information  is  needed  for  example  in  the  estimation  of  drag-rise  Maoh  number  or  the  cal¬ 
culation  of  profile  drag  -  in  either  case  at  a  given  value  of  the  lift  ooeffioient  or  inoidenoe. 

Now  it  is  clear  that  in  practice  the  development  of  the  flow  field  about  an  aerofoil  is  cruoially 
dependent  on  two  effects,  compressibility  and  visooaityf  and  this  faot  has  made  the  problem  a 
difficult  one  to  solve  satisfactorily,  even  for  sub-critical  flow.  In  the  past  it  has  been  neoessaiy 
to  rely  on  a  variety  of  approximate  or  empirical  methods  for  the  invisoid  part  oi  the  problem,  all 
of  doubtful  validity  anial though  the  general  principles  whereby  the  influence  of  viscosity  oan  he 
obtained,  through  the  displacement  e.feot  of  the  boundary  layer  and  wake,  have  been  known  for  some 
time  (see  e.g.  Ref.  1l),  it  has  not  previously  proved  feasible  to  incorporate  these  efficiently  into 
a  practical  calculation  method. 

In  the  past  few  years  important  developments  in  invisoid  theory  have  been  made  by  Sells^  and 
Nieuwland  ,  using  advanoed  numerical  methods  in  oon junction  with  the  full  equations  of  motion  for  a 
perfect  gas}  and  these  have  at  last  enabled  us  to  break  the  vicious  oirole  that  has  previously 
bedevilled  the  problem,  by  removing  the  empiricism  from  one  half  of  it.  It  has  thus  beoome  possible 
to  effect  a  major  improvement  in  aoouraoy  in  a  rapid  approximate  theory  for  invisoid  flow,  using  the 
’exact’  numerical  methods  as  a  oheok}  and  then  to  incorporate  this  method  into  an  iterative  procedure 
for  oaloulating  the  effect  o*  the  boundary  layer  on  the  pressure  distribution,  by  applying  the 
prinoiple  mentioned  above  in  conjunction  with  an  appropriate  oaloulation  method  for  laminar  and 
turbulent  boundary  layers. 

The  purpose  of  the  present  paper  is  to  giv8  a  survey  of  the  developments  mentioned  in  the 
.previous  paragraph.  First,  a  brief  acoount  is  given  of  the  principles  used  in  the  ’exaot*  method  of 
Eef.  1  for  the  invisoid  problem.  In  the  next  section  it  is  shown  how  standard  second  order  theory 
oan  bo  modified  and  extended  to  give  acceptable  aoouraoy  for  most  aerofoil  shapes  up  to  the  critical 
Mach  number,  and  a  number  of  comparisons  with  exaot  results  are  given.  In  the  final  section  we 
describe  a  method  for  estimating  the  major  effects  of  the  boundary  layer,  and  conclude  with  comparisons 
with  experimental  results  for  two  aerofoils  over  a  range  of  Maoh  number  and  inoidenoe. 


2.  Numerical  method  for  the  solution  of  the  full  equations  of  motion  for  invisoid  compressible  flow 


The  method,  which  is  desoribed  in  detail  in  Ref.  1 ,  depends  on  the  existenoe  of  a  oonformal 
mapping  of  the  aerofoil  and  its  exterior  in  the  z  plane  onto  the  unit  oirole  and  its  interior  in 
the  cr  plane}  we  will  assume  that  such  a  mapping  has  been  done,  numerically  or  analytioally.  Then 
plane  polar  coordinates  (r,  6)  are  set  up  in  the  oirole  (or)  plane  and  a  uniform  grid  in  these 
variables  is  used  as  a  computing  grid  (see  sketch  (a))}  this  has  the  advantage  that  in  the  physical 
(z)  plane  the  grid  is  refined  near  the  nose  and  tail,  where  flow  variations  are  greatest  (see 
sketoh  (b)). 


Skotoh  (a)i 
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Grid  in  the  phvsioal  (z)  plane 
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The  equations  to  be  solved  are: 
the  equation  of  continuity 
the  equation  of  isrctational  flow 


dii‘  (pa)  =  0  » 

ourl  =  0  , 


and  Bernoulli!  *s  equation  for  isentropic  flow,  written  in  the  form 

Y-1  1 

_£ - +  *q*  - - 

(r-i)Mi  (r-i)Mi 


+  i  * 


...  (2.1) 
...  (2.2) 

...  (2.3) 


where  p 

ia 

the 

ia 

the 

4. 

ia 

the 

and  Y 

is 

the 

Taking 

PI 

and 

V 

Bemouilli's  equation  (2.3)  can  be  re-written  in  the  universal  form  (independent  of  Maoh  number) 

F  =  v2(1-vy'_1)  .  ...  (2,4) 

where  F  =  £(y-1)  f,/(pa,ao*)  ♦ 

The  continuity  equation  (2.1 )  admits  the  introduction  of  a  stream  function  +»  suoh  that 

1  df 


1  a+ 

ph,  30  ®  phi  dr 


where  u  ,  u0  are  the  velooity  oomponents  in  the  physioal  plane  normal  to  the  curves  corresponding 
to  r  =  constant,  0  =  oonstant  respectively  in  the  cr  plane  (see  sketohes  (a)  and  (b)),  and  h, , 
h,  are  the  curvilinear  metrics,  given  by  h(  =  B 

h,  =  rB 

and  B  =  |||! 

The  equation  of  irrotational  flow  (2.2)  oan  then  be  written  in  the  form 

a  /  r  at  \  a  /  1  at 


o/rofv  o  /  1  °»  \  ^ 

dr  \  p  dr  /  30  \  rp  36  / 


rp 

Finally,  the  mass  flow  f  is  related  to  the  stream  function  by 

1 

*  J? 


1  r  1  /  »♦  \  /  dt  x1  f 
B  l  r1  (  ae  /  +  (  dr  /  J 


..  (2.5) 


..  (2.6) 


Before  the  fundamental  system  of  equations  (2.4) >  (2.5)  and  (2.6)  oan  be  solved  numerically,  it 
is  necessary  to  oonsider  the  singular  behaviour  of  the  stream  function  at  the  oentre  of  the  basio 
circle  in  the  <r  plane,  corresponding  to  the  *point  at  infinity*  in  the  physioal  (z)  plane. 

It  oan  be  shown  (see  Hef.  l)  that  near  r  =  0 

1 

t  ~  —  sin  (0+«)  +  Bln  r  -  -jr  B  In  [l-M&  ain*  (9+a)]  +  p  +  0(r)  ...  (2.7) 

r 


and  that 


p  ~  1 


U&  B  sin  (6+a) 
1-M»  sin*  (0+a) 


r  +  0(r*)  j 


...  (2.8) 


here  a  is  the  angle  of  inoidenoe  of  the  aerofoil  and  E  and  p  are  oonstants,  to  be  determined 
as  port  of.  the  solution.  It  is  seen  that  the  stream  function  has  two  singularities  at  the  oentre  of 
the  oirol8|  the  first,  of  dipole  type,  corresponding  to  the  undisturbed  stream  in  the  physioal 
plane,  and  the  second,  of  vortex  type,  due  to  the  oiroulation  round  the  aerofoil.  The  constant 
E  is  in  faot  direotly  related  to  the  oiroulation  f,  by  the  equation 


r 


2?c  B 

VfiTdS 7 


...  (2.9) 


and  is  determined  by  satisfying  the  Kutta  oondition  of  zero  velooity  at  the  trailing  edge  of  the  aerofoil 
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la  order  to  arrive  at  a  numerically  regular  problem,  the  two  singular  terse  have  to  be 
subtracted  from  giving  a  modified  streas  function 

1 

x(r,6)  =  y  +  -  sin  (6+a)  -  B  In  r  . 


(2.10) 


which  is  finite  everywhere  but  whose  value  at  r  =  0  depends  on  the  angle 


6t 


y(0,e)  =  -  £  £  la  [l-M&  sin*  (6+a)]  +  /S  ...  (2.11 ) 


The  corresponding  boundary  condition  on  r  =  1  /  derived  from  the  oondition  f  =  0>  is 

*(l,6)  m  sin  (8+a)  (2.12) 


The  two  equations  (2.5)  and  (2.6)  involving  f  are  written  in  terns  of  Xt  and  all  partial 
derivatives  ooourring  in  these  equations  are  replaced  by  oentral  differences  on  the  uniform 
(r,Q)  mesh  in  the  <r  plane  (see  sketch  (a))}  the  truncation  errors  are  thue  of  second  order  in 
mesh  size.  There  are  four  basio  unknowns  to  be  determined*  the  stream  function  +(r,0)  (or  the 
modified  x)t  the  density  ratio  p(r,Q)  j  the  oiroulation  parameter  Ej  and  the  parameter  J9« 

The  solution  proceeds  iteratively,  starting  with  the  basic  elliptic  partial  differential 
equation  (2.5)  (written  in  terms  of  x) »  together  with  the  boundary  conditions  (2*11 )  and  (2.12). 

The  resulting  difference  equations  are  soved  by  Hook  Gauss-Seidel  iteration  (see  Bef*  1  for 
details).  Next,  the  Kutta  oondition  is  used  to  ooloulate  the  parameter  Ef  and  Ihe  seoond 
parameter  /?  is  determined  by  means  of  Kelvin’s  oiroulation  theorem,  thus  ensuring  that  the  circula¬ 
tion  round  any  basio  oirouit,  corresponding  to  r  =  oonstant  in  the  o'  plane,  really  is  T. 
finally,  the  density  p  is  found  from  equations  (2.6)  and  (2*4)}  and  the  whole  prooess  is  repeated 
until  convergence  is  obtained. 

The  criterion  used  for  oonvergenoe  is  the  density  ratio  pj  since  it  ohanges  rapidly  when  the 
loaal  Maoh  number  M  approaches  unity,  hut  only  slowly  when  M  is  small,  this  test  is  coarse  for 
near-inoompressible  flows  but  is  delicate  for  near-critical  flows.  When  M  exceeds  about  0.8  it 
is  neoessaiy  to  employ  under-relaxation  in  the  iterative  matrix  solution  for  the  modified  stream 
function  y.  If  a  superoritioal  oase  is  attempted,  the  under-relaxation  factor  (whioh  is  auto¬ 
matically  modified  in  the  program)  decreases  rapidly,  and  when  it  is  less  than  1/16  the  computation 
stops.  With  under-relaxation  factor  of  l/l6  solutions  with  looal  Maoh  numbers  of  0.98  to  0.99  are 
attainable. 

In  a  problem  of  this  nature,  with  no  exaot  solutions  available  for  comparison,  it  is  diffioult 
to  arrive  at  a  preoise  estimate  of  the  aoouraoy  to  be  expected.  Prom  various  internal  oheoks  that 
have  been  applied  it  appears  that  with  the  mesh  size  oomnonly  UBOd  (10  elements  in  the  r  direotion, 
60  in  the  0  direotion)  the  error  should  not  exceed  1$  in  perturbation  velooity,  and  in  most  oases 
should  be  considerably  lessf  though  it  must  be  stressed  that  the  aoouraoy  of  the  oompressible 
oaloulation  is  vitally  dependent  on  extreme  aoouraoy  in  the  initial  conformal  transformation. 

A  useful  independent  oheok  is  also  provided, by  a  comparison  with  the  third  order  solution  for  an 
ellipse  at  zero  incidence,  obtained  by  Hantzsohe-5}  this  is  given  in  the  table  below  (see  also  Pig.  l) 

Table  I 


Maximum  velooity  on  ellipses  at  zero  inoidenoe 
a)  t/o  =  0.10 


Mo. 

Numerical  method 
(Sells) 

3rd  order 
(Hantzsohe) 

Approximate  method 
(Wilby  i  equation  3*2) 

0.4 

1.1111 

1.1104 

1.1100 

■Sfl 

1.1178 

1.1176 

1.1292 

1.1297 

1.1494 

1.1511 

KJ 

1.2006 

masm 

1.1990 
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b)  t/o  «  0,20 


lb* 

Numerical  method 

3rd  order 

Approximate  method 

0.4 

1.2239 

1.2235 

1.2220 

0.5 

1.2405 

1.2410 

1 .2398 

0.6 

1.2691 

i.2706 

1.2710 

0.7 

1.3324 

1.3280 

1.3338 

It  is  dear  that  the  agreement  between  the  present  numerical  method  and  third  order  theory  is 
excellent  except  at  the  highest  Maoh  number  in  each  oase,  when  (since  the  maximum  looal  Mach 
number  is  about  0,98)  even  the  third  order  expansion  would  not  be  expected  to  be  sufficiently 
ao curate* 

Further  examples  obtained  by  the  numerical  method  will  be  given  later  in  oonneotion  with  the 
approximate  method  to  be  described  in  the  next  section* 

3*  Development  of  a  new  approximate  method  for  imvisold  flow 

The  basio  two-dimensional  invisoid  problem  oan  be  solved  numerically  (for  suboritioal  flow)  to 
a  high  degree  of  aoouraoy  by  the  method  described  in  the  preceding  section.  For  practical  application, 
however,  particularly  to  aerofoils  in  a  real  viscous  flow  or  with  a  view  to  possible  extensions  to 
three-dimensional  wings,  it  is  still  essential  that  an  adequate  rapid  approximate  method  should  bo 
available^  and  the  advent  of  ’exact'  numerical  solutions  has  revealed  that  no  existing  method  is  of 
suffioient  aoouraoy  for  this  purpose.  It  is  therefore  necessary  to  adapt  and  extend  the  existing 
seoond-ordor  ’small  disturbance’  theory,  using  the  exact  solutions  as  a  guide. 

We  start  from  the  standard  aeoond  order  solution  for  the  velooity  on  an  aerofoil  in  compressible 
flow,  due  to  Van  Dyke^  or  Gretler5,  whioh  may  be  written  in  the  form  (valid  away  from  the  leading 
edge) 

q  =  1  +  u<//3  +  £  (K~l)  uf  +  K  (ua  +  YY"  +  $  Y’2)  ...  (3.1) 


Here 


Sketoh  (o) 


Km  is  the  free  stream  Maoh  number, 

p  = 


Y  is  the  looal  aerofoil  ordinate  (seesketoh  (o)) 


Y*,Y"  are  itB  first  and  seoond  derivatives  with  respeot  to  x 
and  ut,  u*  are  respectively  the  first  and  seoond  order  valooity  perturbations  in  the  x  direction 
on  y  =  0  for  incompressible  flow.  These  oan  be  expressed  in  terms  of  the  basio  integrals* 


S*1*  <  f (x)  > 


1  f1 
*1 


a? 


♦Using  the  notation  of  Weber  (sea  o.g.  Bef.  7,  Fp  48-47) 
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and 


...  , .  1  F*  r1  n  *'& 

s(4)  <  £(x )  >  =  -  /  —  /  —  - —  a?  , 

n  v  i  I  v  1-5  x-5 


ao  follows  (alternative  signs  denote  values  on  the  upper  and  lower  surfaces  respectively)!  - 


u,  =  u,t  t 

where 

u«t  =  sC°  <Yt  > 

find 

rra 

Uj-  =  a  / - +  3<4)  <  Y  >  i 

1  V  x  0 

and 

U,  =  Uj^  ±  u2l 

where 

U,t  =  -  ?  a1  +  <  u,t  Yt  + 

and 

u2l  =  <uH  Yq  +u1;L  Tt  > 

here  Y  .  and  Y  are  respectively  the  half-thickness  and  o amber  ordinates  of  the  aerofoil  (see 
sketoh  (5)). 

The  values  for  the  maximum  velocity  on  ellipses  at  zero  incidence,  predicted  by  equation  (3.1 )» 
are  shown  in  Fig,  1  where  they  are  compared  with  the  exaot  results  of  Sells’'  and  with  the  third 
order  theory  of  Hantzsohe-'j  it  is  olear  that  second  order  theory  is  inadequate  for  near^crltical 
oonditions  and  that  some  allowance  must  be  made  for  higher  order  effeotB.  It  was  pointed  out  by 
Wilby®  that  a  good  approximation  to  these  effects  could  be  obtained  empirically  by  replaoing  the 
terms 


*i/p  +  ?  (K-l)  u,a 


by  the  expression 


u,/B  ...  (3.2) 

1 

where  B  =  { 1-Mi  (l-M*  0^)1* 

and  C  .  is  the  local  incompressible  pressure  ooeffioient*  Corresponding  values  of  the  velocity 
ratio  ^  q  are  given  in  Table  I  (p.3)  and  shown  in  Fig.  1 ,  and  are  seen  to  agree  closely  (to  better 
than  \%  on  perturbation  velooity)  with  the  nominally  exact  values  obtained  by  Sella1  method. 

For  Ihe  ellipse  at  zero  inoidenoe  at  the  maximum  thiokness  position,  the  remaining  seoond 
order  terms  in  equation  (3*1 )  are  identically  zero.  In  other  oases,  partAoulary  when  lifting 
effeotB  are  to  be  included,  these  terms  must  be  retained.  For  the  present  the  faotor  X  whioh 
multiplies  them  is  left  unaltered,  giving 


q  =  1  +  u,/B  +  K  (u„  +  YY"  +  £  Y**) 


...  (3.3) 


where  B  is  now  defined  using  the  looal  value  of 


Pi 


derived  at  the  sane  inoidenoe. 


In  order  to  make  this  expression  uniformly  valid  at  the  leading  edge,  we  write  it  in  the  form 


q  =  1  +  u,/B  +  K  (u„*  -  *Y»*)  ...  (3.0 

d 

where  u2*  =  u,  +  —  (YY1)  . 

dx 

Here  u,*  behaves  like  u,  at  the  leading  edgej  it  is  finite  for  symmetrical  oases  and  0(x“^) 
in  lifting  oases.  Equation  (3.4)  at  onoe  suggests  the  equivalent  uniformly  valid  approximation 


q  = 


In  this  expression  the  denominator  is 


1  +■  u,/B  +  K  u»* 


(1+X  Y«*)* 

similar  to  the  Eiegola  faotor  used  in  inoompressible 


...  (3.5a) 
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flow;  the  multiplier  K  uhloh  now  appears  is  an  essential  feature  of  the  present  method,  since  it 
provides  the  neoessoiy  distortion  of  the  shape  of  the  pressure  distribution  near  the  leading  edge  a3 
the  Mach  number  increases.  It  has  been  found  from  experience  that  in  lifting  oases  slightly  greater 
aoouraoy  near  the  leading  edge  on  the  upper  surface  can  he  obtained  b y  replaoing  K  in  the  denominator 
by  B"*  (which  is  of  the  some  order  of  magnitude}  see  Ref.  6),  leading  to 

1  +  u,/B  +  Ku,* 

q  = 

a  similar  replacement  has  also  bean  tried  in  the  numerator,  but  the  differences  produced  are  trivial  in 
most  oases. 


...  (3.5b) 


The  incompressible  seoond-order  velocity  perturbation  us*  contains  a  number  of  terms}  but  in 
oases  whore 


a)  the  thickness  form  (particulary  near  the  loading  edge)  does  not  differ  too  much  from  an 
elliptical  shape  -  and  this  is  true  of  most  ’standard*  thickness  distributions 


and  b)  the  curvature  of  the  camber  line  is  everywhere  very  small  (or  zero), 
then  all  but  one  of  thess  terms  (the  one  due  to  the  interaction  between  thickness  and  incidence) 
may  be  safely  neglected,  leading  to  a  simplified  version _of  the, basic  formulae  which  may  be  written 

1  +  -  [S<’>  ±  S*4)] 

B 

q  - - - r-~ “£ - J -  (3.5o) 


_ _ _ _ Du! 

a  rt^E  S<3> 

±  -  I  —  1  + 

BV  x 


-  i  «*/b* 


(1  +  T  «Vb*)* 


the  functions  and  are  as  defined  in  Ref.  7  (p.47),  and  the  alternative  signs 

refer  as  usual  to  the  upper  and  lower  surfaces  respectively.  This  simplified  formula  has  been  used 
in  the  theory  for  visoous  flows  whioh  follows  in  section  4. 


In  all  cases  the  pressure  ooeffioient 
of  the  standard  isentropio  flow  relation 


C 

P 


is  finally  oalouiated  from  the  velocity 


q  by  means 


Y 

+  I  (Y-1)  Mi  (1-q*)]  Y-1  -  1 


} 


...  (3.6) 


In  Figs.  2  to  7  some  comparisons  are  made  between  the  approximate  theory  desoribed  above  and 
the  exact  numerloal  results  of  Sells  (Ref.  1,  see  section  2  of  the  present  paper)  and  Nieuwland2} 
some  other  approximate  theoretical  results  are  also  inoluded. 


First,  some  further  examples  are  given  for  ellipses.  Fig.  2  shows  the  overall  pressure  distri¬ 
bution  for  t/o  =  0.2,  o=0,  M»  =  0.7  (near  the  oritioal value).  The  superiority  of  the  present 
method  near  the  maximum  thiokni'i  a  position  is  oavErmed)  further  forward  the  distortion  of  the  shape 
of  the  pressure  ourve  due  to  compressibility  is  still  slightly  underestimated  (30  that  the  looal 
velocities  are  overestimated),  but  the  errors  remain  small.  The  next  two  figures  (3  and  4)  refer  to 
an  ellipse  with  t/o  =  0.15,  Mt»  =  0.68  at  incidence  a  =  2°,  with  the  roar  stagnation  point  fixed 
artificially  at  the  trailing  edge.  In  this  oase  the  load  distribution  (Fig.  3)  is  well  predicted 
by  the  present  method,  as  is  the  overall  pressure  distribution  (Fig.  4)}  but  the  velocities 
on  the  upper  surfaoe  just  aft  of  the  leading  edge  (near  the  peak  suction  position)  are  again  slightly 
overestimated  just  as  at  zero  incidence  (of.  Fig.  2). 


The  romaining 

gig.  5 
M&xJ. 

SL&LL 


examples  refer  to  praotioal  aerofoil  shapes,  as 

fol^wsi  ^ 

Vm 

RAE  101  (unoaabered) 

.10  2° 

.655 

NFL  3111  (oambered) 

,14  1.2° 

.667 

Quasi-elliptio  (Ref.  2  -  negligible  camber) 

.16  3.5° 

.614 

In  the  first  two  oases  the  Maoh  number  is  just  sub-oritioaX,  and  in  the  third  just  superoritioal.  In 
all  oases  the  agreement  between  the  present  method  (equation  (3»5b))  and  the  exact  solutions  is  reason¬ 
ably  good}  the  ohief  diaorepanoies  are  usually  near  the  leading  edge  on  the  upper- surface  where  tho 
velooities  tend  to  bo  overestimated  when  the  pressure  ourve  is  of  ’roof  top’  type  (Fig.  6)  but 
underestimated  when  there  is  a  high  forward  suotion  peak  (Figs.  5  and7).  In  Fig.  6  are  also  inoluded 
the  results  from  the  simplified  formula  (3»5o),  whioh  in  this  oase  happens  to  be  better  on  the  upper- 
surfaoe  near  the  leading  edge,  but  worse  near  the  position  of  maximum  velocity}  and  in  Figs.  6  and  7 
the  results  from  a  former  widely-used  method  (Ref.  7,  section  6.1,  equation  (4*4))  ore  ^iven  to 
demonstrate  the  order  of  improvement  now  obtained. 


The  results  given  hero  are  typical  of  the  order  of  agreement  between  the  approximate  and  exact 
theories  that  have  been  obtained  for  a  wide  selection  of  aerofoils.  It  should  however  be  mentioned 
that  there  are  cnaon, notably  when  the  leading  edge  shape  is  particularly  blunt,  when  tho  approaoh 
suggested  above  -  essentially  an  extension  of  seoond-order  theory  -  fails  near  the  leading  edgefi 
even  in  inoomprosaible  flow.  In  suoh  cases  the  device  suggested  by  Labrujere,  Loeve  and  Sl-joff  » 
who  base  their  method  on  an  exact  (rather  than  seoond-order)  solution  for  incompressible  flow, 
should  prove  advantageous  in  oonjunotion  with  the  present  method. 
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4.  Viscous  flows 


The  general  principles  of  the- way  in  whioh  the  lift  and  pressure  distribution  of  an  aerofoil  are 
altered  by  the  presenoe  of  an  attached  boundary  layer  are  well  known  (sea  for  example  Bef,  11,  Ch»  IV). 
The  principal  influence  is  the  displacement  effect  of  the  boundary  layer  and  wake}  and  this  oan  be 
estimated  to  a  first  approximation  by  calculating  the  invisoid  flow  about  the  net  displacement 
surface,  as  shown  in  sketoh  (d),  the  circulation  being  fixed  by  the  condition  that  the  velocities  at 
the  upper  and  lower  edges  of  the  boundary  layer  at  the  trailing  edge  shall  be  equal* 


- 

Free  stream 


Sketch  (d) 


It  is  desirable  for  computational  purposes  to  modify  the  oriterion  that  is  used  to  fix  the 
circulation,  replacing  it  instead  by  the  condition  that  the  velocities  should  be  equal  at  the  edges 
P, ,  P,  of  the  displacement  surface,  rather  than  at  the  actual  edgeB  of  the  boundary  layer}  this  is 
equivalent  to  first  order  to  applying  the  Xutta  condition  a  t  the  trailing  edge  of  a  fictitious 
equivalent oamber  line  (see  sketoh  (f)  below). 

It  is  then  possible  to  treat  the  invisoid  flow  about  the  displacement  surfaoe  by  small  perturbation 
theory,  and  to  split  it  into  two  parts: 

(a)  Symmetrical  flow  (at  zero  inoidenoe)  about  the  thickness  part  of  the  displacement  surfaoe 
given  by  y  =  ±  Y^*  ,  where 


V  =  Yt+^^V+V)  (0  <  x  <  l) 

=  V  V  (x  >  •••  0*-O 


The  first  order  perturbation  velocity  is  given,  just  as 


in  the  invisoid  oase  for  an  aerofoil,  by 


i  r  av(«) 

»<*•  ■  -f  — V- 

*'o 


...  (w) 


the  only  difference  being  the  extension  of  the  range  of  integration  to  infinity  to  take  into 
account  the  thiokneBS  effect  of  the  wake. 


The  boundary  layer  displacement  thickness  over  the  aerofoil  oan  be  calculated  (when  the  external 
pressure  distribution  is  known)  by  any  sufficiently  accurate  method.  The  oaloulation  of  the  displacement 
thiokness  of  the  wake  ie  a  more  diffioult  problem,  whioh  has  not  yet  been  solved.  To  overoome  this 
difficulty  it  has  been  suggested  by  Powell”  that  6  *  should  he  estimated  by  interpolation  between 
the  oaloulated  shape  of  the  dieplaoement  surfaoe  (aerofoil  +  bounday  layer)  ahead  of  the  trailing 
edge,  and  the  known  value  6  *  «  £  at  infinity  downstream  assuming  continuity  of  slope  of  the 
displacement  surfaoe  at  the  trailing  edge, 

+Thia  relationship  is  preoisoly  true  only  for  incompressible  flow^2,  but  far  the  suboritiool  Mach 
numbers  considered  in  this  paper  no  appreciable  errors  will  be  introduced  by  this  assumption. 
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It  has  boon  found  from  experience  that  the  predicted  distributions  are  not  particularly 
sensitive  to  the  assumed  shape  of  the  wake,  and  the  further  simplification  has  been  made  of 
assuming  that  the  woke  thickness  attains  its  asymptotic  value  (“  \  C^)  at  a  finite  distanoe  X 
downstream  of  the  trailing  edge.  The  computation  is  then  simplified  as  the  interpolation  oan  be 
done  by  means  of  a  simple  oubio  polynomial  (see  Kef*  9  for  details)* 

Equation  (4*2)  is  tins  modified  to 

1  ,1+X  dT  *(§) 

u<.*  =  -  I  - -  ♦•»  (4*2a) 

(b)  Antl-symetrloal  flow  about  the  distorted  oamber  line,  given  by 


Free 

stream 


v  =  \  +  *  <v  -  61*> 


distorted 
camber  line 


camber  line 


Sketoh  (e) 

This  is  equivalent  to  an  effective  ohange  of  inoidenoe  to  a*  =  a  +  Aa,  where 


Act  =  -X0*(1) 


"  i  (V 


We. 


> 


and  an  effeotivo  oanber 


V 


VXV(1) 


The  corresponding  first  order  velooity  perturbation  is  thus 


V 


<  T*  > 


...  (4*3) 


the  Kutta  condition  at  the  fictitious  trailing  edge  having  been  used  to  fix  the  oiroulation* 


Finally,  the  first  order  velooity  perturbations  derived  from  equations  (4*2)  and  (4*3)  are 
combined,  together  with  the  principal  second  order  (thiokness/inoidenoe)  term  and  oompres3ibility 
oorreotiona  as  described  in  seotion  3,  to  give  the  velooity  ratio 


1  ,  o*  [Ux 

1  +  -  [ut  »  ±  S<4>  <  I  •  >]  ±  -  — 

B  *  8  B  N  x 


S<»>  <ft*  > 


-  i  o*Vb* 


(i  +  y'Vb1)^ 


...  (4*4) 


on  expression  precisely  analogous  to  the  ’simplified*  formula  (3»5o)  above. 


To  develop  a  preoedure  for  performing  the  oaloulations  at  initio,  it  is  neoessary  to  iterate 
between  successive  oaloulations  of  a)  the  invisoid  pressure  distribution  over  the  displacement 
surfaoe  (using  equation  (4*4))  and  b)  the  boundary  layer  development  for  a  give  pressure  distri¬ 
bution  (the  'looal  equilibrium'  method  of  Nosh  and  Maodonaldv®)  has  been  used  for  the  oaloulations 
presented  in  this  paper),  starting  with  a  modified  invisoid  pressure  distribution  for  the  basio 
aerofoil  as  a  first  approximation. 


A  oomputer  program  has  beon  written  which  requires  as  input 
(i)  aerofoil  ordinates 

(ii)  Angle  of  inoidenoe,  Reynolds  number  and  Maoh  number 
(iii)  Transition  positions  on  the  two  surfaoes. 

Some  under-relaxation  is  neoessary  to  obtain  adequate  oonvergenoe,  the  calculation  requiring 
about  10  iterations.  The  output  from  the  program  includes  overall  lift  coefficient  and  pressure 
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distribution,  boundary  layer  charaoteriatios  and  drag  coefficient. 

As  no  reliable  method  exiota  for  predioting  the  transition  poaitiona,  theae  must  be  specified 
in  advance.  Experience  haa  shown  that  in  general  the  predicted  pressure  distributions  are  comparatively 
insenitive  to  the  transition  positions.  The  calculated  boundary  layer,  assuming  continuity  of 
momentum  thickness,  has  a  discontinuity  of  S*  at  the  specified  transition  position.  In  the  itera¬ 
tive  prooess  thus  discontinuity  is  smoothed  out  in  a  simple  way. 

Die  method  described  above  has  been  found  to  give  good  general  agreement  with  measured  pressure 
distributions,  particularly  if  the  comparison  is  made  at  the  same  value  of  the  lift  ooeffioient.  The 
situation  with  regard  to  prediction  of  the  lift  ooeffioient  (and  the  detailed  pressure  distribution) 
at  a  given  inoidenoe  appears  to  be  confused.  It  has  been  a  matter  of  general  experience  that  in  the 
oase  of  experiments  made  in  solid  walled  tunnels,  with  standard  lift-interference  corrections  applied 
to  the  measured  inoidenoe  and  lift  coefficient,  the  simple  ’boundary  layer  camber’  model  used  in  the 
present  method  usually  overestimates  the  lift  ooeffioient  at  a  given  inoidenoe  (i.e.  underestimates 
the  reduction  in  lift  produced  by  the  boundary  layer)  by  up  to  about  5$  of  total  C,  at  incompressible 
speeds  (see  o.g.  Ref.  11,  p.196  Table  V.2),  rising  to  perhaps  10$  near  the  criticalTfech  number} 
a  similar  oonolusion  has  also  been  reached  in  the  majority  of  slotted  wall  tunnels.  On  the  other 
hand  the  careful  experiments  made  recently  by  Firmin  and  Cook^  in  the  8  ft  x  6  ft  (2.4  m  x  1 .8  m) 
tunnel  at  RAE  Famborough,  using  models  of  different  size  with  both  slotted  and  solid  wall 
configurations,  led  to  corrected  experimental  values  of  C^  which  were  actually  slightly  higher 
than  the  corresponding  theoretioal  values  (see  Ref.  12,  Fig.  10).  There  is  thus  a  need  for  further 
researoh  on  wind  tunnel  interference  on  lifting  aerofoils. 

In  view  of  the  situation  desoribed  in  the  previous  paragraph,  all  comparisons  with  experiment  in 
the  present  paper  will  be  made  with  the  inoidenoe  used  in  the  calculations  adjusted  until  the  lift 
coefficient  agrees  with  the  experimental  value.  We  have  ohosen  as  examples  two  aerofoils  considered 
in  seotion  3  above,  for  both  of  whioh  extensive  pressure  measurements  have  been  made  recently  at  the 
Royal  Aircraft  Establishment  by  Firmin  and  Cook*}  these  are  the  10$  thick  RAE  101  (unoombered)  and 
the  1i*$  thick  NPL  3111  (oambered).  Results  for  the  RAE  101  aerofoil  at  a  =  2°  nominal  (about  1.8° 
oorreoted),  at  Maoh  numbers  0.4  and  0.675>  are  shown  in  Figs.  8  and  9}  and  for  the  NPL  3111  aerofoil 
at  Maoh  numbers  0.4  and  0.67,  over  a  range  of  inoidenoe,  in  Figs.  10  to  12.  It  is  clear  that  the 
general  level  of  agreement  between  theozy  and  experiment  is  very  good,  and  onn  only  be  faulted  very 
olose  to  the  trailing  edge  and  over  email  regions  of  the  upper  surfaoe.  The  discrepancies  near  the 
trailing  edge  (see  in  particular  Figs.  8  and  9)  nay  be  due  to  deficiencies  in  the  simplified  model 
assumed  for  the  displacement  surfaoe,  both  in  the  boundary  layer  just  upstream  and  in  the  wake 
downstream  of  the  trailing  edge}  they  could  probably  be  removed  by  modifying  this  model  in  the 
light  of  recent  experimental  measurements  of  the  boundary  layer  and  wake  suoh  as  those  reported  in 
Ref.  12.  On 'the  other  hand  the  discrepancies  further  forward  on  the  upper  surfaoe,  near  the  suotion 
peak  induoed  by  inoidenoe  (Figs.  8,  9  and  10)  or  further  aft  near  the  maximum  thickness  position  as 
the  critical  Maoh  number  is  reached  (Fig.  11 )  are  mainly  due  to  errors  in  the  approximate  invisoid  theory 
used  in  the  oaloulation  method  (of.  Seotion  3  and  Figs.  5  to  7).  In  the  final  figure  (Fig.  12) 
it  is  shown  how,  at  least  in  one  particular  oase,  a  further  Bmall  but  significant  improvement  in  the 
agreement  between  theory  and  experiment  oan  be  achieved  by  adjusting  the  theoretioal  result  to  allow 
for  the  difference  between  the  approximate  (equation  3*5o)  and  exaot  (seotion2)  theories  for  invisoid 
flow  about  the  same  arofoil  at  the  same  lift  ooeffioient  (see  Fig.  6). 
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-  SOMMAIRE  - 


Cette  communication  a  pour  objet  l'^tude  des  repartitions  de  vitesse  d'ertrados  presentant  un  pic  au 
voisioago  du  bord  d'attaque.  II  est  bien  connu  qua  ce  type  de  repartitions  apparalt  toujours  lors  de 
la  mise  en  incidence  des  profils,  aais  on  pout  dgalement  1' inposer  k  l'incidence  d' adaptation,  Dans 
le  premier  cas,  1' importance  du  pic  rogit  les  decollements  de  bord  d'attaque,  aux  basses  vitesses  et 
aux  portances  dlev^es  |  dans  le  second  cas,  aux  portances  noddies  du  vol  a  grande  vitesse,  ce  pic 
determine  le  mecanisme  de  la  formation  des  chocs. 

Pour  preciser  cos  problkmes,  une  famille  de  profils  symdtriques  a  etd  ddfinie,  a  partir  de  lois  de 
repartitions  de  vitesse  imposdes  en  incompressible,  k  incidence  nulls,  en  fonction  de  la  position 
et  de  l'intensitd  du  pic  ainsi  que  du  gradient  de  recompres3ion  qui  lui  fait  suite. 

L' etude  de  1' evolution  de  la  courbure  dans  la  rdgion  du  bord  d'attaque  des  profils  calculi  a  pemis 
de  les  classer  en  4  grandes  categories.  L' analyse  experimentale  doit  permettre  une  critique  des 
qualitds  adrodynamiques  de  tels  profils  aussi  bien  aux  basses  vitesses  (portance  maximale)  qu'en 
transsonique  (Mach  de  divergence  en  trainee  et  en  portance). 

Les  premiers  resultats  experiment aux  presentes  sont  relatifs  aux  essais  dans  le  domains  transsonique. 


EXPERIMENTAL  RESEARCH  ON  SUPERCRITICAL  WING  PROFILES 


-  SUMMARY  - 


The  purpose  of  this  paper  is  to  study  some  upper-surface  velocity  distributions  having  a  peak  near  the 
profile  leading-edge. 

It  is  veil  known  that  this  type  of  distribution  always  appears  when  profiles  are  at  incidence  but  it 
can  also  be  imposed  at  the  design  incidence.  In  the  first  case  the  peak  governs  the  separation  at  the 
leading-edge,  at  low  speed  and  high  lift  }  in  the  second  case,  at  the  moderate  lift  encountered  at 
high  speed,  thio  peak  determines  the  mechanism  of  the  shock  formation. 

To  examine  these  problems,  a  family  of  symetrical  profiles  has  been  defined,  starting  from  velocity 
distribution  lav3  in  incompressible  flow,  at  zero  angle  of  attack,  as  a  function  of  the  peak  position 
not  intensity  and  also  of  the  following  roconpression  gradient. 

The  study  of  the  evolution  of  the  curvature  in  the  leading-edge  region  of  the  calculated  profiles,  led 
to  olaseify  them  into  four  main  categories.  The  experimental  analysis  aims  at  criticizing  the 
aerodynamic  qualities  of  such  profiles  at  low  speed  (maximum  lift)  as  well  as  in  the  transonic  range 
(drag  and  lift  divergence  Mach  number). 

The  first  experimental  results  presented  concern  testa  in  transonic  flow. 
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IL  EXISTS  EN  PRATIQUE  daux  docaines  ou  les  phenombnes  transsoniques  li  ml  tent  ioa  performances  d'une 
voilure  (Planche  l)«» 

-  aux  portances  eievdes  et  aut  nonbrea  de  Mach  faiblea, 

-  aux  portances  noddrdes  ou  nulles  et  aux  grandea  viteases. 

AUX  GRANDES  INCIDENCES  un  pic  de  survitesse  se  dbveloppe  dans  la  region  du  bord  d'attaque  ;  &  partir 
d'un  nombre  de  Mach  Mo  de  0,3  environ  et  d’une  portsnce  de  l'ordre  de  1,  une  zone  supersoniqrue  apparait 
dans  cette  region  j  un  ddcollement  de  la  couche  limits  s'enauit  en  general,  d<t  prcbablement  it  la  foraa- 
tion  d’un  choc,  qui  provoque  une  chute  prdcooe  do  la  portance. 

Ce  phbnombne  ae  rencontre  notamment  k  l'extr^mitd  de  la  pale  reculante  d'un  rotor  et  limits  sa  capacity 
auatentatrice.  Pour  le  comprendre  et  essayer  de  le  retarder  une  etude  trba  complbte  de  la  region  du  bord 
d'attaque  doit  6tre  faite. 


AUX  PORTANCES  HODEREES  ou  faiblea  et  aux  grandea  vitease3,  une  zone  supersonique  dtendue  ae  dbveloppe 
k  l'extrados  de  l'aile  (et  aussi  k  l'intradoa  pour  les  portaneea  faiblea),  L'apparition  dee  chooe 
entralne  un  accroissement  de  trainee  et  provoque  le  ddcollement  de  la  couche  limite  et  par  suite  une 
chute  de  la  portance,  et  des  variations  du  moment  de  tangagegaux  faiblea  portances  lea  ddplacementa 
diffdrents  des  chocs  k  l'intradoa  et  k  l'extrados  peuvent  St re  aussi  k  l'origino  de  fortes  perturbations 
de  ce  moment  de  tangage. 

Co  domains  intdrease  lea  avions  de  transport  subaonique  ,  ainsi  que  l'extrdmitd  de  la  pale  avanqante 
des  rotors. 

Pour  retarder  cea  troubles  transsoniques  on  a  cherchb  k  obtenir  de3  profils  pouvant  admettre  une  zone 
supersonique  importante  sans  chocs  suffisamment  lntenses  pour  ddtdriorer  les  performances, 

Des  travaux  offectuds  au  N.P.L.  [l]  ont  montrd  qu'il  existait  de  tols  profils  (profile  de  type  "peaky"), 

En  particulicr,  aupposon3  que  la  gdomdtrie  d'un  profil  aoit  telle  qu'un  faisceau  d'ondes  de  detente  assez 
intense  prenno  naissance  au  debut  de  la  zone  supersonique  (planche  2)  g  ces  ondes  vont  se  rdfldchir 
sur  la  ligne  aonique  en  onde3  de  compressions  de  mSme  intensitd  qui,  si  ellos  ne  focalisent  pas  avant 
d'atteindro  la  surface,  s'y  rdfldchiront  en  ondes  dont  la  nature  et  1' intensity  dependent  de  la  courbure 
du  profil  dans  la  region  d' impact  g  pour  une  certaine  loi  de  courbure,  qui  ddpend  de  1' intensity  de  la 
ddtento  initials,  on  pourra  notomment  obtenir  une  recomprossion  par  ondes  simples, 

J/oraqu'on  poasbde  un  profil  foumissant  un  faisceau  de  detente  d'int onsite  convenable,  il  eat  possible 
de  corriger  la  courbure  de  l'extrados  de  manibro  k  tendre  vers  une  recomprossion  quasi  isentropique  g 
o'o3t  ainsi  que  le  N.P.L.  a  mis  au  point  une  nbthode  approximative  Bimple,  basdo  sur  It  calcul  des 
caractdriatiques,  qui  permet,  si  1'on  oonnait  les  repartitions  de  pression  expdrimentales  3ur  lo  profil 
do  fairo  cotte  correction,  Le  problbme  consists  done  k  obtenir  un  faisceau  initial  de  detente  adequate. 

Il  faut  k  cot  effot,  que  la  region  de  forte  courbure  du  bord  d'attaque  coincide  avec  l'origine  du 
domaino  auporsoniquo,  Les  repartitions  de  vitesse  de  tols  profils  prdsenteront  alors  un  pic  prbs  du 
bord  d'attaque. 

On  constate  done  que,  tant  en  transsonique  qu'aux  basses  vitesses  la  rdgion  du  bord  d'attaque  joue  im 
rfilo  preponderant,  Aussi  le  but  de  1'  etude  dont  on  prbsento  ici  les  premiers  rbsultats  est-il  d' analyser 
les  divew  aspocts  de  la  formation  de  ce3  pics  de  survitesse  de  leur  evolution  et  de  leur  repercussion. 


DEFINITION  D'UNE  FAMILLE  DE  PROFIIS  PRESENT ANT  UH  PIC  DE  SURVITBSSE 
PRES  DU  BORD  D'ATTAQUE 


UNE  FAMILIE  DE  PROFIIS  SYUETRIQUES  a  dtd  calculdo  en  incompressible,  k  partir  do  repartitions  do 
vitesse  k  l'incidence  nullo,  dont  lo  pic  prbs  du  bord  d'attaque  diffbre  par  sa  position  Xp  ,  son 
inton3ite  Vp  et  enfin  par  la  valeur  des  parambtres  libs  k  la  dbcroissance  plus  ou  noins  rapide  do  la 
vitesse  apros  co  pic  (Planche  3  )« 


-  pour  0  x  <  Xp 

-  pour  xn  <  x  <  xr 


la  vitesse  a  btb  prise  sous  la  forme 


V 

Vo 


3- 


x 

XT 


0,4  c  la  vitesoo  e3t  donnbo  par  uno  equation  dependant  de  deux  parambtros  lids 


k  la  position  du  point  d’ inflexion  I  ot  k  la  pento  en  co  point, 


pour  x  >  xr  la  distribution  dos  viteases  est  la  n8me  pour  tous  los  profils  |  ello  est  linbaire 
do  i°  0,45  c  k  x  n  0,8  o. 
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LS  C  AIGUL  DB  CES  PR0FX1S  z  =  z(x)  ost  effects  d' apron  [2]  en  considdrnnt  la  Vitesse  sous  la  forme  t 


—  =  (  1  +  U  )  C05  9 

vo  k  ’ 

avec  cocase  valeur  approximative  de  U 

avec  =  +g  9 

dx. 


U  =. 


dS 

X-5 


1' inversion  de  l'intdgrale  pc  root  d'oxpriner  la  psnto  du  profil  aoua  la  foroe 

dr  _  1  f^BF  f  ^  U  (1-%)  ,4  t 

dx  "  tl \Tx (l-x')  z  Jo  x-5 

ou  sgp  eat  la  dead  dpaisseur  du  bord  do  fuite.  la  Vitesse  etant  donnce, cette  pente  est  alors  calculco 
par  iterations. 

L'erreur  comLse  par  cette  cdthode  est  faible  et  localises  dans  une  rdgion  trds  proche  du  bord  d'attaque. 
Une  comparaison  entro  la  repartition  de  vitea3e  imposde  pour  le  oalcul  d'un  profil  par  la  mdthode  prdcd- 
donte,  ot  la  repartition  determines  A  partir  d'uno  distribution  de  3ingularitds  disposde  sur  le  contour 
de  ce  profil,  montre  not accent  qua  l'intensitd  du  pio  est  un  peu  plu3  faible  que  prdvu  (Planche  4  ). 


ETUDE  DE  LA  REGION  DU  BORD  D'ATTAQUE 

La  planche  5  montre  les  differente3  lois  de  courbure  obtenues  pour  de3  profils  de  la  famille  ayant  un 
pic  de  m8me  intensity  mais  une  position  (xp)  diffdrente.  La  courbure  est  roprfoentce  en  fonction  de  *4* 
angle  de  la  vitesse  avec  la  direction  Ox,  ce  qui  permet  de  dilater  aur  la  figure  la  region  correspondent 
au  bord  d'attaque.  On  voit  que  lorsquo  le  pie  ae  rapproche  du  bord  d'attaque,  la  courbure  en  ce  point 
diminue  et  son  Evolution  eat  totalenent  differente.  On  obtient  des  courbes  analogues  quand  pour  une 
position  fir<?a  du  pic  on  fait  varior  son  intensity. 

On  a  pu  ainsi  mettre  en  Evidence  quatro  typos  principaux  devolution  de  la  courbure  dans  la  region  du 
bord  d'attaque.  Ils  sont  represents  sur  la  Planche  6*  Oil  l'on  a  schdmati3c  de3  loia  do  courbure3 
3ymdtriques  |  mais  il  ost  bien  sdlr  possible  d'obtenir  de  part  et  d' autre  du  bord  d'attaque  deux  types 
de  courbures  diffdrents. 

Le  type  n°  1  est  classique  -  La  courbure  est  maximale  au  bord  d'attaque  (a)  et  ddcrolt  emuite  reguliA- 
rement.  Une  augmentation  au  rayon  au  bord  d'attaque,  diminue  les  variations  do  courbure  j  d'autre  part, 
le  point  d'arrftt  dvolue  moins  rapidoaent  en  fonction  de  1' incidence  ;  ausai  los  pic3  de  survitesses 
aux  fortes  incidences  sont-ils  en  gdndral  plu3  faibles,  II  en  rdsulte  qu'en  incompressible  ou  le  gradient 
do  recoapre33ion  63t  plus  faible,  ainsi  que  dans  le  domaine  0,3  <  H0  <  0,5  ou  la  zone  supersonique 
apparalt  plus  tard,  les  ddcollements  de  bord  d'attaque  sont  retarddo  ce  qui  entraine  un  gain  dans  les 
performances. 

La  courbure,  dan3  le  typo  n°  2  -  03t  aussi  maxi male  en  A  mais  son  dvolution  prdsente  une  variation  plus 
rapide  A  partir  d'un  cortain  point  P.  Cette  variation  qui  pout  6tro  aS3ez  brutale  est  intdressante  en 
transsonique  car  elle  peut  pormottre  d'obtenir  la  ddtente  ndcossaire  pour  des  profils  du  type  "peaky". 
Aux  basses  vitesse3  et  aux  incidences  croissantos,  suivant  la  position  de  P  et  la  loi  de  courbure  en 
amont  de  ce  point,  le  pic  pourra  8tro  dfl  soit  uniquocent  A  l'offet  d' incidence  (comme  dans  le  type  l), 
la  variation  de  courbure  on  P  n' intervonant  que  dans  la  recompression,  soit  A  l'effot  3imultand  do 
l'incidonco  et  de  la  variation  de  courbure  en  aval  de  P.  Le  premier  cas  pourrait  8tro  avantageux  car 
il  pomattrait  d' avoir  un  pio  de  survitesse  autour  do  1' adaptation,  qui  ne  viendrait  pas  ultdriourement 
ronforcor  l'intenoitd  du  pio  dd  A  l'incidonco  croissante  j  la  zone  supersonique  n'apparaltrait  done  pas 
prdmaturdment  aux  grandes  incidences.  Pax  contre  1' influence  do  la  Variation  de  courbure  en  P  sur  la 
recompression  pourrait  8tre  ddfavorablo. 

La  rdgion  du  bord  d'attaque  du  type  3  est  drculaire-  En  transsonique  elle  peut  pormottre  aussi  d'obtenir 
doo  profila  de  type  "peaky".  Aux  bassos  vitessos  et  on  incidence  la  variation  de  courbure  en  P  regirn 
tou jours  le  pio  do  survitosoe. 

Enfin,  dans  lo  4Ane  typo,  la  courbure  maximal o  ne  se  trouve  plus  au  bord  d'attaque  mais  en  P.  DAs 
l'adaptation  on  ainule  ainsi  un  effot  d'incidonco  qui  pourrait  rdduiro  l'incidonco  do  ddcrochage  aux 
bassos  vitosses. 


*  -  adaptation  «  incidence  d'attaque  iddalo  pour  l'aile  suppoado  rdduito  A  son  squelotte. 
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ETUDE  EXPERIMENT  AXE  AUX  GRAHDES  VITESSES 


CONDITIOIB  D'ESSAIS  - 

Lea  rdsultats  prdsentes  ont  dtd  obtenus  dans  la  soufflerie  transsonique  de  l'Institut  de  Kdcaniquo  des 
Fluides  do  LILLE,  dont  les  principales  caraoteristiques  sont  mentionndas  dans  la  Planche  7*  hee  faiblea 
nombres  de  Reynolds  atteints  dans  C6tte  soufflerie  avec  des  profils  de  80  mm  de  corde,  obligent  b 
ddclencher  la  transition  artificiellement.  On  utilise  pour  oela  la  diffusion  transversals  de  la  turbulence 
crdde  par  des  fils  longitudinals  rdgulibrenent  espacds  an  envergure  ;  oette  mdthode  a  pour  avantage  de 
no  pas  trop  perturber  l'dcoulement  non  visqueui  (en  particulier  elle  ne  coAifie  pas  le  pic  de  survitesse)  j 
en  outre  les  perturbations  produites  dan3  la  couehe  liaite  pemettont  de  vi3ualiser  les  ondes  de  Kach 
dans  les  zones  supersoniques, 

Avec  des  coquettes  aus3i  potite3  (80  mm  de  corde)  la  realisation  doit  Stre  trbs  soignde 

L'dcart  trouvd  sur  la  cote  z  est  infdrieur  h  ±  0,02  ran  (sauf  pour  le  profil  B  premiere  naquette  fabriqude 
ou  il  dtait  de  +  0,04  mn  et  pour  le  profil  C  dans  la  rdgion  du  bord  d'attaque  (x  <  0,6  mm)  ).  L* influence 
do  cotte  errour  sur  les  lois  de  courbure,  notannent  pres  du  bord  d'attaque  apparalt  3ur  la  Planche  8. 

PROPIIS  ESSAYE  SN  SOUFFLERIE  - 

Quatre  profils  ont  jusqu'b  prdoent  dte  dtudids  en  soufflerie  t  un  profil  de  rdfdrence  (ddsignd  en  abrdgd 
par  la  lottre  A)  dont  la  repartition  de  vitosse  e3t  constitude  d'un  plateau  ( Vp/-^«  1,125)  de  2  b  40  $£ 

du  profil,  et  3  autres  profilo  dont  la  rdpartition  presento  un  pic  de  survitesse  3itud  b  la  n8me  abscisse 
Xp  =  0,02  o.  Les  profils  B  et  C  no  diffbront  quo  par  la  loi  de  recompression  imnddiatement  aprss  le  pic  ; 
le  profil  D  a  un  pic  beaucoup  plu3  intense.  Ces  profils  ont,  dans  la  rdgion  du  bord  d'attaque,  une  loi  de 
courbure  du  type  2.  Les  planches  9  &  10  montrent  leur3  principales  caractdristiques  gdomdtriques  et  lours 
rdpartitions  de  vite3se  en  incompressible  b  incidence  nullo. 

ETUDE  DU  PROFIL  DE  REffiREIiCE  (a)  - 

Ce  profil  est  d'abord  compard  (Planche  11 )  b  un  profil  bien  connu,  le  HACA  64  A  010,  syndtriquo  lui-aussi, 
d'dpaisseur  relative  trbs  voisine  (10  #  au  lieu  de  10,17  CA)  et  dont  le  maitro  couple  so  3itue  aussi  un 
peu  avant  40  #  de  la  corde.  Ci  profil  a  dtd  essayd  dan3  la  soufflerie  S4^  de  CHALA1S,  dan3  des  condi¬ 
tions  tout  b  fait  analogues  do  colle3  de  l'l.M.F.L.  On  constate  qu'un  gain  important  a  dtd  rdalisd  sur 
le  nombre  de  Mach  do  divergence  de  trainde. 

Ce  profil  de  rdfdrence  (a)  a  des  propridtds  extrSnoment  intdre33antes  on  incidence,  en  particulier  b 
l'incidenco  de  2,5°.  A  M0  •«  0,79  (Planche  12)  ni  les  pre33ions  b  la  paroi  du  profil,  ni  la  strioscopie 
ne  mottent  en  dvidonco  un  choc  b  la  fin  de  la  zone  suporsonique  j  la  3trio3copie  pormot  do  voir  la 
structure  de  cette  zone  superaoniquo  :  ondes  de  ddtonte  et  ondo3  do  compression.  Lo  calcul  de  cette  zone 
a  dtd  effectud  par  la  mejhodo  des  caractdristiques  b  partir  de  la  rdpartition  de  preseion  expdrimentale 
trouvde  sur  lo  profil  (sans  tenir  conp;o  de  la  coucho  limits).  Ia  ligne  sonique  a  pu  ainsi  6tre  extrapolde. 

On  a  roportd  sur  la  photographic  des  lignos  caracteri3tiquo3  ainsi  calculdes (une  onde  do  ddtente  et  ses 
rdflcxions  3ucce3sive3  sur  la  ligne  sonique  et  lo  profil)  j  la  comparaison  avec  lea  ondes  visualisdes 
sur  la  strioscopie  est  trb3  bonno.  Cola  prouve  notanmont  que  lo  caractbre  bidimonsionnel  de  l'dcoulemont 
oat  fort  peu  porturbe  et  confimo  la  valour  ot  l'intdrdt  des  renseignements  donnds  par  cette  visualisation. 
L' augmentation  localisde  de  vitesso,  obsorvdssur  la  rdpartition  dos  nombros  de  Mach  locaux  b  la  fin  de  la 
recomproo3ion  est  due  b  l'aooroiooement  de  courbure  inpo3d  au  profil  dans  cotte  rdgion  (voir  la 
Plancho  16). 

Sur  la  Plancho  13  on  a  roportd  do3  caractdristiques  calculdo3  et  les  courbos  9  it)  ,  U  ,  dtant  1' angle  de 
PRAHDTL  MEIER  sur  la  paroi  du  profil,  Ce3  courbes  contront  quo  la  roconpression  no  s'offoctue  pas 
rigourou3oment  par  ondo3  simples  (dan3  oe  oas  la  courbe  -  U>  sorait  uno  horizontal©  t  -  u)  D  oto), 
Copondont  aprb3  x/o  =>  0,15  la  pente  de  cotto  courbe  est  trbs  faiblo  t  les  ondo3  rdflechios  par  la  paroi 
du  profil  sont  toujours  des  ondos  do  ddtento  dont  l'intensitd  ddcrolt  au  cours  dos  rdfloxion3  succes3ive3 
pour  dovonir  ndgligeablo.  Cet  oxoaplo  e3t  intdressant  oar  il  prouvo  quo  l'on  pout  obtonir  des  profila 
prdsontant  uno  zone  suporsoniquo  tormindo  par  uno  reconpression  quasi  isentropiquo  avoo  dos  profils  qui 
no  sont  pas  vraiment  do  typo  "peaky"  dans  lo  sons  qui  ressort  dos  travaux  du  N.P.L. 

La  Plancho  14  montro  le  champ  adrodynaaique  autour  du  profil  dans  les  mjees  conditions  quo  preeddemmont 
(i  =  2,5°  ot  Mo  a  0,79)  J  oe  champ  eat  ddduit  dos  pressions  rolovdo3  b  la  paroi  do  la  soufflerie  j  lb 
oncoro  aucun  choc  n'est  mis  on  dvidonce.  Co  rqlovd  permot  do  prdciser  encore  la  structure  do  la  domibro 
partio  do  ia  zono  ouporsoniquo. 

La  comparaison  (Plancho  15)  de3  zones  suporsoniqi os  ddduites  do  ces  pressions  b  la  paroi,  ot  du  calcul 
dd*b  nentionnd,  ba3d  sur  le3  prossion3  rolovdes  sur  lo  profil,  montro  un  dcart  assez  important  surtout 
au  ddbut  do  la  z.no  suporsoniquo.  Cool  03t  dfl  b  la  couche  limito  assez  dpai3se  qui  30  devoloppo  sur  la 
paroi  do  la  soufflorio,  ot  aussi  b  l'imprdcision  du  calcul  dans  cotto  rdgion. 
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EFFET  D’UH  PIC  DS  SURVITESSS 

La  planche  16  montre  une  compare! son  A  1' incidence  nulle  de  Involution  des  vitessea  aur  le  profil  A  de 
rdfbrence  et  aur  le  profil  D  qui  prbsente  un  pic  de  aurvitesse  prAa  du  bord  d'attaque.  Ce  pic  n'eat  paa 
aaaez  intense  pour  donner  lieu  vera  l'aval  A  une  zone  superaonique  dtendue  A  l'extrados.  En  effet  aprda 
x  ■  0,1  C  lea  viteaaes  dvoluent  de  la  cine  naniAre  aur  A  et  aur  D.  On  remarque  copondant  une  ldgAre 
difference  en  aval  du  maltre  couple.  Sur  le  profil  A  il  se  produit  une  recoopreaaion  avant  le  chocj 
ceci  n'est  pee  dd,  ccnae  on  pourrait  lepenaer,  A  un  choc  en  \  caractbristique  d'une  couche  liaite 
laiainaire  nais  cocoa  la  strioaeopie  le  confines  A  un  effet  de  la  gdoabtrie  du  profil  qui  comports  A 
cet  endroit  un  accroisaenent  de  courbure  traduiaant  la  rdpartition  de  viteaae  choisie  en  incompressible  j 
le  profil  D  ne  prdaente  paa  cette  anossal.e  k  cause  d'une  lbgere  imprdciaion  de  rdaliaatioa  de  la  maquette 
dans  cette  rdgion  (voir  Planche  8). 

Sur  la  planche  17  on  remarque  que  la  tralnde  eat  plus  forte  aur  le  profil  D  malgrb  lo  gain  de  succion 

reprdsentd  par  le  pio.  Pour  en  aettre  en  dvidence  1' origine  on  a  tracd  k  un  nombre  de  Mach  nettenent 

subsonique  la  rdpartition  dea  presaions  auivant  l'axe  o  z  perpendiculaire  k  la  vitosse  k  l'infini.  La 
ccurbe  ainsi  obtonue,  qui  donne  la  tralnde  par  intdgration,  est  ddeompoade  en  deux  boucles,  une  boucle 
de  auccion  qui  reprdsente  une  pouaad'e  et  une  boucle  do  tralnde.  Pour  le  profil  D  cette  domibro  boucle 
eat  plus  importante  que  pour  A  j  on  a  verifid  que  dea  codifications  de  la  loi  de  viteaae  qua  l'on 
s'dtait  imposd  a  priori  en  anont  du  pic  lora  du  calcul  de  ce  profil,  ponaettaient  de  rbduire  cette 
boucle  de  tralnde;  Mais  lea  lots  de  courbure  correspondent as  dans  la  rdgion  du  bord  d'attaque  tendent 
alors  k  passer  du  type  2  au  type  3  ou  mdme  4  ce  qui  risque  d'etre  coins  favorable  aux  basses  vitessea. 

La  planche  18  montre  la  coaparaison  dea  nombrea  de  Haeh  locaux  k  l'extrados  de3  profila  A  et  D  A  l'incd- 
dence  2,5°  et  A  Kq  «  0,8,  suivant  les  axes  ox  et  oz  (boucle  de  succion).  Pour  (d)  le  choc  se  produit 

trbs  ldgbrement  en  anont  de  la  erflte  (point  du  profil  ou  la  tangents  est  parallels  k  la  viteaae  k 

l'infini).  Pour  (A)  au  contraire  le  choc  se  forme  en  aval  de  la  erdte  ce  qui  a  pour  effet  de  diminuer 
la  boucle  de  succion.  Sur  la  Planche  19  on  a  effectub  1’ intdgration  sdparde  dee  boucles  de  tralnde  et 
de  auccion  |  cola  met  en  dvidence  le  fait  bien  oonnu  [i]  que  l'accroissement  initial  de  la  trainee  est 
lid  A  la  seule  perte  de  succion  (la  boucle  de  tralnde  re3te  en  effet  sensiblement  constants). 

La  diminution  de  la  sucoion  s'effectue  A  un  nombre  de  Mach  plus  dlevb  pour  le  profil  D  ce  qui  ae  traduit 
par  un  noobre  do  Mach  de  divergence  de  tralnde  (cm  par  convention  dCx/^  m  0,1 )  plus  grand.  On 

conatate  aussi  qu'A  cette  incidence  la  portance  est  maximale  k  un  nombre  de  Mach  (Mach  de  divergence 
de  portance)  plus  elevb  aussi. 

La  Planche  20  permet  de  comparer  les  profils  B  et  C,  Leurs  rdpartitions  de  Vitesse  prdaentent  un  pic 
de  mftne  intensitd  mais  la  loi  de  reconpreaaion  est  diffdrente,  Le  profil  B  pour  lequel  le  gradient 
de  recompresaion  est  plus  important,  donne  un  gain  non  ndgligeable  aw  le  nombre  de  Mach  1^., 

La  Planche  21  montre  les  strioscopies  de  I'ecoulenent. 


conclusion 

II  est  difficile  de  conclure  d'aprbs  cea  quelques  examples,  aur  le3  amdliorations  A  espdrer  aveo  un 
profil  preaentant,  A  1' incidence  d'daptation,  un  pic  de  aurviteoae  prba  du  bord  d'attaque  par  rapport 
A  un  profil  A  rdpartition  du  type  "plateau".  On  a  cependant  montrd  que  ce  pic  devait,  6tro  ddfini  avec 
soin  pour  pouvoir  espdrer  un  gain  apprdciable,  sur  la  tralnde  notamment, 

Des  dldmenta  nous  manquent  encore  pour  fairs  une  critique  aaaez  complbte  de3  types  de  rdpartition  de 
vitesse  et  des  lois  de  courbure  prAs  du  bord  d'attaque,  qui  permettraient  d'obtenir  de  la  fapon  la  plus 
sati3faisante  possible,  les  performances  recherchdea  tant  en  transaoniquo  qu'aux  basses  vitessea  ; 
e'est  pourquol  cos  dtudes  vont  dtre  poursuiviea  aussi  bien  aux  vitessea  dlevdea  qu'aux  basses  vitessea 
notarxaent  dan3  des  souffleriea  A  dennitb  variable,  ceci  afin  d' analyser  dgalement  1' influence  du  nombre 
de  Reynolds  et  d'e3sayer  d'dviter  le  problAae  trAs  difficile  du  ddclenchement  artificial  de  la  transition 
sur  ce  type  de  profil. 
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Fig. 3  Definition  des  differents  parametres  retenus  pour  la  f ami lie 
de  profils  etudies. 
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Comparaison  entre  la  method©  de  calcul  approch^e  et  une  method© 
num^rique  exact©. 
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Evolution  des  lois  do  courbure  pres  du  bord  d’attaque  en  fonction 
de  la  position  du  pic  de  survitesse. 
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effectivement  realisees  sur  maquette  du  des  profils  etudies. 

profil  D. 


THEORETICAL  VELOCITY 


Fig. 10  Distribution  ae  vitesse  theorique  des  profils  studies, 
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Ecoulement  a  l’ertrados  du  profil  A  pour  0(  =  2,5°  et  Mq  =  0,79 


Profil  X,  0(  =s  2,5°  -  Mq  =  0,79  :  zone  supersonique  calculee  h 
partir  des  mesuxea  de  pressions  sur  le  profil. 
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Trainee  des  profils  A  et  D  a  incidence  nolle. 
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The  geometric  feature*  of  an  aerofoil  that  are  required  to  produce  a  supersonic 
velocity  peak  at  the  leading-edge  are  examined,  and  a  rule  is. -presented  for  relating 
the  compressible  velocity  on  a  round  leading-edge  to  the  incompressible  velocity.  For 
a  supersonic  peak,  the  sonic  point  must  lie  on  a.  region  of  sustained  high  curvature, 
and  the  dependence  of  the  recoapression  on  the  way  in  which  the  curvature  is  reduced 
is  Indicated. 

in  empirical  method  for  deterning  the  complete  velocity  distribution  downstream 
of  the  sonic  point  is  given  for  an  aerofoil  in  a  sonic  stream.  The  velocity  distribu¬ 
tion  for  a  given  aerofoil  ie  shown  to  be  given  by  a  universal  function  which  is  modified 
by  a  parameter  based  on  geometry  and  one  involving  the  position  of  the  sonic  point. 
Several  comparisons  of  predicted  and  measured  velocity  distributions  are  presented. 


NOTATION 


aerofoil  chord 
pressure  coefficient 

thickness  parameter  f  »  0 . 1/ ( */c )ma3[j 

general  function 

\ 

stagnation  pressure  in  undisturbed  stream 

influence  factor  pertaining  to  large  disturbance  flow  near  leading-edge 

local  Mach  number 

local  static  pressure 

local  surface  radius  of  curvature 

distance  along  surface 

aerofoil  maximum  thickness 

local  velocity 

chordwise  distance  measured  from  leading-edge 
aerofoil  ordinate  measured  from  chord  line 
angle  of  incidence 

aerofoil  surface  slope  relative  to  chord  line 
aerofoil  surface  slope  relative  to  free-stream  direction 
influence  factor  pertaining  to  supersonic  region  of  flow 
local  surface  curvature 

angle  between  local  tangent  at  surface  and  tangent  at  stagnation  point 
Prandtl-Ueyer  angle 

Suffixes 

pertaining  to  value  at  sonic  point  or  point  corresponding  to 
r/c  -0.2  whichever  is  larger 

pertaining  to  experimental  value 

pertaining  to  incompressible  flow  value 

pertulning  to  value  at  sonic  point 

pertaining  to  free-stream  conditions 
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PART  I 

LEADING-EDGE  SUPERSONIC  VELOCITY  PEAKS 
P.G.  lilby 


1 .  INTRODUCTION 

As  incidence  or  free-stream  Mach  number  increases;  the  velocity  on  the  surface  of  an- 
aerofoil  increases  and  eventually  reaches  sonic  value  at  apme  point.  With  further 
increases  of  incidence  or  Mach  number  a  region  of  supersonic  flow  appears  on  the  aerofoil 
and  is  usually  terminated  by  a  shock  wave  which  eventually  becomes  strong  enough  to  cause 
th8  boundary -layer  to  separate.  Now  the  strength  of  the  shock  wave  has  been  found  to 
depend  upon  the  way  in  which  the  supersonic  flow  develops,  and  it  can  be  considerably 
reduced  if  the  pressure  distribution  is  of  the  peaky  type.  The  latter  involves  a  rapid 
expansion  to  a  peak  velocity  at  the  leading-edge,  followed  by  a  compression  which  is 
mainly  isentropic  but  usually  finishes  with  a  weak  shock.  Thi3- type  of  pressure  distribution 
is  essential  if  one  is.  to  achieve  a  large  s  vrgin  in  incidence  or  Mach  number  between  the  first 
appearance  of  supersonic  flow  and  shock'  induced  separation. 

However,  not  all  pressure  distributions  with  leading-edge  suction  peaks  are  necessarily 
desirable  ones.  ,  On  the  one  hand,  the  peak  may  grow  very  quickly  with  incidence,  resulting 
in  a  high  peak  followed  closely  by  a  strong  shock  wave,  and  on  the  other  hand  the  peak  growth 
may  be  too  small  in  which  case  the  peak  is  followed  by  a  weak  compression  and- then  a  further 
slow  expansion  that  terminates  in  a  strong  shock.  The  way  in  which  the  peak  develops  with 
incidence  or  llaeh  number  depends  to  a  large  extent  upon  the  geometry  of  the  leading-edge  and 
it  is  necessary  to  find  out  what  the  controlling  influences  are  before  it  is  possible  to 
design  an  aerofoil  that  will  have  the  most  beneficial  development  of  supersonic  flow. 


2.  THE  FORMATION  OF  A  LEADING-EDGE  VELOCITY  PEAK 

As  a  first  3tep  in  the  study  of  leading-edge  supersonic  suction  peaks,  it  is  essential 
to  understand  the  geometric  features  of  an  aerofoil  that  are  responsible  for  the  formation  of 
such  a  peak.  The  region  of  immediate  interest  is  that  in  which  the  velocity  of  the  air  is 
supersonic  and  thu3  the  sonic  point  is  a  useful  reference  point.  If  the  sonic  point  is  very 
close  to  the  leading-edge  then  it  lies  in  a  region  of  fairly  high  surface  curvature  and  the 
flow  continues  to  expand  beyond  the  sonic  point  as  it  turns  to  follow  the  aerofoil  profile. 
This  expansion  of  the  flow  can  be  considered  to  take  the  form  of  a  succession  of  descrete 
expansion  waves  generated  at  the  surface,  which  are  transmitted  to  the  rest  of  the  flow 
field  along  characteristic  lines  (Fig.  l).  Along  each  of  those  lines  the  value  of  6  -o>  , 
where  w  is  the  Prandtl -Meyer  function,  is  constant.  If  the  entire  flow  field  were 
supersonic  then  these  characteristics  or  expansion  waves  would  continue  to  infinity  and  the 
change  in  Prandtl-Meyer  function  (which  is  a  measure  of  the  velocity)  as  the  flow  followed 
the  profile  would  simply  be  the  change  in  surface  slope.  However,  the  flow  field  under 
consideration  is  a  mixed  one,  being  mainly  subsonic  but  containing  a  small  supersonic  region. 
The  two  regions  are  separated  by  the  sonic  line  at  which  the  expansion  waves  can  be 
considered  to  be  reflected  as  compression  waves.  These  compression  waves  are  of  course 
members  of  the  second  family  of  characteristics,  along  each  of  which  6  +  u  is  constant,  and 
result  in  a  weakening  of  the  generated  expansion  at  the  surface  of  the  aerofoil..  If  there 
is  to  be  a  net  expansion  then  the  compression  waves  must  be  more  widely  spaced  than  the 
expansion  waves,  and  furthermore,  if  the  expansion  is  to  he  very  rapid  then  the  expansion 
waves  that  are  produced  at  the  beginning  of  the  supersonic  region  must  be  generated  in  quick 
succession.  Now  the  value  of  the  Prandtl-Meyer  function  v  on  the  generated  expansion  waves 
is  directly  proportional  to  the  expansion  angle  or  the  change  in  slope.  Thus  if  s  is  the 
distance  along  the  surface 

6  v  bQ 

bo  6s 

»  p  (the  surface  curvature),  (l) 

and  for  a  rapid  initial  rate  of  expansion  a  high  value  of  curvature  is  required.  The 
magnitude  of  the  net  expansion  will  depend  upon  how  long  the  high  curvature  is  maintained, 
and  the  strength  of  the  reflected  system  of  compression  waves.  Now  if  surface  curvature 
is  maintained  at  a  high  value  for  a  considerable  range  of  surface  slope  then  there  must,  for 
geometric  reasons,  follow  a  rapid  reduction  of  curvature  to  a  very  low  level  in  order  that  the 
resulting  profile  should  be  of  tho  aerofoil  type.  The  simplest  form  of  such  a  profile  is 
shown  in  Fig.  2  and  is  un  aerofoil  formed  mainly  by  an  arc  of  a  circle  of  large  radius  but 
having  a  cirole  of  small  radius  for  a  leading-edge,  a  small  circle  being  the  best  way  of 
producing  a  sustained  rapid  expansion.  Suppose  that  the  sonic  point  lies  on  the  leading- 

edge  circle  where  the  surface  slope  is  (  then  at  some  point  on  the  leading-edge  circle, 

downstream  of  the  sonic  point,  the  net  rate  of  expansion  will  be  given  by  tho  combined  effects 
of  the  generated  rate  of  expansion  pe  («  l/r)and  the  rate  of  compression  from  the  reflected 


i 


r 
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system  of  waves.  If  the  latter  is  expressed  as  p  ,  then  the  net  expansion  is 


i  «e . 


6h) 

6  s 

bill 

b  a 


Po  -^0 


(!  -V  )  P0  • 


If  is  constant  then  equation  2  can  be  integrated  to  give 

u>  -  (1  -ij  )  (6  -  6). 


(2) 


(3) 


In  Fic.  3*  values  of  w  measured  on  a  circular  leading-edge  are  plotted  against  (  ).  and 

apart  from  the  initial  curve,,  the  relationship  is  seen  to  be  effectively  linear,  indicating 
that  i)  is  in  fact  constant  (ij  «  0.5)  and  that  equation  3  is  valid.  This  initial  curved 
portion  of  the  graph  is  expected  as  it  can  be  shown  theoretically  that  bv/bQ  *  0  at  U  >  1, 
Experimental  evidence  so  far  collected  indicates  that  for  well  established  supersonic  flow 
the  value  of  17  is  effectively  independent  of  free  stream  Mach  number,  incidence  and 
leading-edge  radius. 


Here,  the  rate 
(»  l/R  where  R 


Consider  now  what  happens  when  the: curvature  discontinuity  is  reached, 
at  which  expansion  waves  are  generated  is  dramatically  reduced  from  p0  to  p, 

is  the  radius  of  the  arc  of  the  large  circle).  On  the  other  hand  it  can  be  expected  that  the 
rate  at  which  compression  waves  arrive  at  the  surface  does  not  immediately  change  as  it 
depends  upon  the  upstream  conditions.  Thus  the  net  rate  of  expansion  can  probably  be  given 
by 


but 

-  -  P,  -VP0 

b  3 


(4) 


which  is  a  negative  quantity  as  p«ij p  ,  and  the  net  effect  is  a  strong  compression.  The 
curvature  discontinuity  is  seen  t'o  be  the  point  at  which  a  net  expansion  i3  replaced  by  a 
net  compression  and  must  therefore  be  the  point  at  which  naximura  velocity  is  reached,  that 
is  the  position  of  the  velocity  peak.  A  typical  case  for  this  typo  ol'  aerofoil  is  shown  in 
Fig.  4  where  an  experimental  presjure  distribution  is  superimposed  on  the  curvature  distribu¬ 
tion.  In  tho  lowor  part  of  the  figure  the  pressure  is  plotted  against  distance  from  the 
leading-edge  and  it  is  seen  that  the  compression  that  follows  the  suction  peak  is  so  strong 
that  a  shock  wave  is  formed.  However,  with  such  a  curvature  distribution  it  is  possible  to 
locate  the  position  of  the  suction  peak  precisely,  and  give  a  close  estimate  of  its  magnitude. 
It  thus  forms  a  useful  basis  on  which  to  study  the  effects  on  the  suction  peak  of  such 
parameters  as  leading-edge  radius,  Mach  number  and  incidence.  Before  moving  on  to  these 
topics  it  is  necessary  to  examine  the  way  in  which  velocity  increases  from  the  stagnation 
point  up  to  the  supersonic  region. 

3.  VELOCITY  DISTRIBUTIONS  ON  ROUND  LEADING-EDGES 

An  experimental  investigation  of  velocity  distributions  on  round  leading-edges  has 
shown  that  for  any  free-stream  Mach  number  in  the  range  0<  M 4  1  the  velocity  U  can  be 
related  te  the  incompressible  velocity  in  the  form 


fl/Uoo  OW)  -  ui/uoo  (b<#>), 

where  6  is  the  angular  displacement  from  the  stagnation  point,  and 

b  »  1  •  |i  4  • 


(5) 


(6) 


However,  p  was  found  to  vary  according  to  the  effective  profile.  That  is,  it  varies  frou 
profilo  to  profile  and  it  also  varies  as  tho  stagnation  point  moves  on  a  given  aerofoil. 

An  empirical  relation  between  p  and  tho  corresponding  incompressible  velocity  distribution 
was  found  to  be  _ 

/  1  +  t 

(7) 

where  1  +  t  is  tho  initial  value  of  the  slope  of  the  curve  Ui  /U®  against  sin  <f>  .  When 
t  -  1  Eqn.  6  reduces  to  the  result  suggested  in  Ref.  1  for  circular  cylinders  and  aerofoils 
with  sustained  circular  leading-edges.  The  validity  of  the  above  relationships  is 
demonstrated  in  Figs.  5  to  7  where  measured  values  of  U/tJ®  are  plotted  against  b<£  for  a 
variety  of  leading-edge  shapes  (the  appropriate  curvature  distribution  is  shown  in  each 
figure),  and  for  each  case  the  experimental  points  are  found  to  collapse  fairly  well  on  to 
a  single  ourve  which  is  very  close  to  tho  theoretical  inviscid  incompressible  solution. 

It  will  bo  noted  that  Eqn<  5  indicates  that  local  velocity  ratio  decreases  as  free-stream  Mach 
number  increases ,but it  is  well  known  that  over  most  of  the  aerofoil  profile,  where  tho  surface 
slope  is  small,  tho  reverse  is  true.  Thus  Eqn.  5  oannot  be  expected  to  hold  for  largo 
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values  of  4>  .  However,  it  does  hold  for  aerofoils  at  incidence  (see  Fig.  8)  and  if 
conditions  are  such  that  a  well  established  region  of  supersonic  flow  exists  close  to  the 
leading-edge  then  it  is  sufficient  to  give  the  velocity  up  to  and  including  the  sonic 
point.  In  all  cases  the  compressible  velocity  distribution  can  be  related  only  to  the 
incompressible  velocity  distribution  that  has  the  identical  stagnation  point. 


4.  THE  EFFECTS  OF  LEADING-EDGE  GEOMETRY  AND  MACH  NUMBER  ON  THE  ZERO  INCIDENCE  VELOCITY 
PEAK 

With  the  aid  of  the  above  velocity  rule  it  is  possible  to  examine  further  the  geometric 
features  that  are  required  to  generate  a  supersonic  velocity  peak  at  zero  incidence.  It  is 
seen  in  Figs.  5  to  7  that  the  longer  the  leading-edge  circle  is  sustained,  the  steeper- the 
velocity  gradient  becomes  and  the  greater  the  maximum  velocity  is,  hence  the  greater  the 
likelihood  of  sonic  velocity  being  attained  at  a  moderately  high  value  of  surface  slope. 

Fig.  9  shows  the  experimental  pressure  distribution  at  »  0.8  for  the  aerofoil  referred  to 
in  Fig.  5,  and  the  supersonic  velocity  peak  will  be  noted.  In  contrast,  the  theoretical 
velocity  distribution  (calculated  by  the  approximate  method  of  Ref.  2  )  at  the  same  Maoh 
number  for  an  elliptic  aerofoil  of  the  sane  thickness  is  seen  to  be  everywhere  subsonio. 

This  once  more  demonstrates  the  importance  of  a  considerable  extent  of  high  surface 
curvature. 

Returning  to  the  geometrically  simple  profile  defined  by  two  circular  arcs  (Fig.  2) 
joined  at  a  large  curvature  discontinuity  at  a  fairly  low  value  of  surface  slope,  the 
velocity  distribution  on  the  leading-edge  of  such  a  profile  will  be  close  to  that  for  a 
circular  cylinder.  The  way  in  which  the  leading-edge  velocity  rule  predicts  that  tho 
sonic  point  will  vary  with  Mach  number  for  this  case  is  shown  in  Fig.  10.  A  supersonic 
peak  will  begin  to  form  as  soon  as  the  sonic  point  first  appears  on  the  leading-edge  circle 
and  will  grow  as  Mach  number  increases  and  the  sonic  point  moves  further  forward  of  the 
curvature  discontinuity.  Maximum  peak  will  first  he  reached  when  the  sonic  point  reaches 
its  most  forward  position  at  Mq,  °  0.9.  Consider  now  a  family  of  this  type  of  aerofoil  where 
each  member  has  the  same  maximum  thickness  and  the  same  chordwise  position  of  maximum 
thickness.  The  profile  of  each  member  is  then  determined  by  the  value  of  the  leading-edge 
radius  and  in  Fig.  11  it  is  seen  that  as  leading-edge  radius  increases,  the  curvature 
discontinuity  moves  to  a  lower  value  of  surface  slope.  Thus  for  a  fixed  Mach  number  and 
sonic  point  position  (assuming  that  the  sonic  point  lies  on  the  leading-edge  circle),  the 
supersonic  velocity  peak  will  grow  as  leading-edge  radius  is  increased.  This  is  a  tendency 
in  the  case  of  more  general  profiles.  It  will  of  course  be  realised  that  the  sonic  point 
will  not  in  fact  remain  stationary  as  the  geometry  changes  but  will  move  in  a  way  that 
accentuates  the  effect  described. 


5.  THE  VELOCITY  PEAK  ON  AN  AEROFOIL  AT  INCIDENCE 

A  lifting  aerofoil  is  naturally  of  greater  interest  but  presents  a  further  problem  due 
to  the  movement  of  the  stagnation  point  with  incidence  and  Mach  number.  As  the  stagnation 
point  moves  round  to  the  lower  surface  with  increase  of  incidence,  the  sonic  point  moves 
further  forward  and  the  velocity  peak  grows.  Thus  as  the  design  incidence  increases  then, 

in  order  to  prevent  the  velocity  peak  becoming  too  high,  the  leading-edge  geometry  must  be 
changed  so  that  the  rapid  drop  in  curvature  occurs  at  a  higher  value  of  surface  slope. 

There  is  now  an  added  effect  of  Mach  number  on  peak  height  as  for  a  fixed  incidence  the 
stagnation  point  moves  forward  as  Maoh  number  increases,  and  the  movement  of  the  sonic 
point  is  now  a  combination  of  its  movement  relative  to  the  stagnation  point  and  the  movement 
of  the  stagnation  point  itself.  Fig.  12  illustrates  the  situation  for  a  particular  aerofoil 
at  3°  incidence  and  3hows  the  measured  variation  of  surface  slope  at  the  stagnation  point  and 
the  calculated  variation  of  <f>  (tho  angular  separation  of  the  sonic  and  stagnation  points), 
which  combine  to  give  the  surface  slope  at  the  sonic  point.  The  most  forward  position  of 
the  sonic  point  is  seen  to  be  at  Mg)  •  0.7  and  this  is  thus  the  Mach  number  for  maximum  peak 
height  at  this  particular  incidence.  This  result,  together  with  the  zero  incidence  result, 
indicates  that  the  Mach  number  for  maximum  velocity  peak  varies  with  incidence. 

The  idealised  situation,  of  an  aerofoil  at  incidence  which  generates  a  supersonic 
velocity  peak  followed  by  an  isentropic  compression,  is  depicted  in  Fig.  13  and  helps  to 
illustrate  the  various  design  problems  involved.  The  aocelaration  from  the  stagnation 
point,  looated  on  the  lower  surface,  is  shown  with  sonic  velocity  reached  on  the  leading-edge 
circle.  Then  follows  the  supersonic  acceleration  which  is  modulated  by  the  reflected 
compression  waves.  The  latter  become  dominant  after  the  rapid  fall  of  curvature  and  it  ie  the 
delicate  balance  between  the  generated  expansion  and  the  reflected  compression  that  maintains 
the  isentropic  compression.  How  to  design  for  this  ideal  oase  is  not  in  general  known 
although  Nieuwland  has  produced  some  particular  solutions. 

Although  the  ideas  expressed  here  are  far  from  providing  a  complete  solution,  they  dc 
assist  the  appreciation  of  the  various  factors  involved  in  the  generation  of  a  supersonic 
velooity  peak  at  the  leading-edge  of  an  aerofoil. 
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PART  II 

THE  DETERMINATION  OF  THE  VELOCITY  DISTRIBUTION 
ON  AN  AEROFOIL  IN  A  SONIC  STREAM 
N.  Thompson 


1.  INTRODUCTION  TO  PART  II 

The  need  to  be  able  to  predict  the  velocity  distribution  on  aerofoils  wit.h  regions 
of  supercritical  flow  is  an  important  step  in  the  design  of  the  modern  generation  of  high- 
subsonic  cruise  aircraft.  The  practical  significance  of  this  need  lies,  for  example,  in 
the  p-03pect  of  relating  the  shock  strength  to  that  required  to  provoke  shock-induced 
separation. 

Part  I  has  shown  in  particular  how,  for  round-nosed  aerofoils,  a  velocity  rule  may 
be  used  to  determine  local  velocities  in  the  Initial  rapid  flow  expansion  from  the 
stagnation  point  in  the  Mach  number  range  0<  Mco<1.0.  The  rule  la  only  valid  upstream 
of  the  small-disturbance  flow  region  but,  in  most  cases  of  practical  interest,  can  be 
used  to  determine  where  the  sonic  point  occurs  in  the  Initial  flow  expansion  for  free- 
stream  Mach  numbers  within  the  transonic  speed  range.  Part  II  of  this  paper  deals 
specifically  with  conditions  at  1.0  and  considers,  in  particular,  the  problem  of 
predicting  local  supersonic  regions  of  flow  between  the  sonic  point  and  the  shock  wave 
terminating  the  supersonic  region  of  flow.  The  derivation  of  a  rapid,  but  accurate, 
method  is  described  for  obtaining  surface  pressures  in  the  supersonic  region  of  flow  at 
Mq,-  1.0  which  may  be  applied  to  any  arbitrary  round-  or  sharp-nosed,  lifting  or  non¬ 
lifting  aerofoil  once  the  sonic  point  (or  the  flow  condition  at  «ome  point  downstream  of 
the  sonic  point)  has  been  determined  from  priori  considerations. 


2.  THE  REGION  OF  LOCAL  SUPERSONIC  FLOW 

The  purpose  of  this  section  is  to  show  how  the  local  supersonic  velocity  distribu¬ 
tion  at  Mjq-  1.0  on  any  arbitrarily-dof ined  section  may  be  expressed  in  the  form  of  a 
simple  correlation  with  chordwise  distance  of  a  parameter, involving  only  the  local 
Frandtl-Meyer  angle,  the  aerofoil  geometry  and  a  factor  dependent  on  the  sonic  point 
location.  It  follows  that  for  any  aerofoil  for  which  the  sonic  point  location  and  tho 
geometry  are  known,  a  method  of  predicting  the  local  supersonic  region  of  flow  is 
embodied  in  this  simple  correlation  curve. 

The  method,  derived  here,  is  based  on  a  consideration  of  the  characteristics  net¬ 
work  between  the  aerofoil  surface  and  the  sonic  line  and  certain  transonic  similarity 
laws.  The  characteristics  network,  as  noted  in  Part  I,  can  be  considered  to  consist  of 
a  family  of  expansive  simple  waves  (of  the  8  -wtype),  generated  by  a  change  in  slope  at 
the  surface,  onto  which  is  superimposed  a  family  of  oompressive  waves  (of  the  0  +u>type) 
that  account  for  the  non-uniformity  of  the  flow  approaching  the  sonic  line.  Thus,  tho 
total  compressive  effect  that  returns  to  ;he  surface  up  to  any  particular  chordwise 
point  is  given  by  (0  -  0)  -«*>.  The  chordwise  variation  of  0  +<j  therefore  gives  a 
measure  of  this  tota?  compressive  effect  that  reaches  tho  surface  from  the  sonic  line 
and,  in  particular,  the  value  of  6(0  +w)/6(x/c)  is  the  strength  of  the  compressive 
disturbance  at  any  particular  point. 


14-5 


A  consideration  of  the  transonic  similarity  laws  (Ref.  l)  shows  that  for  families 
of  symmetrical  aerofoil  sections  given  by 

z/c  -  +  (t/c)  F0  (x/o)  (1) 

the  transonic  flow  fields  about  the  aerofoils  at  zero  incidence  are  similar  if  the 
parameter 

»  constant.  (2) 


This  implies  that  for  llco<1.0  the  flow  fields  about  a  family  of  symmetrical  aerofoils, 
varying  only  in  t/c,  will  not  be  similar  at  the  same  value  of  M^.  However,  at  «  1.0 
the  flow  fields  will  be  similar  since  the  parameter^-  constant  «  0. 

Consider  now  the  similar  flow  fields,  for  Ma,  »  1.0,  about  two  related  aerofoils 
as  illustrated  in  Fig.  14.  In  the  flow  field  at, and  away  from,  the  surface  it  may  be 
deduced  from  Ref.  1,  within  the  framework  of  small-disturbance  assumptions,  that  related 
points  in  the  two  similar  flows,  at  corresponding  values  of  x/c,  will  obey  the  relation¬ 
ships 


Cp/(t/c)2/J 

-  Cp7  (t/c)2/5 

(3) 

Z  (t/c)1/5 

-  z'(t/'c)1/5 

(4) 

0/(t/c) 

-  0^(t/c) 

(5) 

(where  Z  and  Z  denote  ordinates  of  related  points  in  the  flow  fields  measured  from  the 
aerofoil  surface  and  6  and  8  are  the  corresponding  local  flow  directions  referred  to  the 
free-stream  direction).  Thus,  at  the  surface,  points  at  a  given  value  of  x/c  in  the  two 
similar  flow  fields  are  related  pointe.  Furthermore,  since  at  the  sonic  line 

Cp/(t/c)2/3  -  Cp'/(t'/c)2/5  -  0 

points  P  and  P* (which  correspond  to  the  same  value  of  x/c)  on  the  sonic  line  in  the  two 
similar  flow  fields  are  also  related  points.  It  therefore  follows  that,  as  in  Fig.14, 
the  two  pairs  of  characteristic  lines  (0,  -u,),  (6,+u,)  and  (0,'  ),  (02'+cUj),  whioh  meet 

the  sonic  line  at  the  related  points  P  and  P,  will  also  originate  from,  and  return  to, 
the  surface  at  tho  same  (related)  chordwise  points,  A  and  A  ,  B  and  B'.  (The  values  of 
0,  ,oi,  ,  0,  ,<a,  etc.  here  relate  to  local  values  away  from  the  surface.) 

Along  a  given  characteristic  of  either  the  (0,  -u>,)  or  (0,  +  o>,)  family 

8i -Ui  «  0t  +  w,  -  0L  (at  the  sonic  line).  (6) 

Similarly  0,/-ti»|/  -  Oj+w/  ■  8^  ,  (7) 

Thus,  in  particular,  from  equations  5,  6  and  7 

(0, +(j2)/(t/c)  -  (0^+4)/(  t/c)  (0) 

Therefore,  for  families  of  symmetrical  aerofoils  at  zero  incidence,  the  value  of  (0+u>) 
at  any  specific  chordwise  point  on  the  surface  is  proportional  to  t/c.  (This  relation¬ 
ship  is,  of  course,  also  applicable  to  related  points  away  from  the  surface.)  Defining 
a  transonic  similarity  parameter  f  -  0.l/(t/c)  (the  factor  0.1  being  included  so  that 
values  of  f  are  close  to  unity)  a  general  relationship  for  affinely  related  symmetrical 
aerofoils  at  zero  incidence  therefore  exists,  of  the  fora 

(<u+0)f  -  F(x/c)  (9) 

and  is  applicable  to  points  at  the  surface. 

For  affinely  related  cambered  aerofoils  at  zero  incidence  a  similar  relationship 
may  be  established  by  defining  f  in  an  appropriate  manner,  because  disturbances  on  the 
lower  surface  do  not  significantly  affect  the  upper  surface  supersonic  region  of  flow 
(and  vice-versa).  The  similarity  parameter,  f,  for  cambered  aerofoils  at  zero  incidence, 
is, therefore,  based  on  the  maximum  upper  (or  lower)  surface  ordinate  instead  of  the 
overall  value  of  t/c, 

0.1 


max 


i.e.  f 


2(*/c). 


(10) 
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The  relationship  nay  also  be  extended  to  aerofoils  at  incidence  by  including  an 
allowance  for  the  effective  change  in  surface  slops  relative  to  the  free-strean  direction 
attributable  to  the  incidence  setting.  Effectively!  at  the  surface*  the  slopet  relative 
to  the  free-atream  direction*  changes  froa  8  to  8  ■  0-a.  A  general  relationship  of  the 
fora 

(w+0)f  -  ?(x/c)  (11) 

■ay  therefore  be  established  for  a  family  of  aerofoils*  which  is  exact  for  affinely 
related  symmetrical  aerofoils  at  zero  incidence  (within  the  framework  of  small  disturb¬ 
ance  assumptions)  and  is  approximately  true  for  other  cases. 

For  a  family  of  aerofoils  the  function  F  (x/c)  is*  therefore*  unique.  However, 
this  is  not  so  for  aerofoils  which  are  unrelated*  as  demonstrated  in  Fig.  16*  where 
values  of  (<e+8)f,  obtained  from  an  analysis  of  experimental  data- for  a  wide  range  of 
round-nosed  section  shapes  tested  in  a  sonic  stream,  are  presented  as  a  function  of 
(x/c)'/I  .  (The  abscissa  scale  of  (x/c)l/5  ia  chosen  simply  to  expand  the  scale  of  x/c 
near  the  leading  edge  where  the  variation  of  (ie+0)  with  x/c  is  very  rapid.)  The  analysis 
demonstrates  that  the  compressive  effect  (given  by  the  chordwiee  variation  of  (u»+0) 
varies  monotonically  with  x/c  from  the  sonic  point*  as  illustrated  also  in  the  sketches 
of  Fig.  27.  This  is  true  even  during  a  very  rapid  flow  expansion  from  the  sonic  point 
and  during  the  flow  recompression,  brought  about  by  particular  local  chordwiee  variations 
in  0  or  r/c,  that  often  follows  such  a  rapid  flow  expansion*  as  discussed  in  Part  I.  In 
addition  the  ohordwiee  variations  of  (u+6)f,  although  not  identical  in  each  case,  are 
very  similar  for  a  wide  range  of  section  shapes. 

The  similarity  between  the  chordwiee  variations  of  (u+0)f  with  x/c  in  Fig.  16  for 
aerofoils  which  are  not  related  suggests  that  the  approximate  collapse  of  data  points 
about  the  mean  curve  of  Fig.  ‘16  can  be  made  even  more  complete  by  formulating  a  general 
affine  relationship.  The  simplest  form  that  such  a  relationship  could  take  is 

(w+0)fX  -  F(x/c)  (12) 


where  X  ia  a  simple  numerical  constant  for  any  one  aerofoil  at  a  particular  incidence. 
The  adequaoy  of  this  simple  form  can  be  evaluated  from  experimental  data  by  calculating 
X  at  one  particular  ohordwise  station  froa  the  relationship 


X  -  (u#+0)f/(w+0)f  (13) 

(where  the  whole  denominator  is  given  by  the  mean  curve  of  Fig.  16)  and  then  examining 
the  completeness  of  the  collapse  of  experimental  data  for  other  chordwiee  stations  when 
presented  in  the  form  of  Equation  12.  This  has  been  done  by  defining  X  at  the  sonic 
point  and  the  resulting  data  collapse  is  shown  in  Fig.  17 • 

Assuming  that  F(x/c)  is  a  unique  function  for  any  aerofoil  shape  (and  this  is 
confirmed,  to  a  close  approximation*  by  the  collapse  of  data  in  Fig.  17),  it  is 
interesting  to  note  that,  at  tho  sonic  point 


(since*  when  u 


-fe+ftfrA  .  fX  69»  . 

b(x/o)  b(x/c) 

0,  ixo/ 6(x/c)  ■  0  )  and  that 

X  -  . 

f  d6s 
d(x/c) 


F 


(*/•>, 


(14) 


(15) 


Thus  the  factor  X  (and  hence  also  the  local  rate  of  compression  at  any  ohordwise  point) 
is,  therefore,  dependent  on  the  sonio  point  location  and  in  particular  on  the  rate  of 
change  of  surface  slope  at  this  point,  i.e.,  to  a  dose  approximation,  the  ourvature  at 
the  sonic  point.  The  factor  X  may*  therefore,  b9  considered  to  represent  the  influence 
of  conditions  at  the  sonio  point  (and,  in  turn,  the  influence  of  the  subsonlo  region  of 
flow)  on  the  downstream  supersonic  region  of  flow.  Since  values  of  (<v+B)f  decrease  to 
a  value  of  about  unity  at  the  trailing  edge  the  significance  of  X  in  determining  the 
downstream  rate  of  compression  becomes  less  as  x/c 1.0. 

Evaluation  of  X  thus  requires  a  knowledge  of  the  sonic  point  and  this  is  obtained 
from  a  prediction  of  the  Bubaonlc  flow.  The  correlation  presented  in  Fig,  17  is  based 
on  experimental  data  obtained  at  the  Rational  Physical  Laboratory.  In  Section  3  it  ia 
shown  how  mathematical  solutions  for  certain  section  shapes  are  also  embraced  by  the 
empirical  correlation  of  Fig.  17  and  hence  add  to  the  generality  of  the  method.  However, 
before  proceeding  to  these  considerations,  it  is  neoessary  to  consider  the  behaviour  of 
thin,  round-nosed  aerofoils  which  have  shown  certain  exceptions  to  the  general  affine 
relationships  established  up  to  now. 


although  the  scatter  about  the  mean  curve  is  not  particularly  groat. 


H-7 


2.1  The  variation  of  the  parameter  f  for  thin  aerofoils 

In  certain  cases  the  analysis  of  experimental  data  indicates  that  the  strength  of 
the  compressive  effect  at  the  surface  (represented  by  b («*>+6)/d (z/c ))  is  not  aa  large  as 
might  be  expected  from  the  correlation  presented  in  Pig.  17*  These  particular  cases 
occur  on  the  upper  surface  of  thin  aerofoils  at  positive  incidence  for  which  the  initial 
expansion  is  rapid.  An  explanation  for  this  phenomenon  is  suggested  below  from  a 
consideration  of  the  characteristics  pattern  on  a  thin  aerofoil. 

The  relationship  given  by  equation  3  indicates  that  for  affinely-related  aerofoils 
at  zero  incidence  the  thinner  the  aerofoil  the  smaller  are  local  surface  velocities. 
However,  this  trend  of  thickness  effect  breaks  down  if.  as  for  thin  round-nosed  aerofoils 
at  incidence,  the  sonic  point  moves  onto  the  more  highly  curved  region  near  the  leading 
edge,  as  illustrated  in  Pig.  15.  In  this  case  the  high  curvature  region  just  downstream 
of  the  sonic  point  produces  strong  expansions  giving  high  local  Mach  numbers.  The 
chordwise  variation  of  the  compressive  disturbance  that  can  be  considered  to  originate 
at  the  sonic  line  is  then  reduced  for  two  reasons.  Firstly,  expansion  waves  of  the  6-oj 
family,  originating  at  the  surface  near  the  sonic  point,  meet  the  sonic  line  higher 
above  the  surface  than  on  an  affinely-related  thicker  aerofoil  at  an  equivalent  incidence, 
as  illustrated  in  Fig.  15-.  The  reflected  compressive  waves  from  the  sonic  line  (of  the 
0+00 family) therefore  return  to  the  surface  proportionately  further  along  the  chord  than 
in  the  case  of  the  thicker  aerofoil.  Secondly,  the  high  local  Mach  number  region, 
produced  by  the  high  surface  curvature,  causes  the  incoming  family  of  compressive  waves 
to  be  deflected  even  further  along  the  surface  than  would  occur  if  the  Initial  expansions 
were  weaker.  Both  these  effects  therefore  cause  the  strength  of  the  chordwise  distribu¬ 
tion  of  the  compressive  disturbance  to  be  weakened,  particularly  in  a  region  near  to  the 
sonic  point.  Thus,  as  incidence  increases,  and  the  initial  expansion  grows  stronger, 
the  chordwise  distribution  of  the  compressive  effect  that  actually  occurs  on  a  thin 
aerofoil  is  less  than  that  indicated  by  the  correlation  of  Figure  17*  whioh  is  not  based, 
primarily,  on  data  for  thin  aerofoils. 

This  effect  can  be  represented  by  a  variation  of  the  factor  f  with  chordwise 
distance.  A  study  of  experimental  data  indicates  that  when  f>1.3  (i.e.(z/cjn<  0.0305) 
and  a>0  then  the  variation  of  f  («  fj,)  with  x/c,  downstream  of  the  high  curvature 
region  (the  limit  of  which  may  be  taken  as  the  point  corresponding  to  r/o  -  0.2),  is 
given  by  the  relationship 


k  a  1 

57.3  aTS/cT 


max 


(16) 


where  the  variation  of  k  with  x/c  is  given  by  Fig.  10.  The  variation  of  f^  and  (a>4d})fk 
with  x/c,  given  by  equation  16  and  Figure  17,  is  such  that  the  increased  expansive  effect 
will  be  greatest  in  a  region  downstream  of,  but  near  to,  the  sonic  point  and  almost 
negligible  in  a  region  near  the  trailing  edge. 


3.  THEORETICAL  SOLUTIONS  FOR  SOKE  SPECIAL  AEROFOIL  SHAPES 

The  purpose  here  is  to  examine  some  theoretical  solutions  that  are  available  at 
Mo,  >  1.0  for  some  special  shapes  and,  in  particular,  to  see  how  these  solutions  compare 
with  the  results  obtained  using  the  empirical  relationships  obtained  in  Section  2  for 
the  region  downstream  of  the  sonic  point. 

3.1  Results  for  a  family  of  sharp-nosed  aerofoils 

Spreiter  and  Alkane  in  Ref.  2,  and  Rubbert  and  Landahl  in  Ref.  3*  present 
theoretical  results  for  a  family  of  sharp-nosed  aerofoils  at  zero  incidence  defined  by 
the  equations 

t  ‘  A[f-(t)I  (17) 

and  f  -  a[(i  -f)  -  (1  -f)n]  .  (10) 

Equations  (17)  and  (18)  give  a  family  of  aerofoils  having  the  position  of  maximum  thickness 
aft  of  the  mid-ohord  point  and  forward  of  the  mid-ohord  point  respectively.  The 
maximum  thickness  position  is  determined  by  n  while  t/o  is  determined  by  A. 


i.e.,  the  actual  value 
corresponding  value  given  by 


of  (co  4®)fA 
Figure  17. 


at  any  chordwise  point  is  larger  than  the 
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In  Refs.  2  and  3*  theoretical  results  are  presented  for  the  five  aerofoils  with  tho 

position  of  maximum  thickness  ati  or  near,  x/c  »  0.3,  0.4,  O.p,  0.6  and  0.7  and  these  results 

are  oompared  with  experimental  data  from  Ref.  j*  These  experimental  data  were  obtained  from 
wind  tunnel  wall  bump  tests  and  using  a  ventilated  working  section  that  may  not  have  been 
adjusted  precisely  for  interference-free  conditions.  As  a  result  the  experimental  data  are 
influenced  by  the  initial  wall  boundary  layer  and  tunnel-interference  effects.  However, 
Spreiter  and  Alkane's  theoretical  result  for  the  parabolic-arc  section  (maximum  thickness  at 
x/c  »  0.3  )  is  considered  to  be  almost  exact  over  most  of  the  chord  (as  demonstrated  in 
Ref.  6).  The  differences  between  the  theory  and  the  experimental  data  of  Ref.  5  for  this 

aerofoil  can  therefore  be  considered  to  be  that  due  to  the  effects  noted  above,  except  near 

the  trailing  edge  where  viscous  effects,  associated  with  shock-wave/boundary-layer  interac¬ 
tion,  are  predominant.  If  an  assumption  is  then  made  that  these  same  differences  are 
applicable  to  the  experimental  data  for  the  other  models,  at  the  same  values  of  t/c  and  at 
corresponding  chordwise  stations,  then  the  modified  pressure  distribute  s  should  be  more 
nearly  correct  than  the  original  data. 

In  Pigs.  19-23»  the  theoretical  results  of  Refs.  2  and  3  for  the  five  aerofoils,  and  the 
experimental  data  of  Ref.  8  corrected  in  the  way  outlined  above,  sure  compared  with  predicted 
pressure  distributions  downstream  of  the  sonic  point  estimated  using  the  correlations  derived 
in  Section  2.  Since  the  velocity  rule  derived  in  Part  I  breaks  down  when  the  surface  slope 
is  small  and  the  flow  is  governed  by  the  laws  of  small-disturbance  theory,  an  alternative 
method  is  required  to  determine  the  subsonic  region  of  flow  up  to,  and  including,  the  sonic 
point  for  these  five  aerofoils.  The  alternative  method  used  here  is  given  in  Ref.  4  and  may 
be  used  to  predict  the  occurrence  and  nature  of  the  small-disturbance  subsonic  region  of  flow 
on  both  sharp  and  round-nosed  aerofoils  in  a  sonic  stream.  A  value  of  t/c  0.08  was  chosen 
for  all  the  comparisons  since  this  is  the  only  common  value  for  which  experimental  data  from 
Ref.  5  were  available  for  all  five  aerofoil  shapes. 

The  comparisons  in  Figs.  19  and  20  show  that  when  the  point  of  maximum  thickness  is 
forward  of  the  mid-chord  point  then  Rubbert  and  Landahl's  method  and  the  present  method  are 
in  substantial  agreement  over  the  rear  50,4  of  the  chord.  The  method  of  Spreiter  and  Alkane, 
predicts  pressures  which  are  considerably  lower  in  this  region.  For  the  aerofoil  with  maxi¬ 
mum  thickness  at  x/c  «*  0.3,  Figure  19  shows  that  Rubbert  and  Landahl's  method,  the  present 
method  and  the  experimental  data  indicate  a  region  of  decelerating  flow  over  the  rear  part  of 
the  chord.  The  method  of  Spreiter  and  Alksne,  on  the  other  hand,  cannot  predict  this  since 
the  method  fails  when  dU/dx^O.  For  the  aerofoil  shapes  with  maximum  thickness  at  or  beyond 
the  mid-chord  point  Figs.  21-23  show  that  all  three  prediction  methods  are  in  substantial 
agreement,  in  the  supersonic  region  of  flow  at  least. 

3.2  Results  for  a  particular  round-nosed  aerofoil 

The  theoretical  methods  for  evaluating  the  complete  flow  about  sharp-nosed  aerofoils  in 
a  sonic  stream,  such  as  Refs.  4  and  6,  are  based  on  a  solution  of  the  approximate  small- 
disturbance  form  of  the  transonic  flow  equstion  and  are  therefore  not  strictly  applicable  to 
round-nosed  aerofoils.  However,  Graham,  in  Ref.  7»  outlines  a  method  for  designing  a  round¬ 
nosed  aerofoil  having  a  simple-wave  compression  over  moot  of  tho  forward  half  of  the  chord 
at  Km  -  1.0.  Starting  with  a  circular  leading  edge,  which  is  maintained  until  the  surface 
slope  falls  to  a  value  of  12.5°,  Graham  uses  Chuskin's  theoretical  solution  for  a  circular 

cylinder  at  -  1.0  (Ref.  8)  to  determine  the  initial  rapid  flow  expansion  on  tho  circular 

region.  He  then  uses  the  method  of  characteristics  in  an  inverse  manner  to  derive  an  after- 

body-shape  that,  theoretically,  gives  a  simple  wave  compression  up  to  the  point  whore  the 
surface  slope  is  about  0.6°.  From  this  point  to  the  trailing  edge  Graham  uses  part  of  a 
circular-arc  in  order  to  obtain  a  closed  symmetrical  aerofoil  shape  and  assumes  that  the 
flow  is  given  by  simple  wave  expansion  theory  in  this  region. 

Graham' 8  theoretical  results  for  this  aerofoil,  designated  NPL  9451*  are  plotted  in 
Fig.  24  for  a  -  0  together  with  experimental  data  obtained  at  N.P.L.  The  predicted  pressure 
distribution  obtained  using  the  method  outlined  in  Section  2  downstream  of  the  sonic  point 
(the  sonic  point  occuring  in  the  rapid  flow  expansion  from  the  stagnation  point  given  by 
Chuskin's  solution  for  the  circular  cylinder)  is  given  in  the  sane  figure.  Clearly,  there 
are  fairly  considerable  differences  between  Graham's  theoretical  and  experimental  results 
betwoen  0.1c  and  0.5c.  The  prediction  obtained  using  the  present  method  follows  the 
experimental  results  more  closely  over  this  part  of  the  chord.  Graham  only  calculates 
theoretical  results  for  the  NPL  9431  aerofoil  at  zero  incidence.  However,  in  Fig.  25  a 
prediction  of  the  upper-surface  pressure  distribution  at  a  »  2°,  obtained  using  the  present 
method,  is  compared  with  experimental  data  for  Hq,  »  1.0.  Apart  from  a  certain  amount  of 
"wavinesa"  in  the  experimental  pressure  distribution,  and  some  discrepancies  in  the  region 
near  x/c  «  0.4,  the  comparison  between  present  prediction  and  experiment  remains  satisfactory. 

4.  THE  LEADING-EDGE  FLOW  RECOKPRESSION 

An  examination  of  the  continuity  between  the  subsonic  flow  on  a  round  leading-edge  and 
the  superaonio  flow  further  downstream  has  also  revealed  some  interesting  flow  phenomena 
which  are  now  worth  considering. 

The  rapid  flow  expansion  from  the  etagnation  point  exhibited  by  many  sections  is 
invariably  followed  by  a  flow  reoompression  (as  illustrated,  for  example,  in  Figs.  26a  to 
26d)  as  the  local  surface  radiuc  of  curvature  increases  rapidly  from  the  leading-edge  value. 


14-9 


The  means  whereby  this  recompression  may  occur  downstream  of  the  initial  peak  velocity  may 
be  of  one*  or  a  combination)  of  several  forms.  If,  for  example,  in  the.  initial  rapid  flow 
expansion*  supersonic  velocity  is  attained  before  the  peak  value  of  velocity  occurs  then 
some  isentropic  recompression  may  occur  (Figs.  26a,  26b)  and  may  (Figs.  26b,  26c),  or  may 
not  (Fig.  26a),  be  terminated  by  a  local  shock  compression,  downstream  of  which  the  flow 
will  be  subsonic  if  a  strong  shock  wave  occurs.  In  addition  a  local  compression  in  the 
subsonic  flow  upstream  of  the  sonic  point  may  occur  as  illustrated,  for  example,  in  Fig.26d. 
Ths  various  forms  the  recompression  may  take,  and  the  conditions  under  which  each  form  is 
to  be  expected,  are  discussed  in  the  following  Sections.  Examples  of  some  of  the  forms  of 
leading-edge  flow  compressions  referred  to  are  presented  in  Section  5  and  are  there  compared 
with  predicted  results  obtained  using  the  methods  outlined  below. 

4.1  Recompression  occurring  in  the  supersonic  region  of  flow 

The  flow  mechanism  generating  isentropic  recompression  in  the  supersonic  region  of  flow 
and,  in  some  cases,  causing  the  formation  of  weak  (oblique)  shock  waves1  is  discussed  in 
Part  I  and  Refs.  9  and  10  from  a  consideration  of  the  characteristics  network  in  the  leading- 
edge  region. 

The  presence  of  isentropic  recompression  in  the  supersonic  region  of  flow  and/or  a  weak 
(oblique)  shock  wave  (downstream  of  which  the  flow  is  supersonic)  will  be  given,  automatic¬ 
ally,  by  the  prediction  method  implicit  in  Section  2.  Since  a  chordwise  variation  of  d-ui* 
constant  represents  a  simple-wave  compression,  a  chordwise  variation  of  8  -u  which  increases 
with  increasing  x/c  indicates  a  compression  greater  than  a  simple  wave,  i.e.»  a  shock  wave. 
Applying  this  criterion,  therefore,  will  indicate  whether  an  oblique  shock  occurs  in  the  flow 
as  illustrated  in  Fig.  27b.  That  the  applicability  of  the  method  given  by  Section  2  is  still 
valid  when  a  weak  oblique  shock  occurs  in  the  flow  presumably  arises  from  the  fact  that  ths 
shock,  in  this  particular  case,  is  merely  a  weak  convergence  of  compression  waves.  The  usual 
losses  associated  with  the  flow  through  a  shock  wave  are  therefore  a  minimum  and  the  flow 
compression  is  nearly  isentropic. 

4.2  Other  forms  of  leading-edge  flow  compressions  determined 

by  the  requirements  for  flow  continuity 

A  strong  shock  wave  may  occur  in  the  leading-edge  flow  if  the  surface  radius  of  curva¬ 
ture  increases  sufficiently  rapidly,  downstream  of  the  leading-edge  on  which  supersonic  flow 
has  initially  developed,  such  that  the  surface  geometry  is  not  compatible  with  the  preeenoe 
of  supersonic  flow.  The  over-expanded  leading-edge  flow  then  breaks  down  and  is  recompressed 
to  a  subsonic  level,  compatible  with  the  downstream  section  shape,  through  a  normal,  or  near 
normal,  shock  wave.  Downstream  of  the  shock  the  flow  expands,  reaching  sonic  velocity  again 
at  some  point  further  along  the  surface.  The  expansion  to  sonic  velocity  downstream  of  the 
shock  obeys  the  laws  of  small-disturbance  theory  and  the  occurrence  and  magnitude  of  looal 
subsonic  velocities  in  this  region  may  be  obtained  from  the  method  noted  earlier,  in  Ref.  4* 
The  existence  and  location  of  such  a  shock  may  be  determined  to  a  close  approximation,  as 
illustrat  d  in  Fig.  26b,  by  the  assumption  that  the  shock  upstream  velocity  (within  the 
supersonic  region  of  flow),  predicted  by  Section  2,  and  the  shock  downstream  velocity  (in 
the  downstream  region  of  subsonic  flow)  are  compatible  with  the  normal  shock  relationship. 

An  example  of  this  form  of  leading-edge  compression  is  given  in  Fig.  29. 

Thus  an  over-expanded  leading-edge  flow,  in  which  local  velocities  have  reached  a 
supersonic  level,  may  establish  continuity  with  the  presence  of  a  downstream  region  of  sub¬ 
sonic  flow,  dictated  by  the  section  geometry,  by  the  occurrence  of  a  normal  shock  wave. 
However,  in  some  cuses  the  shock  compression  that  would  be  required  to  compress  the  flow  from 
a  supersonic  level  (achieved  in  the  absence  of  any  downstream  influence  arising  from  a 
requirement  for  flow  continuity  with  a  downstream  region  of  local  subsonic  flow)  to  the  sub¬ 
sonic  level  (dictated  by  the  downstream  section  shape)  nay  be  greater  than  that  which  can  bs 
achieved  through  the  occurrence  of  a  normal  shock.  In  this  case  expericent  suggests  that  the 
downstream  surface  shape  exerts  an  Influence  on  the  upstream  flow  reducing  the  rate  of  flow 
expansion  from  the  stagnation  point  sufficiently  either  for  the  remaining  compression  to  sub¬ 
sonic  velocity  to  be  achievable  through  a  normal  shock  or  that  sonic  velocity  is  not  achieved 
in  the  initial  expansion.  In  the  latter  case  the  recompression  of  the  flow  to  velocities 
compatible  with  the  downstream  surface  shape  takes  place  at  an  entirely  subsonic  level. 

An  analysis  of  experimental  data,  particularly  for  such  cases  referred  to  above,  has 
suggested  that  when  a  region  of  small  disturbance  subsonic  flow  exists,  its  influence  on  the 
upstream  flow,  arising  from  the  requirement  for  flow  continuity,  may  be  represented  by  an 
influence  factor  K.  The  factor  K  is  a  variable  and  is  so  defined  that  the  value  of  KU/Ua,  in 
the  upstream  large  disturbance  flow,  may  be  considered  to  be  the  local  velocity  that  would 
cvccur  in  the  absence  of  this  downstream  influence.  Thus  the  large-disturbance  velocity 
distribution,  as  predicted,  for  example,  by  the  methods  outlined  in  Part  I  and  Section  2  of 
Part  II,  should,  more  correctly,  be  interpreted  as  KU/Uo,  even  if  a  leading-edge  rocompreasion 
does  not  occur.  It  is  then  necessary  to  establish  whether  any  leading-edge  flow  readjustment 
is  required  (i.e.,  K  /  1.0)  in  order  to  maintain  flow  continuity  and  exclude  any  incom¬ 
patibility  between  the  upstream  large-disturbance  flow  and  any  downstream  small-disturbance 


formed  when  "reflected"  compressivo  waves  from  the  surface  coalesce  as  illustrated 
in  Figure  27b. 
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subsonic  flow  that  Bight  exist.  A  method  for  determining  local  values  of  iC,  for  the  case 
of  an  aerofoil  in  a  sonic  stream,  is  given  in  Ref.  4.  The  method  suggests  that  near  the 
stagnation  point  K  is  approximately  unity  but  that  at,  and  near,  the  transition  from  the 
large-  to  the  saall-diaturbaace  regions  of  flow  X  may  be  significantly  greater  than  unity. 

The  case  when  the  Initial  flow  expansion  rate  is  reduced  so  that  a  normal  shock  occurs 
is  illustrated  in  Fig.  26c.  Here  the  locus  of  possible  values  of  shock-upstream  velocity 
(obtained  by  applying  the  normal  shock  velocity  relationship  to  the  downstream  small-disturb¬ 
ance  subsonic  flow)  is  always  lower  than  the  predicted  upstream  variation  of  KO/Ug,  .  The 
case  occurring  when  a  larger  downstream  influence  causes  the  leading-edge  flow  compression 
to  take  place  at  an  entirely  subsonic  level  is  illustrated  in  Fig.  26d  and  an  example  is 
given  in  Fig.31.  This  case  will  occur  whenever  the  locus  of  possible  values  of  shock- 
upstream  velocity  is  always  greater  than  the  predicted  upstream  variation  of  KU/Ua,  • 

Instances  when  K  is  significantly  greater  than  unity  are  only  likely  to  occur  for 
aerofoils  with  a  radius  of  curvature  (r/c)  distribution  such  that  a  sustained  region  of  small 
r/c  is  followed  by  a  very  rapid  increase  immediately  downstream.  This  type  of  aerofoil 
geometry,  associated  with  a  low  or  negative  incidence,  and  particularly  at  free-stream  Mach 
numbers  approaching  unity,  often  leads  to  the  form  of  velocity  distribution  featuring  a 
compression  in  the  subsonic  region  of  flow  close  to  the  leading  edge. 


5.  FURTHER  COMPARISONS  OF  PREDICTED  AND  EXPERIMENTAL  PRESSURE 

DISTRIBUTIONS  AT  Mg,  -  1.0 

The  comparisons  of  predicted  and  experimental  pressure  distributions  for  Mm  «  1.0  made 
so  far  have  been  for  some  special  aerofil  shapes.  In  this  section  some  further  comparisons 
are  made  for  two  arbitrarily-defined  aerofoil  shapes,  the  latter  example  being  chosen  to 
Illustrate  the  applicability  of  the  present  methods  in  predicting  several  forms  of  the 
particular  types  of  pressure  distributions  discussed  in  Section  4. 

5.1  NPL  3161  aerofoil,  a  -  5.2° 

The  NPL  3161  aerofoil  is  a  thick  (t/e  -  0.I4),  cambered  aerofoil  with  a  variation  in 
local  uurfuce  radius  of  curvature  which  increases  monotonically,  with  increasing  x/c.  The 
variation  of  local  curvature  near  the  leading  edge  doe3  not  produce  a  pressure  peak  in  this 
region,  but  the  surface  near  the  trailing  edge  on  the  lower  surface  is  concave  which,  at 
Mg,  ■  1.0,  produces  a  substantial  region  of  decelerating  flow  over  the  rear  part  of  the  chord. 
The  comparison  of  predicted  and  experimental  pressure  distributions  is  shown  in  Fig.  28. 

5*2  NPL  9422  aerofoil,  a  -  0°,  4° 

The  NPL  9422  aerofoil  has  a  circular  leading-edge  region  maintained  until  the  surface 
slope  falls  to  a  value  of  10°.  This  feature  produces  the  rapid  flow  expansion  from  the 
stagnation  point  and  oubsequent  flow  compression,  referred  to  earlier.  The  rapid  increase 
in  the  local  radius  of  curvature  downstream  of  the  circular  region  is  such  that,  at  «  ■  0, 
the  conditions  for  flow  continuity,  referred  to  in  Section  4.2  and  illustrated  in  Fig.  26b, 
between  the  upstream  large-disturbance  supersonic  flow  and  the  downstream  small-disturbance 
subsonic  flow,  Indicates  that  a  normal  shock  wave  occurs  in  the  leading-edge  flow  compression 
at  about  0.036c.  A  comparison  between  predicted  and  experimental  data  is  shown  in  Fig.  29. 

At  a  »  4°  the  upper-surface  pressure  distribution  takes  the  form  indicatsd  in  Fig.  30. 
Between  about  0.01c  and  0.03c  both  the  predicted  and  experimental  variations  of  (8-<u) 
indicate  that  a  compression  occurs  through  an  oblique  shock. 

On  the  lower  surface  of  this  aerofoil  at  a  *  4°  the  condition  for  flow  continuity, 
given  in  Section  4*2  and  illustrated  in  Fig.  26d»  indicates  that  a  subsonic  comprsssion 
occurs  in  the  leading-edge  region.  The  predicted  variation  of  local  pressure  in  the  leading- 
edge  region,  calculated  using  the  methods  referred  to  in  Section  4.2,  is  presented  in  Fig.  31 
as  a  function  of  surface  slope.  Fig.  30  presents  the  complete  predicted  and  experimental 
chordwise  variations  of  local  pressure  over  the  whole  chord. 


6.  CONCLUDING  REMARKS 

The  method  presented  in  Part  II  of  this  paper,  for  predicting  the  supersonic  region  of 
flow  on  any  arbitrary  aerofoil  shape,  has  proved  to  be  both  simple  in  application  and 
reliable  for  a  wide  range  of  round  and  sharp-nosed,  lifting  and  non-lifting  section  shapes. 
Because  the  method  is  founded  on  experimental  data  viscous  effects,  other  than  boundary- 
lay  er/shock-wave  interaction  near  the  trailing  edge,  are  included.  Also,  since  the  results 
of  applying  this  method  agree  well  with  other  inviscid  theories  where  comparison  is  possible, 
it  follows  that  the  method  may  be  applied  over  a  wide  range  of  Reynolds  number. 
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AN  APPROACH  TO  THE  DESIGN  OF  THE  THICKNESS  DISTRIBUTION 
NEAR  THE  CENTRE  OF  AN  ISOLATED  SWEPT  WING  AT  SUBSONIC  SFEED 


by 

U.  M,  FREESTONE, 
Department  of  Aeronautics, 
The  City  University,  London 


1. _ introduction 


Much  effort  has  been  directed  towards  the  design  of  aerofoil  sections  suitable  for  use 
with  swept  wing  aircraft  cruising  at  high  subsonic  Mach  number.  However,  the  aircraft  appli¬ 
cation  of  the  two-dimensional  results  is  straightforward  only  when  simple  sweep  theory  is 
adequate.  In  regions  near  the  fuselage  side  and  towards  the  wing  tips  the  three-dimensional 
nature  of  the  flew  is  pronounced  and  simple  sweep  theory  is  greatly  in  error. 

Hot  surprisingly,  the  three-dimensional  theory  of  compressible  flow  is  at  a  much  less 
developed  stage  than  the  corresponding  theory  of  wing  sections,  indeed  only  recently  has  it 
been  practicable  to  calculate  with  reasonable  accuracy  the  pressure  distribution  according 
to  the  first  order  theory*  (linearised  theory).  Some  improvement  on  the  linearized  theory 
results  can  be  obtained  if  factors  are  applied  to  it  to  account  for  edge  non-uniformities 
(the  IUegel8  factor  for  example),  and  for  local  variations  in  l/ach  number.  Such  factors  are 
not  completely  adequate,  of  course,  nor  is  there  any  one  set  of  factors  obviously  better  than 
others  which  can  be  suggested.  For  these  reasons,  and  for  simplicity,  all  such  factors  are 
omitted  in  this  paper. 


2.  General  Froblem 


The  general  problem  selected  is  that  of  the  thickness  design  of  the  centre  region  of  an 
isolated  nwept  wing.  The  relevance  of  this  problem  to  practical  wing  design  can  be  argued 
quite  simply)  the  problem,  or  rather  its  solution,  is  a  step  towards  the  ultimate  objective 
of  improving  the  overall  design.  To  be  made  practical  the  effects  of  a  fuselage  and  of  adding 
a  load  distribution  mu3t  be  included.  Concentration  on  the  centre  region  also  deserves  some 
explanation.  There  are  two  reasons  for  this.  The  first  is  that  the  use  of  curved  tip  wings 
provided  a  partial  solution  to  the  tip  shock  problem)  consequently  further  design  of  the  tips 
is  not  so  urgent.  The  second  is  that  the  centre  region  is  thought  to  generate  the  flew 
features  which  lead,  at  low  lift  coefficients,  to  the  formation  of  what  has  been  called  the 
•rear  shock1  (Ref.  1),  thus  indicating  that  attention  should  be  directed  at  the  centre.  It 
is  reasonable  to  assume  that  any  changes  to  wing  tip  geometry  would  have  only  a  very  small 
effect  on  the  required  centre. 


3.  Design  Criteria 

Ideally  one  would  like  to  design  to  a  very  general  criterion  such  as  minimum  drag  under 
given  conditions.  This  io  not  possible  with  aerodynamic  theory  in  its  present  state,  one 
reason  being  the  inadequacy  of  drag  prediction  methods.  The  approach  generally  adopted  has 
been  outlined  by  Bagley  (Ref.  2).  Thus  one  might  choose  the  sheared  wing**  pressure  distri¬ 
bution  on  some  basis  and  then  determine  the  wing  sweep  which  is  just  sufficient  to  make  the 
critical  Mach  number  equal  to  (say)  the  cruise  Mach  number.  The  design  of  the  sheared  wing 
section  is  then  possible  (within  practical  limits)  by  use  of  two-dimensional  theory.  This 
section  is  suitable  for  the  mid  semi-span  provided  the  leading  edge  and  trailing  edge  sweep 
angles  are  nearly  equal.  If  the  taper  effect  is  too  1.  .ge  then  a  modified  approach  using  on 
effective  sweep  angle  which  varies  over  the  chord  is  possible. 


*  The  first  order  theory  calculations  presented  in  thi3  paper  have  been  cade 
using  the  numerical  method  of  Ref.  6. 

**  Sheared  wing  io  used  in  this  paper  to  denote  a  portion  of  the  wing  (probably 
existing  only  in  the  imagination)  which  is  free  of  the  effects  of  taper  and 
of  the  proximity  of  the  centre  and  tips  of  the  wing. 
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The  design  task  for  the  complete  wing  may  then  be  stated  by  specifying  that  the  complete 
wing  (and  In  particular  the  centre  region)  should  have  a  critical  Mach  number  which  is  lower 
than  the  sheared  wing  critical  Mach  number  by  the  minimum  amount. 

Limitations  imposed  by  theory  make  this  problem  currently  insoluble.  The  flow  pattern 
on  a  finite  wing  cannot  be  predicted  up  to  the  onset  of  shock  wave  formation.  Even  if  such  a 
calculation  could  be  made  the  problem  of  design  for  high  critical  Mach  number  would  remain. 
The  present  approach  adopts  a  simplified  view  of  the  two-fold  problem.  The  first  simplifica¬ 
tion  has  already  been  remarked  upon,  and  is  in  the  flow  calculation  method,  the  subsonic 
linearized  theory  being  used  in  the  design  process.  The  second  simplification  involves  the 
notional  pressure  distribution  used  as  a  basis  for  design  in  conjunction  with  this  theory. 
This  latter  simplification  takes  the  form  of  adopting  certain  proposed  rules  which,  if  obeyed 
by  the  notional  pressure  distribution  should  lead  to  shock  free  (or  very  weak  shock)  flows. 

The  simplest  of  these  rules  states  that  if  the  sheared  wing  pressure  distribution  be 
maintained  (in  the  notional  pressure  distribution)  over  the  whole  span  then  the  complete  wing 
should  be  as  shock  free  as  the  sheared  wing,  for  the  isobars  would  then  maintain  their  full 
sheared  wing  sweep  throughout. 


Difficulty  in  applying  this  rule  lies  in  the  observation  that  except  perhaps  for 
singular  wing  geometries  (presumably  of  no  practical  interest)  isobar  sweep  cannot  possibly 
be  maintained  right  into  the  centre*.  This  being  so,  one  is  left  to  speculate  whether  merely 
reducing  the  lateral  extent  over  which  loss  of  sweep  occurs  represents  an  improvement  or  not. 
Only  experiment  at  present  would  resolve  this,  although  intuitively  one  would  expect  an 
improvement  to  be  the  result. 


The  second  rule,  which  has  been  suggested  as  an  alternative,  is  that  the  notional 
pressure  distribution  need  have  full  isobar  sweep  only  in  those  parts  of  the  wing  where  the 
flow  is  compressing  in  the  streamwise  direction.  The  basis  for  this  rule  derives  from  an 
interpretation  of  experiments  in  which  the  rear  shock  is  believed  to  be  formed  as  a  result  of 
coalescing  compression  waves  generated  inboard.  Such  waves  should  not  coalesce  (it  is  thought) 
if  their  inboard  distribution  is  similar  to  that  on  the  sheared  wing. 

It  may  be  deduced  that  to  satisfy  this  latter  rule  full  sweep  of  the  minimum  pressure 
isobar  is  needed  into  the  centre  unless  the  peak  (negative)  pressure  coefficient  is  reduced 
at  the  centre  below  its  sheared  wing  value.  A  quantitative  expression  of  thi3  rule  is  that 
the  Mach  number  component  resolved  in  the  direction  normal  to  the  local  isobar  direction 
should  not  exceed  unity  in  those  regions  in  which  the  flow  is  compressing  in  the  streamwise 
direction.  A  variation  of  this  rule  is  to  relax  the  condition  to  apply  only  where  the  pres¬ 
sure  rise  is  rapid.  No  attempt  to  use  this  variant  is  made  here. 


The  conjectural  nature  of  these  rules  is  apparent.  Their  use  is  only  justified  in  the 
absence  of  a  more  rigorous  approach. 


b.  Selection  and  Solution  of  Particular  Problems 


b.l  First  Problem 

The  problem  first  studied  is  the  one  suggested  by  the  first  of  the  rules  given  above, 
that  of  designing  the  centre  region  to  produce  the  same  ohordwise  pressure  distribution 
as  that  generated  by  the  sheared  wing.  The  particular  problem  is  defined  once  the  wing 
planform,  the  sheared  wing  pressure  distribution  and  the  design  Mach  number  are  specified. 
Here  it  may  be  noted  that  because  linearized  theory  is  being  used,  a  consistent  change  in 
wing  thickness,  i.e.  a  constant  factor  on  the  z-ordinates,  will  produce  a  proportional 
change  in  the  perturbation  velocities  and  also  in  Cp  values,  for  the  pressure  coefficient 
is  related  tc  the  streamwise  velocity  perturbation  u  by 

Cp  *  -2u/Ho 

(Uw  is  the  free  Btreara  velocity.)  Moreover,  aleo  a8  a  result  of  using  the  simple  theory, 
if  a  solution  is  obtained  for  a  given  wing  at  a  certain  subsonic  Mach  number,  the  same 
solution  may  be  applied  at  any  other  subsonic  Mach  number  to  a  different,  but  related, 
wing  geometry.  The  relations  are  expressed  by  the  subsonic  similarity  rule,  or  through 
the  use  of  the  analogous  wing.  However,  the  results  presented  in  this  paper  will  not 
appear  to  take  note  of  these  generalizations  and  specific  thickness  ratios,  planforms  and 
Mach  numbers  will  be  quoted.  The  advantage  of  this  in  that  the  practical  significance  of 
the  results  is  more  readily  seen. 


*  On  the  centre  line  y  «  0,  v  »  0  and  «  0.  Hence,  because  the  flew  is 

potential,  du/dy  -  0.  Thus,  ioobars  (identical  in  linearized  theory  with 
linos  of  constant  u-velocity  perturbation)  must  cross  the  centre  line  at 
right  angles. 
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lhe  choice  of  the  chordwise  pressure  distribution  for  this  exercise  is  of  sore 
significance.  The  following  considerations  guided  the  selection. 

It  may  first  be  said  that  a  distribution  such  ae.  that  produced  by  a  sheared  wing  of 
parabolic  arc  section  or  elliptic  section,  although  liaving  the  advantage  of  theoretical 
simplicity,  would  most  likely  be  so  far  removed  from  any  distribution  of  practical 
interest  as  to  make  any  deduction  from  its  study  of  doubtful  utility. 

At  the  other  extreme  any  attempt  to  U3e  a  "peaky'*  pressure  distribution  is  also 
likely  to  give  spurious  results.  The  reason  in  this  case  it?  that  the  operation  of 

interest  with  these  aerofoils  is  when  there  is  supersonic  flow  over  the  forward  part  of 

the  chord,  and  the  subsonic  theory  is  inadequate  for  such  flows. 

Virtually  by  a  process  of  elimination  therefore  the  choice  devolves  on  the  rooftop 
pressure  distribution.  Even  here  caution  ray  be  needed  in  p.ssing  to  general  conclusions 
from  particular  results  for  one  rooftop  distribution. 

The  basic  wing  chosen  has  been  designated  elsewhere  as  RAE  Wing  A.  It  is  doubly 
symmetric  and  has  the  RAE  101  (9  percent  thickness  ratio)  section  throughout.  It  is  a 

swept  tapered  wing  with  straight  leading  and  trailing  edges.  Its  aspect  ratio  is  6, 

taper  ratio  l/3,  and  it  has  a  mid  chord  sweep  of  30  deg.  (A  sketch  of  the  wing,  together 
with  nomenclature,  is  given  in  fig.  1.) 

To  appreciate  the  task  posed  by  the  design  problem  the  first  results  give  the 
pressure  distributions  of  this  basic  wing  at  (free  stream  Mach  number)  M„j-  0,  0.8 

and  Mro-  0.9»  (figs.  2  and  3).  It  is  seen  that  the  mid  semi-Bpan  pressure  is  virtually 
the  same  as  that  on  the  sheared  wing  while  the  distributions  at  and  near  the  centre 
exhibit  the  familiar  'centre  effect'. 

The  problem  of  design  formally  requires  a  two  variable  singular  integral  equation  to 
be  solved,  as  does  the  linearized  theory  problem  of  determining  the  load  distribution  on  a 
lifting  surface.  The  similarity  of  these  problems  might  suggest  that  techniques  for 
solving  the  latter  would  be  suited  to  the  former.  Thus  a  modification  of  Multhopp'o 
method  (Rof.  3)  or  its  variants  could  be  employed.  The  loading  functions  would  be  re¬ 
placed  by  thickness  distributions  and  the  downwash  velocity  would  be  replaced  by  the 
streamwise  velocity  perturbation.  The  calculation  details  would  naturally  be  quite 
different  in  the  two  cases. 

This  rather  general  approach  to  the  problem  is  now  probably  feasible  and  might  be 
justified.  However,  in  view  of  the  conjectural  nature  of  the  design  criterion  and  the 
knowledge  that  the  criterion  cannot  be  quite  satisfied,  a  simpler  but  less  precise  method 
was  adopted.  In  this  the  centre  section  of  the  wing  was  modified  according  to  a  method 
due  to  Weber  (Ref.  4).  Sections  outboard  of  the  centre  were  defined  by  using  straight 
generators  from  the  centre  to  a  control  section  positioned  at  a  suitably  chosen  spanwise 
station.  Sections  outboard  of  this  control  were  constant  and  the  same  as  the  required 
sheared  wing  section. 

As  expected,  it  was  found  that  this  simple  approach  would  not  provide  quite  the 
solution  required.  The  centre  designed  by  the  method  of  Ref.  4  is  strictly  the  section 
shape  needed  on  a  uniform  swept  wing  to  give  the  required  pressure  distribution  at  its 
centre.  On  such  a  wing  the  pressure  distributions  away  from  the  centre  depart  markedly 
from  the  required  variation.  Fig.  4  shows  the  sheared  wing  pressure  on  a  'centre- 
designed'  uniform  wing,  and  compares  it  with  the  desired  rooftop  distribution.  Clearly 
the  centre  shape  has  to  bo  faired  rapidly  into  the  sheared  wing  section  to  achieve  a 
nearly  uniform  apenwise  distribution  of  pressure.  Such  a  rapid  fairing  in  turn  leads  to  a 
reduction  in  the  magnitude  of  the  changes  which  would  otherwise  result  at  the  centre. 

In  some  respects  the  pressure  distribution  produced  on  a  wing  designed  on  the  simple 
basis  is  acceptably  near  what  is  required,  despite  the  above  observations.  Fig.  5  shows 
results  for  the  design  Mach  number  zero.  One  possibly  important  shortcoming,  however,  is 
the  overshoot  in  negative  pressure  coefficient  near  the  leading  edge  just  outboard  of  the 
centre.  Should  it  be  necessary  to  remove  this  feature  the  simplest  approach  would  be  to 
reduce  the  very  high  loading  edge  radius  employed  in  the  centre  section. 

The  choice  of  zero  for  the  design  Mach  number  in  the  case  illustrated  requires  some 
comment.  There  ie  indeed  no  reason  why  a  high  subsonic  Mach  number  should  not  be  used 
except  that  to  counteract  the  increase  in  centre  effect  with  increase  in  Mach  number  the 
centre  section  shapes  required  become  ever  more  awkward  as  sections  to  use  on  actual  air¬ 
craft. 


This  fact  ia  illustrated  in  fig.  6  whore  the  centre  shapes  for  various  design  Mach 
numbers  are  shown.  In  order  to  demonstrate  the  effect  fairly  the  sweep  angle  and  sheared 
wing  section  are  kept  constant  while  the  design  Much  number  is  varied.  Thus,  the  centre 
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is  designed  so  as  to  give  the  sane  pressure  distribution  at  the  centre  ao  is  produced 
on  a  sheared  wing  with  a  9  percent  thickness  ratio  RAE  101  section  in  a  flow  of  the 
same  undisturbed  Mach  number.  There  are  two  difficulties  in  the  sections  which  result. 

One  is  the  marked  forward  trend  of  maxi nun  thickness  position  together  with  a  decrease 
in  overall  thickness  which  would  make  the  wing  torsion  box  structure  heavier  than  it 
would  otherwise  need  to  be.  The  other  difficulty  is  the  'section  crossing'  near  the 
trailing  edge.  The  theory  is  impractical  when  it  produces  this  result  and  the  feature 
must  be  suppressed  in  any  practical  application.  The  result  of  changing  the  section 
from  what  is  theoretically  required  would  probably  be  a  lessening  of  the  effectiveness 
of  the  centre  design. 

k. 2  Second  Problem 

The  results  of  attempting  to  solve  the  first  problem  suggest  another  approach. 

It  is  noted  that  to  achieve  the  desired  pressure  distribution  the  thickness  has  to  be 
concentrated  towards  the  leading  edge  at  the  centre.  This  indicates  that  it  might  be 
beneficial  to  let  it  go  in  this  direction  by  the  simple  expedient  of  extending  the 
leading  edge  forward  near  the  wing  apex.  Such  a  planfonn  modification  also  seems 
reasonable  on  other  grounds.  _  It  increases  sweep  locally  near  the  centre  just  where  it 
is  needed.  Whether  or  not  the  disadvantages  of  changing  from  a  simple  swept  wing  more 
than  outweigh  any  advantages  found  in  the  present  analysis  cannot  be  decided  at  this 
stage.  However,  it  may  be  noted  that  the  same  approach  has  been  applied  before.  It 
must  suffice  here  to  investigate  the  type  of  pressure  distribution  produced  by  plan- 
form  modifications  of  a  fairly  modest  extent.  The  new  feature  is  that  the  results  of 
such  changes  can  now  be  determined  easily  (albeit  only  for  inviscid  flow  and  even  this 
only  approximately)  as  a  result  of  using  three  dimensional  theory.  Previously  the  pre¬ 
liminary  design  of  planfora  variations  has  all  very  probably  been  done  using  ’composite' 
theories  of  the  type  outlined  in  Ref.  5.  These  are  known  to  give  poor  results  for 
cranked  planforms. 

Initially  a  rational  basis  for  arriving  at  the  planforn  changes  selected  for  ' 
study  was  attempted.  Subsequent  results  invalidated  the  simplified  basis  that  was 
used.  For  this  reason  only  the  planforms  and  their  pressure  distributions  are  given 
here  with  no  explanation  for  their  selection. 

Three  planforms  for  which  calculations  have  been  made  are  shown,  together  with 
their  respective  centre  region  isobar  patterns  in  fig.  9.  Results  .or  one  case  of 
extending  the  chord  both  forward  and  aft  are  included,  the  aft  extension  being  added 
to  see  what  the  implications  of  this  change  are.  An  aft  extension  is  often  included 
in  practical  designs  in  order  to  accommodate  the  main  undercarriage. 

The  sections  on  these  modified  wings  were  kept  everywhere  the  3ame  as  on  the  basic 
wing  (9  percent  RAE  101).  Consequently,  the  increases  in  chord  correspond  to  increases 
in  thickness  near  the  centre,  a  feature  of  some  practical  significance. 

An  assesement  of  the  modifications  was  next  attempted.  For  this  purpose  a  simplified 
form  of  the  second  of  the  rules  given  in  Section  5  was  employed.  The  method  of  assessment 
adopted  was  as  follows. 

Prom  the  calculated  pressure  distribution  the  line  of  peak  negative  pressure  is 
identified  and  its  sweep  determined  as  a  function  of  spanwise  position.  From  this 
•effective'  sweep  angle  which,  by  a  similar  argument  to  that  given  before,  must  drop 
to  zero  at  the  centre,  and  the  flight  Mach  number,  the  critical  pressure  coefficient, 
cPcrit'  is  foun<1*  Thls  is  the  value  of  pressure  coefficient  which  makes  the  component 
of  velocity  resolved  at  right  angles  to  the  line  of  peak  negative  pressure  equal  to  the 
local  sonic  velocity.  The  actual  Cp  calculated  by  the  first  order  theory  is  now  fac¬ 
tored  30  that  the  'sheared  wing'  is  just  critical  at  the  calculation  Mach' number.  (A 
value  of  0.8  for  this  Mach  number  was  used  in  the  present  work.)  The  factor  needed  is, 
of  course,  the  factor  to  be  applied  to  the  original  value  of  thickness/chord  ratio 
used  in  the  calculation  in  order  to  make  the  sheared  wing  just  critical.  The  new 
values  of  minimum  pressure  coefficient,  Cp^,  are  next  determined  as  a  function  of 
spanwise  position.  If,  locally,  the  value  of  Cporit  exceeds  that  of  Cpain  then  the 
criterion  referred  to  is  not  satisfied  in  this  region. 

Fig.  9  shows  that  on  the  basis  of  this  assessment  the  modifications  can  give  a 
considerable  improvement  over  the  basic  wing,  although  in  none  of  the  cases  is  the 
criterion  satisfied  everywhere.  It  is  also  seen  that  merely  increasing  the  size  of 
extension  does  not  produce  a  consistent  improvement.  The  reason  for  this  is  that  the 
change  in  Cporn  (unlike  that  of  Cpj^)  does  not  take  place  in  regular  fashion  as  it 
depends  on  the  sweep  distribution  of  the  minimum  pressure  line  and  this  varies  in  a 
complex  way. 
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The  method  of  assessing  the  modifications  is  open  to  criticism  for  a  number  of 
reasons.  The  most  obvious  of  these  ie  that  to  achieve  full  use  of  swept  wing  plan- 
forms  (i.e.  making  the  sheared  wing  portion  just  critical)  results  in  velocities 
which  are  well  in  excess  of  the  local  sound  speed.  The  subsonic  theory  is  then 
really  inadequate. 

For  thi3  and  other  reasons  it  is  important  to  teat  the  results  produced  by  this 
approach  against  experimental  work,  "ft  would  be  rather  surprising,  however,  if  at 
least  some  of  the  improvement  shown  theoretically  were  not  reflected  in  the  real 
flows. 


5.  Conclusions 


An  attempt  has  been  made  to  design  the  centre  of  an  isolated  non-lifting  swept  wing 
on  a  simple  basis.  There  are  indications  that  improvements  to  the  basic  wing  flow  can  be 
produced,  although  the  changes  which  result  from  root  section  modifications  are  limited  by 
the  awkward  shapes  required,  particularly  at  high  subsonic  Mach  number*.  Clearly,  not  all 
the  possibilities  have  been  explored  and  further  ideas  might  produce  more  significant 
advantages.  Firm  progress,  however,  depends  primarily  on  two  advances.  The  first  is  that 
the  range  of  validity  of  the  simple  theory  should  be  found,  preferably  when  edge  correc¬ 
tions  and  Mach  number  factors  are  included.  Secondly,  a  simple  but  effective  design 
criterion  is  needed. 
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FIG. I.  SKETCH  OF  BASIC  WING  WITH  NOMENCLATURE. 
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SUMMARY 


The  paper  discusses  the  likely  objectives  for  a  three-dimensional  sweptback  wing  design  for 
operation  at  high  subsonic  speeds,  and  the  alternatives  that  may  be  open  to  the  designer  in  order 
to -achieve  these  objectives.  The  main  emphasis  is  on  the  factors  that  have  to  be  borne  in  mind 
when  choosing  suitable  target  pressure  distributions  and  isobar  patterns.  Results  for  two  wings 
tested  at  A.R.A.  are  used  in  illustration.  For  one  of  these  wings,  the  isobar  pattern  is  relatively 
uniform  and  the  shock  first  appears  aft  of  the  crest:  for  the  other,  the  flow  pattern  is  more 
complex  and  in  particular  the  shock  forms  ahead  of  the  crest  at  a  Mach  number  well  below  the  design 
cruise  condition.  The  paper  refers  to  some  of  the  compromises  that  are  often  accepted  to  meet 
engineering  or  structural  requirements,  and  the  need  for  research  to  establish  the  true  exchange 
rates  involved  in  these  compromises. 
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1.  INTRODUCTION 

The  Likely  "High  Speed"  Objectives 

This  paper  is  concerned  with  the  aerodynamic  design  of  three-dimensional  sweptback  wings  for 
operation  at  high  subsonic  speeds.  Methods  of  design  are  only  mentioned  incidentally;  the  main 
emphasis  is  on  some  of  the  factors  that  control  and  some  of  the  problems  that  arise  in  the  choice 
of  suitable  target  pressure  distributions  and  isobar  patterns  to  meet  specific  design  objectives. 

In  practice,  to  be  successful,  the  design  of  a  wing  for  any  actual  aircraft  project  whether  it  be 
a  civil  transport  or  a  military  strike-fighter  is  essentially  a  matter  of  compromise,  e.g.,  between 
aerodynamic,  structural,  engineering,  weight  and  cost  considerations,  between  low  speed  and  high 
speed  aerodynamic  requirements  etc.  Even  just  considering  the  high  speed  aerodynamics,  the  wing 
design  will  often  have  to  meet  various  different  objectives;  typical  aims  would  be  to  obtain 

(a)  the  highest  possible  Mp,  the  Mach  number  for  the  onset  of  the  rapid  increase 
in  wave  drag  at  a  given  C^»  for  a  given  thickness /chord  ratio  and  sweepback. 

This  may  be  better  expressed  by  saying  that  the  aim  will  often  be  to  achieve 
a  target  value  of  Mp  with  the  thickest  possible  wing,  for  the  sake  of  lower 
structure  weight,  increased  fuel  capacity  etc.  and  with  a  modest  and  not  too 
extreme  sweepback  for  the  sake  of  better  take-off,  landing  and  off-design 
characteristics, 

(b)  as  low  a  drag  as  possible  at  M  ■  Mp.  To  judge  from  a  recent  study1  of  the 
cruise  drag  of  a  number  of  subsonic  transport  aircraft,  this  particular 
objective  should  be  given  added  prominence  in  the  initial  design  stage, 

(c)  also,  the  smallest  possible  initial  rate  of  increase  of  Cp  with  M  beyond 
M  «  M^.  This  point  is  important  since  the  best  cruise  performance  is 
usually  obtained  at  a  Mach  number  possibly  0.02  -  0.03  in  excess  of  Mp 
and  there  will  often  be  a  tendency  to  fly  as  close  to  the  buffet  boundary 
as  possible, 

(d)  a  satisfactory  Mp  -  C L  boundary  with  probably  little  variation  in  Mp  with 

C^.  This  could  be  particularly  important  for  a  short-range  aircraft 

for  which  there  were  no  dominant  M  .  ,  C.  conditions, 

cruise  Lt  • 

cruise 

(e)  a  satisfactory  margin  between  the  drag-rise  and  flow  separation 

boundaries,  both  in  terms  of  CL  at  and  below  Mcrujse  and  in  terms  of  M 
above  Mp  at  cruise  C^,  Cru 

(f)  a  progressive  flow  breakdown  at  the  stall  giving  not  only  a  satisfactory 

useable  but  also  adequate  buffet  warning  and  acceptable  pitching 

moment  characteristics. 


The  relative  aims  of  these  objectives  will  vary  according  to  the  type  of  wing  and  the  type  of 
aircraft:  for  example  (a)  -  (d)  would  be  particularly  important  for  a  transport,  (f)  for  a  fighter 
etc.  Any  single  wing  design  considered  for  a  particular  application  is  unlikely  to  be  the  optimum 
solution  for  each  of  the  above  objectives;  the  designer  will  have  to  decide  on  the  best  compromise. 
The  aim  of  the  present  paper  is  to  illustrate  some  of  the  available  options  and  some  of  the  factors 
that  should  guide  his  choice. 


2.  CHOICE  OF  BASIC  DESIGN  PRESSURE  DISTRIBUTIONS 


It  is  probable  that  before  starting  on  the  detailed  design  of  the  wing  to  meet  the  objectives 
set  out  above,  the  aspect  ratio,  taper  ratio,  minimum  acceptable  thickness/chord  ratio  and  maximum 
acceptable  sweepback  will  have  been  defined  at  least  approximately  by  other  considerations.  The 
first  aim  (at  least  for  a  transport)  would  then  be  to  design  the  wing  to  achieve  a  sufficiently 
high  M  at  the  design  (usually  the  cruise)  C. .  The  normal  procedure  starts  by  choosing  an  upper- 
surface  pressure  distribution  and  thickness  form  for  the  equivalent  two-dimensional  section. 
Obviously,  there  are  many  alternative  options  even  at  this  stage  and  the  thickness/chord  ratio  for 
example  that  will  prove  acceptable  can  depend  greatly  on  what  option  is  selected.  This  point  can 
be  illustrated  quite  simply  by  referring  to  the  predictions  in  Ref. 2  for  the  family  of  shapes 
defined  in  Ref .3.  These  sections  are  designed  to  give  a  roof-top  upper-surface  pressure 
distribution  back  to  a  position  Xd  followed  by  a  linear  pressure  rise  to  the  trailing  edge,  combined 
with  a  thickness  distribution  such  that  the  maximum  velocity  due  to  thickness  also  occurs  at  xR. 

The  importance  of  x^  as  a  design  variable  can  be  seen  from  Fig.l.  This  shows  that  for  a  given 
Mp,  extending  the  roof-top  from  xR  =  0,3  to  xR  »  0.6  gives  an  increase  of  about  0.3  in  for  a 

given  thickness /chord  ratio  or  alternatively,  allows  an  increase  of  0.04  -  0.05  in  thickness /chord 
ratio  for  a  given  design  Cp.  These  trends  cannot  be  exploited  too  far  since  ultimately,  the 

boundary  layer  may  not  be  able  to  negotiate  the  adverse  pressure  gradient  aft  of  the  roof-top 
without  separating  even  at  full-scale  Reynolds  numbers.  In  some  instances,  this  limit  may  be 
reached  before  x^  =  0.6.  Even  advancing  beyond  the  rear-separation  boundary  at  the  best  available 
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tunnel  Reynolds  numbers  may  be  considered  undesirable  because  of  the  consequent  difficulties  in 
interpreting  the  model  test  data.  Leaving  aside  this  particular  issue,  however,  this  class  of 
section  design  can  still  be  rated  as  conservative;  tests  have  shown  that  significantly  higher 
values  of  can  be  achieved  for  a  given  xR,  t/c  and  Cp,  e.g.  from  extra  loading  at  either  the 
front  or  rear.  Improvements  could  be  obtained  either  by  modifying  the  thickness  form  while  still 
retaining  the  same  upper  surface  pressure  distribution  or  by  modifying  the  latter.  Fig. 2,  for 
example  illustrates  how  two  sections  of  the  same  thicknes3/chord  ratio  could  be  proposed  to  give 
the  same  predicted  at  roughly  the  same  C p.  The  full-line  curves  in  Fig. 2  are  for  a  section  with 
xR  -  0.5,  taken  from  the  family  just  described.  In  this  case,  a  shock  wave  would  be  expected  to 
form  first  at  a  position  aft  of  the  crest  (xCR  ■  0.35)  at  a  Mach  number  close  to  the  predicted  Mp. 
The  other  section  gives  a  pressure  distribution  of  the  peaky-type  discussed  in  various  papers'4*6 
by  Pearcey  and  others.  In  this  case,  a  local  supersonic  region  terminated  either  by  a  shock  or 
ideally,  a  largely  isentropic  recompression  would  form  ahead  of  the  crest  at  M  <  M^;  with 
increasing  Mach  number,  the  shock  wave  would  move  aft,  passing  over  the  crest,  (xCR  ■  0.25)  at 
about  M  ■  Mp.  The  extra  Hft  from  the  supersonic  region  ahead  of  the  crest  is  one  of  the  reasons 
why  the  total  lift  produced  by  the  two  sections  is  virtually  the  same.  These  two  aerofoils  are 
therefore  equivalent  in  terms  of  Mp  for  a  given  t/c  and  Cp  but  even  in  two-dimensional  flow,  could 

well  give  a  different  Cp  at  Mp  and  a  different  off-design  behaviour. 

Other  comparisons  could  be  presented  with  for  example,  sections  giving  extra  rear-loading  but 
it  would  be  wrong  to  suggest  that  the  choice  lies  between  different  classes,  e.g.,  peaky,  roof-top 
or  rear-loaded.  The  comparison  in  Fig. 2  was  included  largely  because  it  highlights  how  the  choice 
of  a  two-dimensional  pressure  distribution  can  have  a  major  effect  on  the  problems  encountered  in 
designing  the  three-dimensional  sweptback  wing.  It  is  fashionable  -  although  not  necessarily 
correct  -  to  design  the  three-dimensional  wing  to  obtain  a  "uniform  isobar  pattern"  i.e.  the  same 
chordwise  pressure  distribution  at  all  spanw*'  a  stations.  For  the  roof-top  type,  this  "merely" 
involves  knowing  how  to  vary  the  section  shape  across  the  span,  how  to  shape  the  body  and  how  to 
modify  the  planform  near  the  tip,  in  order  to  counter  the  root-  and  tip-effects  in  subcritical  flow. 
With  a  peaky-type  distribution  such  as  for  section  II  in  Fig. 2,  however,  the  flow  at  Mp  is 
supersonic  over  part  of  the  surface  and  therefore,  retention  of  Mp  as  the  design  M  for  the  three- 
dimensional  wing  implies  that  one  can  estimate  how  the  three-dimensional  root-  and  tip-effects  are 
likely  to  affect  this  supercritical  development.  The  alternative  approach  of  designing  for  a 
lower  Mach  number  where  the  flow  would  still  be  subcritical  everywhere  may  also  have  its  pitfalls 
since  for  a  wing  of  say  35°  sweepback,  this  could  mean  reducing  the  design  Mach  number  by  as  much 
as  0.15  -  0.2.  These  matters  are  currently  being  investigated  in  a  research  programme  at  A.R.A. 
Experiments!  .results  are  not  yet  available  but  some  of  the  design  calculations  for  a  wing  in  this 
programs  are  referred  to  in  section  5  below  (Fig  .6). 


3.  CONVERSION  FROM  TWO-DIMENSIONAL  TO  THREE-DIMENSIONAL  CONDITIONS  FOR  WINGS  (e.g.A)  WITH 

RELATIVELY  UNIFORM  ISOBAR  PATTERNS 

For  a  constant-chord,  inf.iuite  sweptback  wing,  the  conversion  from  the  equivalent  two- 
dimensional  section  raises  no  difficulty.  It  has  been  demonstrated  experimentally  on  several 
occasions6’ 7  that  the  pressure  coefficient  on  the  swept  wing  at  a  free-stream  Mach  number  M  and 
lift  coefficient  Cp  is  given  by 

C  »  C  cos2  A 
P3D  P2D 

where  A  is  the  angle  of  sweepback 

and  C  is  the  pressure  coefficient  in  two-dimensional  flow 
P2D 

at  M  cos  A,  C,  sec2  A  for  the  section  normal  to  the  leading 

L 

edge  of  the  swept  wing. 

For  a  tapered,  fL.ite  wir.g,  hcwever,  the  process  is  less  straightforward  even  when  merely 
considering  the  mid-semi -span  region  away  from  the  inmediate  vicinity  of  the  root  or  tip.  Several 
possible  methods  can  be  suggested.  In  the  past,  the  common  design  practice  having  chosen  a 
suitable  2-D  section,  has  been  simply  to  factor  the  section  ordinates  by  cos  A^  (where  A^  is  the 
sweepback  of  the  lines  at  constant  x)  .n  order  to  derive  the  3-D  section  in  the  free-stream 
direction.  Wing  A  for  which  rest  data  art  presented  in  Figs. 3,  A  is  an  example  where  this  practice 
was  followed.  It  i*  ..  ,ng  with  25°  sweepback  on  the  0.25c  line,  a  taper  ratio  of  0.33  and  an 
aspect  ratio  of  8.0.  '  local  sweepback  varies  from  27.5°  at  the  leading  edge  to  15.5°  at  the 
trailing  edgu.  It  je  described  as  a  "relatively  simple  example"  in  that  the  sweepback  is  only 
modest,  the  chordwise  pressure  distributions  are  fairly  similar  at  ail  stations  across  the  span 
and  the  flow  is  subcritical  everywhere  almost  up  to  M^  (0.73)  at  the  design  Cp.  The  section  shape 
varies  however  across  the  span  and  only  one  "equivalent  two-dimensional  section"  was  tested.  This 
was  incorporated  (with  minor  modifications  dictated  by  practical  considerations)  in  the  three- 
dimensional  design  at  about  0.25  x  semispan.  Fig. 3  includes  a  comparison  for  the  design  Cp  and 
at  a  Mach  number  slightly  above  Mp  between  the  3-D  and  2-D  data  for  this  station,  the  2-D  data 
being  converted  to  3-D  conditions  simply  on  the  basis  of 
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C 

P3D 


*2D 


cos2  A  at  the  appropriate  C. 


\ 


cos2  A 


0.25 


3D 


2D 


It  will  be  seen  that  in  general,  the  converted  2-D  and  the  3-D  data  in  Fig. 3  are  in  fairly 
good  agreement.  This  is  true,  for  example,  of  the  rear-loading.  Clearly,  however,  the  super¬ 
critical  flow  development  at  the  rerr  of  the  (approximate)  roof-top  is  already  beginning  to  differ 
significantly.  Amongst  the  factors  responsible  for  this  discrepancy,  one  can  quote  the  following: 


(i)  this  station  at  0.25  x  semispan  is  not  far  enough  from  the  root  to  be  unaffected  by 
the  3-D  root  effects.  It  is  believed  that  this  is  the  main  reason  why  over  most  of 
both  the  upper  and  lower  surface,  the  pressures  are  lower  in  the  3-D  case, 


(ii)  even  leaving  aside  possible  root  and  tip-effects,  factoring  the  ordinates  by  cos  A. 
is  only  to  the  first  order,  the  same  as  aiming  for  C  *■  C  cos2  A..  For  example, 

P3D  P2D 

if  one  considers  the  simple  case  of  a  symmetrical  wing  at  zero  incidence  in 
incompressible  'flow,  the  standard  formula9  in  use  in  the  U.K.  for  estimating  the 
surface  pressures  over  a  swept  wing,  reduces  at  the  maximum  thickness  position  to 


where 


S(l)  (x) 


It  follows  that 


-2  cos  l\t  S(l)  (x) 


C 

P3D 


since  (x)  t 


C  cos2  A. 
P2D  4 


cos  A^ 

i 

dz^/cos  aJ 

dx’ 

n 

0 

dx 

x  -  x’ 

Similar,  but  quantitatively  different,  arguments  apply  in  respect  of  the  velocities 
due  to  camber.  It  is  possible  to  show  that  accepting  the  above  formula  for  C  as 

P3D 

a  valid  expression  for  a  tapered  wing  with  A,  thus  varying  with  x,  the  general 
result  is  for  C  <  C  cos2  A.  near  the  leading  edge  and  vice-versa  -  consistent 
p3D  P2D  4 

with  the  comparison  in  Fig. 3, 

and  finally, 

(iii)  even  if  exact  equivalence  between  C  and  C  cos2  A  were  obtained  at  subcritical 

P3D  P2D  4 

speeds,  this  is  not  what  is  required  to  produce  the  same  supercritical  development. 
This  is  perhaps  the  most  important  point  of  the  three.  Suppose,  for  example,  that 
the  2-D  distribution  is  a  true  roof-top.  The  C  distribution  derived  as  above  would 

P3D 

then  have  a  peak  at  the  rear  of  the  roof-top  but  to  obtain  the  same  initial  super¬ 
critical  development,  one  needs  a  peak  at  the  front  and  a  "sloping  roof-top" 
distribution  parallel  to  the  variation  of  C  *  with  x  (where  C  *  is  the  critical 

P  P 

pressure  coefficient  in  a  direction  normal  to  the  lines  at  constant  x) . 


This  discussion  may  appear  a  little  academic  in  relation  to  the  25°  sweptback  wing  of  Fig. 3 
but  even  here,  it  is  estimated  that  the  combined  effect  is  to  reduce  the  drag-rise  Mach  number  at  a 
given  by  about  0.02.  For  a  wing  of  higher  sweepback  or  greater  taper,  the  effects  would  be  more 

appreciable  and  could  well  react  on  the  choice  of  a  suitable  section/pressure  distribution.  In 
view  of  point  (iii)  above,  it  may  be  preferable  to  think  in  terms  of  "equivalent  pressure 
distributions"  rather  than  "equivalent  sections",  e.g.,  a  "sloping  roof-top"  rather  than  a 
"roof-top"  but  even  then,  the  eventual  supercritical  development  could  still  differ  significantly. 
This  is  because  quite  apart  from  the  various  3-D  factors  to  be  discussed  later  in  section  6,  the 
supercritical  development  depends  on  both  the  pressure  distribution  and  the  surface  curvature 
distribution. 

Two  consequences  of  adopting  an  "equivalent  pressure  distribution"  approach  are  first,  it 
tends  to  reduce  the  potential  advantage  to  be  expected  from  a  rearward  extension  of  the  roof-top 
and  second,  it  implies  that  on  the  tapered  3-D  wing,  more  lift  can  be  carried  near  the  leading  edge. 
With  x„  ■  0.4  “  0.5,  increasing  taper  should  generally  tend  to  increase  C.  for  a  given  M_,  t/c  or 

R  L  U 

alternatively,  Mp  for  a  given  C^,  t/c. 
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4.  STUDY  OF  RESULTS  FOR  WING  A:  AT  AND  ABOVE  "DESIGN"  C. 

.  L 

It  has  been  seen  that  the  method  used  for  converting  from  2-D  to  3-D  on  Wing  A  has  led  to  some 
reduction  in  Mp  at  the  design  C^.  For  some  applications,  this  could  have  been  serious  but  in  the 
present  instance  it  did  not  conflict  with  the  main  design  aims  which  were  to  obtain  a  high  useable 
CL  at  all  Mach  numbers  up  to  the  cruise  value,  and  a  satisfactory  flow  breakdown  across  the  wing  at 

the  stall.  Considerations  such  as  the  value  of  Mp  at  the  cruise  Cp  were  of  rather  less  importance 
-  always  provided  some  minimum  target  figure  was  achieved. 

The  changes  in  pressure  distribution  across  the  span  as  shown  in  Fig. 3  should  also  be  viewed 
in  the  same  light.  The  two  main  trends  evident  at  the  cruise  C.  are 

la 

(i)  a  decrease  from  inner  to  outer  wing  in  the  suction  values  near  the  leading  edge  - 
thus  leading  to  a  stronger  shock  near  0.4c  on  the  outer  wing, 

and  (ii)  a  reduction  particularly  between  0.675  and  0.88  x  semispan  in  the  adverse  pressure 
gradients  at  the  rear  of  both  the  upper  and  lower  surfaces.  This  is  achieved  by  a 
reduction  in  the  local  thickness /chord  ratio  near  the  tip. 

At  the  cruise  Cp,  (i)  is  clearly  harmful  in  terms  of  Mp  and  (ii)  is  unnecessary  but  they  should  not 
be  regarded  as  weaknesses  in  the  design  since  both  were  aimed  at  improving  the  performance  at 
higher  Cp. 

The  wing  design  was  in  fact  outstandingly  successful  in  its  main  aim  as  can  be  seen  from  Fig. 4 
which  presents  the  pressure  distributions  for  C,  ■  C-  .  +  0.04  at  M  *  0.71.  Features  to  note 

on  Fig. 4  include  the  following:'  esign 

(a)  no  trailing-edge  pressure  divergence  at  any  of  the  four  stations, 

(b)  the  shock  front  swept  back  at  an  angle  greater  than  the  local  geometric  sweepback, 

(c)  some  isentropic  recompression  ahead  of  the  shock  at  all  four  stations 
and  (d)  a  fair  degree  of  loading  at  the  rear,  again  at  all  four  stations. 

The  results  for  this  wing  have  shown  therefore  that  the  idea  of  designing  for  essentially  a  roof-top 
pressure  distribution  over  the  upper  surface  at  the  cruise  condition  and  then  shaping  the  leading 
edge  to  obtain  some  peaky-type  development  at  higher  Cp  is  an  attractive  concept,  particularly  when 
good  results  are  required  over  a  wide  range  of  operating  Cp. 


5.  DESIGN  OF  REGION  NEAR  THE  ROOT  OF  A  SWEPTBACK  WING 


To  obtain  a  particular  isobar  pattern  over  the  whole  wing  in  the  design  condition  one  needs  to 
be  able  to  calculate  the  pressures  over  wings  of  arbitrary  geometry  in  regions  where  no  equivalence 
with  two-dimensional  flow  can  be  expected.  Common  practice  in  the  U.K.  has  been  to  use  the  method 
largely  developed  at  the  R.A.E.  over  the  past  10  -  15  years  and  published9  in  R.Ae.S.  T.D.M.6312. 

In  its  present  form,  the  method  applies  to  compressible,  subcritical,  inviscid  flow.  It  is  based 
on  an  approximation  to  the  linear-theory  solutions  for  both  thickness  and  lifting  effects  combined 
in  such  a  way  as  to  include  some  of  the  cross-coupling  terms  and  with  corrections  to  allow  for  the 
principal  non-linear  effects  particularly  near  the  leading  edge.  For  the  thickness  terms,  the 
starting  points  were  the  exact  linear-theory  expressions  for  the  velocities  over  an  infinite  yawed 
wing,  and  at  the  root  of  an  infinite  swept  wing  of  constant  chord  and  section  shape.  These  two 
expressions  are  then  linked  with  the  aid  of  various  approximate  interpolation  factors  derived 
mostly  from  a  study  of  the  exact  solutions  for  wings  of  relatively  simple  geometry  but  partly  based 
as  will  be  seen  below  on  experience  from  comparisons  with  experimental  data.  Similar  techniques 
were  followed  for  the  lifting  terms  except  that  in  this  case,  the  velocity  distribution  at  the  root 
due  to  camber  was  itself  only  known  as  an  approximate  expression  having  an  accuracy  strongly 
dependent  on  the  angle  of  sweepback10.  Used  with  due  regard  for  the  limitations  imposed  by  the 
approximate  nature  of  the  interpolation  factors,  the  absence  of  many  of  the  second-order  terms  and 
of  any  allowance  for  the  viscous  effects,  the  method  has  proved  a  powerful  design  tool. 

For  applications  where  the  drag  characteristics  at  the  cruise  are  of  paramount  importance, 
the  wing  design  near  the  root  needs  special  care.  As  is  well  known,  to  maintain  fully  swept  isobars 
into  the  root  involves  either  appropriate  body  shaping  and/or  changes  to  the  wing  section  shape  such 
as  a  forward  movement  of  the  maximum  thickness  position.  Any  large  local  changes  in  the  wing 
section  geometry  must  tend  -  at  least,  in  principle  -  to  reduce  the  accuracy  of  the  formula  (or 
indeed,  any  other  method)  for  calculating  the  pressure  distributions.  This  point  is  illustrated 
by  the  comparison  presented  in  Fig. 5.  These  results  are  for  the  root  section  of  a  symmetrical, 

40°  sweptback  wing  at  zero  incidence;  in  an  effort  to  improve  the  isobar  sweep,  the  maximum 
thickness  was  brought  forward  to  0.15c  at  the  root  as  compared  with  0.42c  over  most  of  the  span. 

The  main  uncertainty  in  calculating  the  pressures  at  the  root  of  such  a  wing  by  the  method  of  Ref .9 
lies  in  deciding  what  values  to  assume  for  the  "thickness  sweep".  For  a  wing  with  no  change  in 
section  shape  across  the  span,  this  would  normally  be  taken  as  the  sweep  of  the  lines  at  constant  x, 
i.e.  as  defined  earlier,  but  Fig. 5  shows  that  if  this  were  done  in  the  present  case,  the 
predicted  values  of  (-C  )  over  much  of  the  chord  would  be  more  than  twice  those  obtained 
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experimentally.  This  result  was  not  foreseen  when  the  wing  was  designed  (some  14  years  ago')  and 
as  a  result,  the  isobar  pattern  and  wing  performance  were  unsatisfactory  as  described  in  Ref. 11. 

Fiq.5  shows  however  that  defining  the  "thickness  sweep",  A  t  at  the  maximum  thickness  position  (xt) 

as  the  sweep  of  the  maximum  thickness  line  and  then  varying  tan  A£  linearly  both  between  x  ■  x£  and 
x  «  0  and  between  x  »  x£  and  x  «  1  gives  results  that  are  in  fairly  good  agreement  with  the 
experimental  data,  at  least  back  to  x  »  0.5. 

It  is  important  to  realize  that  a  suitable  definition  for  the  "thickness  sweep"  is  only  one 
item  in  a  "package".  Any  change  in  other  items  such  as  the  factors  for  planform  and  thickness 
taper  or  the  compressibility  factors,  could  react  on  what  is  the  most  suitable  definition  for  the 
"thickness  sweep".  Earlier,  for  example,  when  some  of  these  other  factors  were  less  soundly  based, 
a  mean  of  the  above  two  definitions  appeared  to  be  the  most  satisfactory  but  now,  this  is  no  longer 
true!  Clearly,  this  particular  wing  design  is  a  somewhat  extreme  example:  the  sweepback  of  the 
maximum  thickness  line  at  the  root  is  67°  as  compared  with  a  quarter-chord  sweepback  of  only  40°. 

In  many  practical  cases,  the  sensitivity  of  the  results  to  the  geometrical  assumptions  and  the 
other  interpolation  factors  would  be  less  pronounced. 

Over  the  years,  the  accuracy  and  range  of  applicability  of  *-he  various  factors  has  been 
steadily  improved  but  results  such  as  those  just  discussed  pose  the  question  as  to  whether  some 
more  radical  changes  to  parts  of  the  method  are  required.  Considerable  thought  has  been  given  to 
this  point.  Continuing  to  discuss  just  the  thickness  effects,  clearly,  one  of  she  most  important 
advances  in  recent  years  has  been  the  method12'13  and  computer  progranme  developed  by  A.M.O.  Smith 
and  his  colleagues  for  calculating  the  velocities  due  to  thickness  in  incompressible  flow  over 
wings  and  bodies  of  completely  arbitrary  shape.  As  a  result,  an  exact  linear-theory  solution  is 
now  available  against  which  the  appropriate  "block"  in  the  formula  of  Ref. 9  can  be  checked  in 
carefully  selected  "test  cases".  Alternatively,  this  "block"  could  be  actually  replaced  by  the 
output  data  from  the  A.M.O.  Smith  programme,  and  this  has  in  fact  been  done14  by  Loeve  of  N.L.R. 

It  should  prove  most  helpful  to  have  this  facility  available  for  use  when  required  but  its  drawback 
when  considered  as  a  general  design  tool,  is  that  this  programme  would  be  relatively  costly  to  use 
and  also  restricted  to  the  larger  computers.  In  practice,  when  selecting  a  wing  shape  for  a  given 
application,  one  would  probably  want  to  calculate  the  pressures  over  a  fair  number  of  alternative 
designs  and  at  a  number  of  different  operating  conditions.  There  will  therefore  continue  to  be  a 
place  for  treating  this  term  (velocities  due  to  thickness:  linear  theory)  on  a  less  elaborate 
basis:  either  by  continuing  to  use  the  present  factors  modified  where  found  necessary  or  by 
adoption  of  a  method  such  as  that  proposed  in  Ref. 15. 

One  point  that  must  be  stressed  is  that  in  several  important  respects,  the  method  of  Ref. 9 
should  be  more  accurate  than  linear-theory.  It  follows  that  in  the  future,  improvements  e.g. 
inclusion  of  further  second-order  terms  or  of  allowance  for  viscous  effects,  can  be  introduced 
without  departing  from  the  essential  framework  of  the  present  formula.  It  will  thus  be  possible  to 
continue  the  steady  progressive  evolution  based  on  comparisons  with  other  theories  and  experiment 
that  has  marked  the  previous  development  of  this  method. 

This  discussion  has  however  been  somewhat  of  a  digression  from  the  main  theme  of  this  paper, 
which  is  more  concerned  with  the  question  of  what  are  desirable  target  pressure  distributions  and 
isobar  patterns  rather  than  what  methods  one  should  use  to  find  the  geometry  corresponding  to  these 
pressures.  As  noted  earlier,  a  common  aim  has  often  been  to  try  and  obtain  a  "uniform  isobar 
pattern".  This  is  not  necessarily  the  best  solution:  research  over  many  years  has  shown  that  at 
least  when  considering  the  initial  development  of  a  shock,  the  Mach-number  component  normal  to  the 
isobars  is  the  relevant  parameter  and  hence  there  may  be  a  case  to  strive  in  selected  areas  for  an 
isobar  sweep  greater  than  the  local  geometric  value.  Certainly,  one  ought  as  a  general  rule  to  try 
and  avoid  any  serious  loss  in  effective  sweep,  e.g.  through  the  isobars  forming  closed  loops.  This 
is  often  difficult  to  achieve  near  the  root  since  the  major  3-D  root  effects  decay  with  distance 
from  the  root  in  a  hyperbolic  fashion.  It  follows  that  to  obtain  a  perfectly  uniform  isobar  pattern 
it  would  be  necessary  to  have  continuous  surface  curvature  (spanwise)  with  very  rapid  local  changes 
near  the  root.  In  practice,  however,  the  preference  has  usually  been  for  straight  generation 
between  a  limited  number  of  control  stations.  Up  to  a  point,  t".is  may  be  acceptable  but  there  can 
be  little  doubt  that  with  many  designs,  some  aerodynamic  perfounanca  has  been  lost  through  the  control 
stations  being  either  too  few  in  number  or  wrongly  positioned.  Some  recent  calculations  for  a  35° 
sweptback  wing  illustrate  what  can  then  happen.  Pressure  distributions  for  four  stations  on  the 
inner  wing  are  presented  in  Fig. 6.  The  general  aim  of  this  design  was  to  try  and  obtain  similar 
peaky-type  upper  surface  pressure  distributions  at  all  four  stations.  In  the  lower  picture  in  Fig. 6, 
stations  1  (i.e.,  the  root)  and  4  (the  outermost  station)  are  both  control  stations  and  the 
comparison  is  between  results  for  station  3,  considered  alternatively  as  a  further  independent 
control  station  or  with  its  surface  geometry  interpolated  linearly  between  stations  1  and  4.  The 
upper  picture  gives  a  similar  comparison  for  station  2  lying  between  1  and  3.  The  calculations 
assume  that  the  flow  is  still  subcritical  at  M  ■  the  real  flow  would  be  supercritical  but  with 

the  shock  lying  near  or  ahead  of  the  crest,  provided  the  design  is  successful  in  its  aims. 

Fig. 6  shows  that  a  much  closer  approach  to  a  uniform  isobar  pattern  is  achieved  if  all  four 
stations  are  allowed  to  be  control  stations.  If  an  intermediate  station  is  omitted,  relatively 
high  auctions  are  then  predicted  for  the  intermediate  region  over  the  forward  part  of  the  chord. 
Altcmotively,  it  is  easy  to  visualise  that  if  stations  2,  3,  4  were  retained  and  the  geometry  at 
the  root  derived  as  an  extrapolation  from  2  and  3,  there  would  then  be  relatively  low  suctions  at 
the  root  and  a  general  loss  of  isobar  sweep  inboard  of  station  2.  Either  of  these  alternatives 
could  have  particularly  unfortunate  consequences  in  the  present  case  as  it  might  upset  not  merely 
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locally  but  over  the  whole  region  from  1  to  4,  the  desired  favourable  supercritical  development 
expected  on  the  basis  of  some  related  2-D  tests.  The  consequent  reduction  in  Mp  and/or  increase  in 

Cp  at  Mp  is  difficult  to  estimate  and  experimental  results  are  not  yet  available.  General 

experience  based  on  far  more  than  just  this  one  example  has  shown  that  aerodynamically,  3  should  be 
regarded  as  the  absolute  minimum  number  of  control  stations  over  the  inner  part  of  the  wing;  on 
engineering  grounds,  3  is  often  thought  of  as  a  maximum  number  and  efforts  are  frequently  made  to 
persuade  the  aerodynamicist  to  accept  2i  This  is  an  area  where  there  is  an  outstanding  need  for 
combined  aerodynamic,  structural  and  engineering  studies  to  establish  the  true  exchange  rates 
involved  in  such  compromises. 

The  calculated  results  in  Fig. 6  contain  some  other  features  of  general  interest.  For  example, 
it  will  be  seen  that  even  with  4  control  stations,  the  desired  peak  suction  was  no;  apparently 
obtained  close  to  the  leading  edge  at  the  actual  wing-root  section.  In  theory,  this  could  have 
been  generated  either  by  adopting  a  very  bluff  shape  or  from  extreme  inverse  droop,  but  probably  at 
the  expense  of  excess  drag.  Also,  the  suctions  near  0.6c  at  station  4  appear  somewhat  high;  to  some 
extent,  this  is  related  to  the  wing  planform  with  the  trailing  edge  unswept  over  the  inner  panel. 
This  has  been  a  common  feature  of  many  recent  subsonic  transport  designs,  being  often  introduced  to 
give  an  unswept  hinge-line  for  a  flap  or  to  assist  the  stowage  of  the  undercarriage.  One  suspects 
that  a  significant  loss  in  performance  either  in  terms  of  Mp,  Cp  at  Mp  or  supercritical  behaviour 

may  often  result  from  these  planform  details  or  from  local  changes  in  the  wing  thickness 
distributions  introduced  for  similar  reasons.  Again,  this  could  be  a  fruitful  area  for  research 
studies  to  find  the  exchange  rates  and  hence,  improved  all-round  "optimum  designs".  Wing-root 
fillets  and  fairings  on  the  fuselage  opposite  the  wing  could  usefully  form  part  of  these  studies 
rather  than  being  treated  in  an  ad-hoc  fashion  at  a  later  stage  or  simply  being  designed  "on  past 
experience". 


6.  THREE-DIMENSIONAL  INFLUENCE  ON  SUPERCRITICAL  FLOW  DEVELOPMENT  INCLUDING  STUDY  OF  RESULTS  FOR 

WING  B:  AT  AND  ABOVE  "DESIGN"  M  . ~ 

The  discussion  in  the  preceding  section  was  based  on  "subcritical"  calculated  pressure 
distributions;  let  us  now  turn  to  some  experimental  data  for  a  wing  where  the  flow  is  already 
supercritical  at  M  «  Mp  and  where  even  at  the  design  Cp,  there  is  considerable  non-uniformity 
across  the  span.  Results  for  this  example,  wing  B,  are  presented  in  Figs. 7,  8. 

Fig. 7(a)  gives  a  comparison  between  3-D  and  converted  2-D  data  for  two  stations  (at  0.28  (I) 
and  0.60  (II)  x  semispan)  at  the  design  Cp  and  M  »  Mp  -  0.10.  Even  at  this  Mach  number,  the  flow 
is  already  supercritical  near  the  leading  edge  at  both  stations.  The  agreement  with  the  converted 
2-D  data  is  reasonable  at  station  II  but  at  station  I,  it  is  not  as  good  as  for  wing  A  discussed 
earlier.  Largely,  this  can  be  explained  in  terms  of  the  higher  sweepback  of  wing  B  (and  hence, 
greater  root-effects),  the  thickness  taper  related  to  the  section  variations  across  the  span  and 
finally,  the  wing  planform  geometry  which  further  complicates  the  process  of  deciding  what  is  the 
true  "equivalent  2-D  section".  By  M  «  Mp  +  0.01,  Fig. 7(b),  the  order  of  agreement  between  the  3-D 
and  2-D  data  has  deteriorated  further  and  discrepancies  are  now  observed  at  both  stations  I  and  II. 
Over  the  rear  of  the  chord,  these  can  be  explained  in  the  same  way  as  for  the  lower  Mach  number  - 
the  effects  have  merely  increases  in  magnitude  and  extended  further  out,  e.g.,  the  higher  suctions 
in  the  3-D  data  near  0.4c  at  station  II  can  be  linked  with  the  high  suctions  near  0.5  -  0.6c  at 
station  I.  Differences  are  also  evident  however  in  the  development  of  the  local  supersonic  region  - 
to  some  extent  at  II  and  more  particularly  at  I.  It  is  impossible  in  this  brief  account  to  comment 
in  detail  but  it  is  worth  pointing  out  that  both  the  2-D  and  3-D  data  are  very  sensitive  to  small 
changes  in  either  M  or  Cp.  It  is  therefore  reassuring  to  find  that  at  station  II  at  least,  there 
is  some  "family  resemblance"  between  the  variation  of  the  2-D  and  3-D  data  with  M  or  Cp.  At 
station  I,  however,  there  ap,ears  to  be  a  more  substantial  difference  in  behaviour:  whereas  the 
2-D  data  suggest  a  supersonic  region  terminated  by  a  shock,  the  3-D  distributions  indicate  a  much 
higher  peak  suction  near  the  leading  edge  followed  apparently  by  considerable  isentropic 
recompression  and  no  real  evidence  of  any  strong  shock.  This  impression  was  confirmed  by  oil-flow 
studies.  One  relevant  factor  is  that  the  sweepback  of  the  isobars  over  the  forward  part  of  the 
chord  near  station  I  is  much  higher  than  the  local  geometric  sweepback.  This  can  be  seen  from  the 
isobar  patterns  for  M  *  Mp  and  M  »  Mp  +  0.04  presented  in  Figs. 8a,  b. 

Comparing  these  two  isobar  patterns,  the  shock  front  near  station  II  clearly  moves  rearward 
with  increasing  Mach  number  in  this  range  whereas  near  station  I,  there  is  relatively  little 
change.  As  a  result,  by  M  »  Mp  +  0.04,  the  sweepback  of  the  shock  front  near  I  is  near  50°  rather 
than  35°.  One  would  expect  therefore  that  the  rate  of  increase  with  Mach  number  in  the  wave  drag 
associated  with  this  shock  front  would  be  less  near  I  than  near  II.  At  first  sight,  however,  this 
is  not  borne  out  by  the  variation  of  the  local  section  drag  coefficients  AC^p  as  derived  from  the 

measured  pressure  distributions.  These  are  shown  in  Fig. 8c,  plotted  in  the  form  of  ACQp  vs.  (M  -  Mp) 
where  ACj>p  is  the  increment  in  Cp^  compared  with  the  value  at  M  =  Mp,  and  Mp  is  the  drag-rise  Mach 
number  for  the  wing  as  a  whole.  The  variation  in  the  overall  Cp  is  plotted  below  for  comparison. 

It  is  clear  that  a  spanwiae  integration  of  the  values  of  £  ACD  would  yield  a  variation  with  Mach 

c 

number  broadly  similar  to  that  obtained  in  the  overall  measurements  but  the  changes  across  the  span 
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in  the 


variation  are  somewhat  unexpected. 


Despite  what  was  forecast  above,  it  is  section  II 


which  appears  to  give  the  most  favourable  results  in. the  range  up  to  (Mp  +  0.04). 


To  understand  this  apparent  anomaly,  one  must  consider  how  three-dimensional  effects  control 
the  development  of  the  flow  over  the  sweptback  wing  under  supercritical  conditions.  Fig. 9  helps  to 


For  any  sweptback  wing  operating  at. either  C.  >  Ct 

L  ‘'design 


explain  this  in  a  diagrammatic  fashion 

or  M  >  Mdesign»  it  i®  likely  that  the  flow  over  the  upper  surface,  leaving  aside  the  tip  regionV 

will  be  characterised  by  a  3  (or  4)-shock  system  as  illustrated  in  Fig. 9.  These  shocks  were  first 
explained  and  described  in  detail  by  Hall  and  Rogers  in. several  reports,  e.g.  Refs. 16,  17,  from  the 
N.P.L.  The  forward  shock  originates  from  either  the  wing-root  leading  edge  or  the  most  forward 
point  where  the  flow  is  supersonic.  The  mathematical  condition  that  has  to  be  satisfied  for  this 
shock  to  lie  across  the  wing  surface  is  given  in  Ref. 17;  its  sweepback  is  related  to  the  resultant 
Mach  number  of  the  local  flow  and  so  increases  with  at  a  given  M,  or  with  M  at  a  given  C^; 


typically,  it  is  around  50°.  The  main  significance  of  the  forward  shock  is  that  it  marks  the 
inward  boundary  of  the  region  in  which  the  supercritical  flow  development  can  be  similar  to  that 
over  the  corresponding  two-dimensional  section.  Hence,  in  Fig. 9,  it  is  only  outboard  of  point  A 
that  the  "quasi-2D"  shock  bears  some  affinity  to  the  2-D  behaviour.  Inboard  and  aft  of  the  forward 
shock,  the  flow  is  affected  considerably  by  the  influence  of  the  root.  Even  if  the  inner  wing 
sections  and  the  body  shape  are  such  as  to  minimise  this  influence  at  the  design  condition,  there 
can  still  be  a  considerable  effect  at  off-design.  Generally,  the  suction  will  increase  over  the 
middle  part  of  the  chord  of  the  inner  wing  and  this  is  then  followed  by  a  recompression  through  a 
series  of  waves  which  coalesce  some  distance  out  from  the  root  to  form  a  "rear  shock".  This  shock 
intersects  the  forward  or  "quasi-2D"  shocks  at  point  B.  The  "outboard  shock"  has  the  combined 
strength  of  the  two  inner  systems  and  frequently,  therefore,  the  initial  flow  separation  occurs  just 
outboard  of  point  B.  A3  the  Mach  number  is  increased  further  beyond  the  design  value,  the  general 
tendency  will  be  for  points  A  and  B  to  come  together  and  to  move  inboard  but  precisely  what  happens 
in  any  given  example  clearly  depends  on  the  section  characteristics,  wing  planform,  the  wing-body 
junction  shape  etc. 


With  this  very  brief  and  simplified  description,  it  is  now  possible  to  revert  to  the  drag  data 
in  Fig. 8c  for  wing-body  B  for  which  the  flow  pattern  for  M  >  Mp  is  essentially  of  the  type  shown  in 
Fig. 9a.  Earlier,  it  was  noted  that  it  was  difficult  to  explain  the  fairly  substantial  increase  in 
ACj^  with  (M  -  Mp)  at  station  I  at  0.28  x  semispan  in  terms  of  wave  drag  associated  with  the  shock 

system  over  the  forward  part  of  the  chord.  Now,  in  terms  of  Fig. 9a,  it  can  be  explained  in  terms 
of  the  development  of  the  rear-shock.  Expressed  another  way,  the  increase  in  drag  corresponds  to 
the  increase  in  suction  aft  of  the  crest  ahead  of  the  rear  shock.  For  section  II,  on  the  other  hand, 
it  is  possible  to  interpret  the  small  increase  in  ACp^  between  Mp  and  (Mp  +  0.04)  by  saying  that  the 

increase  in  wave  drag  has  been  partly  offset  by  a  reduction  with  Mach  number  in  the  root-influence 
on  this  section.  This  can  be  seen  by  comparing  the  pressure  distributions  for  section  2  inset  in 
Figs .8a,  b.  The  relatively  high  suctions  near  0.3  -  0.4c  at  M  »  Up  were  not  observed  in  the  tests 
on  the  equivalent  two-dimensional  section  (see  Fig. 7b)  and  can  probably  be  ascribed  to  root-influence. 
No  such  irregularities  were  observed  aft  of  the  main  shock  at  (Mp  +  0.04)  or  in  other  words,  this 

section  then  lies  outboard  of  points  A  and  B.  ACp  can  therefore  be  a  poor  indication  of  the  wave 

L  # 

drag  associated  with  the  main  shock  front;  the  difficulty  lies  in  knowing  how  Cp  would  vary  with 

L 

Mach  number  in  the  absence  of  a  shock  wave.  In  the  present  case,  the  implication  is  that  under  such 
conditions,  Cp  would  have  decreased  with  Mach  number  at  station  II. 

Finally,  the  comparison  between  Figs. 9a,  b  has  been  included  in  order  to  illustrate  that  the 
choice  of  basic  design  pressure  distribution  can  have  a  major  effect  on  the  way  the  3  (or  4)-  shock 
system  develops  at  off-design  conditions.  The  two  pictures  correspond  diagramnatically  with  the 
two  alternative  2-D  sections  considered  in  Fig. 2.  With  small  x^,  as  in  Fig. 9a,  the  tendency  is  for 

the  quasi~2D  shock  to  link  on  the  inner  wing  with  the  forward  3D-shock,  thus  leaving  the  rear-shock 
as  a  clearly  defined  separate  front.  With  large  x^  as  in  Fig. 9b,  the  quasi-2D  shock  tends  to  link 
with  the  rear  shock  leaving  the  forward  shock  as  the  separate  system.  Obviously,  these  pictures 
and  this  description  are  grossly  over-simplified  but  even  so,  certain  conclusions  are  valid.  For 
example,  the  proportion  of  the  wing  span  over  which  the  local  supersonic  region  can  develop  as  in 
two-dimensional  flow  is  clearly  greater  in  case  (a);  also,  with  (b),  there  is  a  greater  likelihood 
that  the  supersonic  region  ahead  of  the  rear  shock  develops  in  a  manner  completely  uncontrolled  by 
any  expansion  field  being  generated  near  the  leading  edge.  It  is  not  however  the  aim  of  this 
paper  to  pronounce  in  favour  of  (a)  or  (b) ,  This  would  be  both  premature  and  unwise  particularly 
as  it  is  really  misleading  to  think  that  there  are  just  two  classes  of  design.  The  distinctions 
have  been  deliberately  overdrawn  to  simplify  the  discussion  and  to  highlight  the  problems  that  are 
being  investigated  in  current  research. 


7.  GENERAL  DISCUSSION  AND  CONCLUDING  REMARKS 

Examples  have  now  been  given  of  how  the  choice  of  basic  pressure  distributions  and  isobar 
patterns  can  affect  the  drag-rise  Mach  number  (M^)  and  supercritical  behaviour.  For  a  transport 
aircraft,  another  vital  factor  is  the  standard  0f  achievement  in  respect  of  Cp  at  Mp  and  the  extent 
to  which  Cp  could  be  reduced  by  a  change  in  the  target  pressure  distributions.  Indeed,  it  seems 


likely  that  in  the  past,  there  may  have  been  too  ouch  stress  on  obtaining  the  best  value  of  Kp  with 
too  little  regard  for  Cp  at  Mp  or  for  near  Reuent  analysis  has  suggested1’ 18  that 

typically,  an  increase  of  10X  or  more  in  the  wing-body  drag  coefficient  (excluding  the  vortex-induced 
drag)  can  be  expected  between  low  speeds  and  M  «  Mp  but  that  the  reason  for  this  can  vary  widely 
from  one  design  to  another.  The  three  most  common  reasons  are: 

(i)  an  increase  in  the  wing  profile  drag  with  Mach  number  at  subcritical  speeds, 

(ii)  premature  supercritical  wave  drag  appearing  as  a  sectional  effect  somewhere 
along  the  span, 

and  (iii)  premature  wave  drag  due  to  three-dimensional  effects  related  notably  to  a  loss 
in  isobar  sweep  near  the  root. 

A  method19  is  now  available  for  estimating  (i)  in  two-dimensional  flow;  it  has  been  shown  to  be 
reliable  for  a  wide  range  of  pressure  distributions.  Also,  a  criterion  has  been  issued20  for 
recognizing  whether  the  pressure  distributions  are  of  the  "triangular"  type4  -  one  of  the  main 
sources  of  (ii).  Effect  (iii)  has  already  been  discussed.  Past  experience  appears  to  suggest  that 
if  the  excess  drag  from  any  two  of  these  sources  is  small,  the  contribution  from  the  third  item  is 
appreciable  but  there  is  no  reason  why  this  should  necessarily  follow.  It  is  merely  an  indication 
that  all  three  effects  should  be  considered  at  the  initial  design  stage. 

This  paper,  in  its  examples  at  least,  has  tended  to  concentrate  on  sweptback  wings  of  high 
aspect  ratio,  typical  of  subsonic  transport  designs.  It  is  however  worth  noting  that  at  a  design 
point  with  fully  attached  flow  the  problems  encountered  in  designing  a  swept  wing  for  a 
strike/fighter  application  are  likely  to  be  similar  in  principle,  although  differing  in  detail. 

Even  though  the  wings  would  be  of  much  lower  aspect  ratio,  it  is  still  possible  to  relate  the 
behaviour  at  such  a  design  condition  with  corresponding  results  in  two-dimensional  flow.  Naturally, 
the  three-dimensional  root  effects  have  a  stronger  influence  but  Ref. 9  has  still  been  used  as  a 
design  method  with  conspicuous  success. 

The  real  differences  between  the  two  types  of  application  arise  when  considering  off-design 
conditions.  For  example,  the  stalling  behaviour  of  swept  wings  of  moderate  aspect  ratio  is  likely 
to  be  determined  by  3-D  effects  such  as  part-span  vortex  sheets  or  a  separation  induced  by  a 
forward-  or  rear-shock  rather  than  by  an  outboard  quasi-2D  shock.  Also,  for  a  strike/fighter,  a 
satisfactory  flow  breakdown  across  the  span  at  the  stall  in  manoeuvering  flight  may  often  be  the 
major  criterion  when  seeking  an  acceptable  wing  design.  Normally,  one  wants  a  progressive  rather 
than  a  sudden  flow  breakdown  and  the  choice  of  a  uniform  isobar  pattern  in  the  design  condition  may 
make  it  more  difficult  to  realise  this  aim.  Nevertheless,  experience  has  shown  that  ways  can  be 
found  for  resolving  this  dilenma. 

To  sunmarise,  the  best  possible  wing  design  for  any  given  application  must  always  be  a 
compromise.  The  object  of  research  must  be  to  find  what  are  the  major  factors,  to  establish  the 
exchange-rates  and  so  help  the  designer  co  make  the  best  choice.  It  is  hoped  that  this  paper  has 
made  a  contribution  in  this  respect. 

Finally,  the  author  wishes  to  acknowledge  the  help  received  from  other  members  of  the  A.R.A. 
staff  and  from  colleagues  in  industry,  the  R.A.E.  and  N.P.L.  in  the  preparation  of  this  paper.  He 
takes  full  responsibility  however  for  the  opinions  expressed. 
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An  Approximate  Method  for  the  Determination  of  the  Pressure  Distribution  on  Wings 


in  the  Lover  Critical  Speed  Range 
by 

Th.E.  Labrujere,  W.  Loeve  and  J.W.  Slooff 

National  Aerospace  laboratory  NLR,  Amsterdam 

Netherlands 


Summary 


The  design  of  aircraft  for  efficient  flight  at  high  subsonic  speeds  demands  for 
methods  by  whioh  the  pressure  distributions  on  wings  can  be  predietied  accurately. 

The  present  paper  is  concerned  with  an  approximating  method  that  is  baaed  on  the 
faot  that  the  main  characteristics  of  subsonic  flow  about  wings  are  described  rather  well 
by  the  linearised  potential  equation.  In  view- of  thi8|  similfu:  to  Ooethert'e  rule^  the 
compreesible  flow  ie  related  to  the  incompressible  flow  around  an  analogous  configuration 
which  is  obtained  from  the  original  one  by  an  affine  transformation.  The.  inoompreBsible 
flow  is  determined  by  means'  of  a  surfaoe  diatribution  of  singularities  and  the  Ooethert 
relation  is  supplemented  with  semi-empirical  factors.  Viscosity  effeots  are  taken  into 
account  by  applying  the  method  to  a  configuration  that  is  obtained  by  modifying  the 
contour  of  the  aerofoil  for  the  differential  growth  of  the  boundary  layer  displacement  thickness 
on  the  upper  and  lower  surfaoe. 

The  accuracy  of  the  method  ie  shown  by  comparison  with  exact  resul.s  for  two-dimensional 
flows  and  experimental  results  for  two-  and  three-dimensional  flows. 


Notations 


Symbols. 


o 

r 

t 

u 

X 

y 

z 


L 

Ma 

V 

oC 


length  of  local  chord, 
body  radius 

maximum  thickness  of  aerofoil  section 
perturbation  velocity  on  the  surface  of  the  aerofoil 
chordwise  coordinate 
s panwise  coordinate 

coordinate  measured  normal  to  the  reference  plane  of  the  aerofoil 

compressibility  factor- according  to  Kilby  (ref. 2) 

pressure  coefficient 

lift  coefficient 

Mach  number  of  the  onset  flow 

total  velocity  non-dimensionalized  by  the  velocity  of  the  onset  flow 
angle  of  attaok 


('  -»!r 

spanwise  coordinate  non-dimensionalized  by  the  semi-span 


z3 

% 

to 

r 

Subscripts. 

a  refers  to  the  analogous  configuration 


parameters  defining  lifting  quasi-elliptical  aerofoil  section  (ref.1) 


refers  to  the  incompressible  flow 


Supersorlpts. 

0) 

x 


refers  to  the  first  order  approximation 
refers  to  the  oritioal  oondition 


17-1 


An  Approximate  Method  for  the  Determination  of  the  Pressure  Distribution  on  Wings 
in  the. Lover  Critical  Speed  Range 
by 

x)  x)  xx) 

Th.E.  Labrujere,  W.  Loave  and  J.W.  Slooff 

National  Aerospace  Laboratory  NIB,  Amsterdam 

Netherlands 

1_  Introduction. 

For  flight  at  high-subsonic  speeds  special  attention  must  be  paid  to  the  avoidance  of 
large  drag,  which  ocour  as  a  result  of  pressure  losses  due  to  viscous  effeots  and  shocks. 

To  keep  these  phenomena  within  acceptable  limits  an  iteration  process  is  applied,  in  practice, 
in  which  use  is  made  of  both  measurements- in  wind  tunnels  and  aerodynamic  calculations. 

The  oonvergenoe  of  this  process  largely  depends  on  the  accuracy  by  which  details  of  flow 
phenomena  on  wing-body  combinations  can  be  predicted.  As  exact  solutions  for  'viscous 
compressible  flow  about  such  configurations  do  not  exist,  only  approximating  methods  oan  be 
applied. 

Recent  developments  in  transonio- wing-design  appear  to  lead  to  geometries  for  whioh 
in  many  cases  existing  methods  are  no  longer  satisfactory.  The  present  paper  is  concerned 
with  an  approximating  method  which  has  been  developed  with  the  object  to  improve  this 
situation.  In  doing  so  special  attention  has  been  paid  to  the  prediction  of  compressibility 
effects  at  conditions  where  the  velocity  components  normal  to  the  isobar3  are  near-sonic. 


2_  Description  of  the  method. 
3»1  General  remarks. 


It  is  well  known  that  the  main  characteristics  of  subsonic  attached  flow  are  described 
rather  well  by  the  linearised  potential  equation.  In  the  present  method  the  solution  of  this 
equation  is  approximated  in  a  way  very  similar  to  the  Prandtl-Glauert  and  Goethert  rules. 
Considering  a  wing-body  combination  in  an  onset  flow  with  Haoh  number  Ma,  the  compressible 
flow  around  the  given  configuration  is  related  to  the  incompressible  flow  around  an  analogous 
configuration.  This  analogous  configuration  is  obtained  from  the  original  ono  by  shrinking 

all  dimensions  normal  to  the  onset  flow  direction  by  the  faotor y3  ■*  {  1  -  Ma^J  When 
applying  linearised  theory  the  incompressible  flow  is  usually  determined  by  means  of  a 
ohord-line  distribution  of  singularities.  In  the  present  method,  however,  a  surface  distribu¬ 
tion  is  applied.  Also  non-linear  compressibility  effects  are  approximated  somi-ompirically 
by  supplementing  the  Goethert  rule  with  correction  factors  depending  on  local  flow 
conditions.  It  may  be  eraphasizod  that  the  present  method  has  beon  developed  in  such  a  way 
that  wings  both  with  and  without  body  may  bo  treated. 


2.2  Outline  of  the  method  for  the  limiting  case  of  two-dimensional  symmetric  flow. 


According  to  full  linearised  theory,  as  formulatod  by  Goethert,  the  perturbation 
velocity  u  on  a  given  aerofoil  in  compressible  flow,  is  related  to  the  perturbation 
volocity  uft  on  the  analogous  aerofoil  in  incompressible  flow.  Considering  first  order 
approximations,  this  is  extablishod  by  the  well-known  relation 


,(D 


J _ 

V 


(1) 


(1) 


where  the  suporsoript  (l)  refers  to  first  order  perturbations,  Non-dimensionalizing  the 
velocities  by  means  of  tho  undisturbed  velcoity,  the  total  velocity  on  the  aerofoil  is  then 
determined  by  s 


V 


+  u 


(D 


(2) 


This  result  is  in  prinoiple  only  valid  for  thin  aerofoils  with  cuspod  leading  and  trailing 
edges.  In  the  incompressible  case  the  first  order  result  can  be  made  uniformly  valid  for 

x) 
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aerofoil*  with  round  leading-edge*  by  applying  Riegels  factor,  viz  i 

V  -  [  l  +u(l)]  .  [  1  +  (^)2  ]  4  (3) 

where  z  «  +  z  (x)  ia  the  aerofoil  oontour  in  the  concerning  symmetric  case. 

For  compressible  flow  KHohemann  and  Weber  (ref.l)  havo  modified  this  result  in  order 
to  take  into  account  non-linear  effects  i 


The  compressibility  factor  B  nay  bo  chosen  according  to  the  suggestion  of  Wilby 
(ref. 2)  viz  t  w 

Bw  -  |  1  -  Ma2  (1  -  Ma.Cp^)  j  (5) 

C  is  the  looal  pressure  coefficient  in  incompressible  flow. 

"i  Then  eq, (4)  represents  a  formula  for  the  determination  of  the  velocity  on  the  aerofoil, 
whioh  is  adequate  for  aerofoils  with  elliptio  nose  shapes.  Important  discrepancies  with 
exaot  results  have  been  found  for  aerofoils  with  non-elliptio  nose  shapes.  As  may  be 
expected,  when  applying  first  order  approximations,  this  is  already  the  case  at  the 
determination  of  the  incompressible  flow  (/3»  B  »  1).  In  principle,  the  approximation 
determined  by  eq,(3)  may  be  improved  by  applying  nigher  order  expansions  of  potential 
theory  along  the  lines  of  Inai,  Van  Dyke  and  Orstler  (refs  3,4,5).  However,  it  has  been 
observed,  whan  applying  Oretler's  approximation,  that,  especially  in  cases  with  rapid 
variation  of  ourvature,  slow  convergence  may  cause  serious  errors  in  both  incompressible 
and  compressible  solutions.  An  example  is  given  in  fig.1.  Also,  this  approach  iB  not  very 
well  suited  for  application  to  three-dimensional  configurations,  especially  when  wing-body 
combinations  are  concerned.  /.\ 

In  the  present  method  such  difficulties  are  circumvented  by  replacing  u  '  '  in 
by  « 


Here  V  is  the  exact  looal  veloolty  on  the  contour  of  the  analogous  aerofoil  in 
incompressible  flow.  Then  eq.(3)  gives  trivially  the  exaot  solution  in  the  limiting  case 
of  incompressible  flow,  while  in  the  case  of  compressible  flow  the  solution  is 
approximated  by  r>  X 


V  is  determined  by  applying  a  distribution  of  souroes  along  the  contour  of  the  aerofoil. 


2.3  The  two-dlmensioral  lifting  case. 

For  the  two-dimensional  lifting  oase  eq.(7)  is  generalized  by  formal  substitution  of 
the  quantities  for  upper  and  lower  surface  respectively.  The  incompressible  flow  around  the 
analogous  profile  is  determined  by  a  surface  distribution  of  vortices. 


2.4  The  three-dimensional  oase. 

Tho  three  dimensional  version  of  the  present  method  is  obtained  by  generalizing  the 
two-dimensional  result.  This  is  aohieved  by  applying  eq.(7)  looally  in  the  approximate 
direction  of  the  perturbation  velocity.  Tho  velooity  component  thus  obtained,  is  oombinod 
with  tho  undisturbed  component  of  the  onset  flow  to  givo  the  total  velooity  on  the 
surface  of  the  wing.  In  the  case  of  non-lifting  wings  tho  basic  solution,  i.e.  the 
perturbation  velooity  on  the  analogous  wing  in  incompressible  flow,  is  obtained  by  means 
of  the  method  of  Hose  and  Smith  (ref. 6). 

The  determination  of  the  incompressible  flow  about  an  analogous  lifting 
configuration  is  in  the  stage  of  programming.  Again  compressibility  corrections  will  be 
applied  formally  in  tho  non-lifting  oase. 


i  Viscous  effects 


When  applying  approximating  methods  for  the  calculation  of  pressure  distributions  on 
wings,  it  is  usually  assumed  that  the  main  effects  of  viscosity  can  be  taken  into  account 
by  determining  the  inviscid  flow  around  a  modified  aerofoil,  which  is  obtained  when  the 
boundary  layer  displacement  thickness  is  added  to  the  ordinates  of  the  aerofoil  contour. 

Due  to  the  wake  this  modified  aerofoil  extends  to  infinity  downstream.  The  modification  of 
the  aerofoil  may  be  resolved  into  two  main  effects  via  t  a  ohange  of  angle  of  attack  and 
camber  and  a  ohange  of  thickness. 

The  latter  only  influences  the  flow  in  the  immediate  vicinity  of  the  trailing  edge. 

It  appears  that  for  practical  design  purposes  this  effect  can  be  negleoted.  Therefore, 
within  the  present  method  viscosity  is  taken  into  account  by  merely  considering  the  effeot 
on  camber  and  angle  of  attack.  This  is  achieved  by  adding  to  the  ordinates  of  the  contour 
half  the  difference  between  the  displacement  thickness  of  upper  and  lower  surface.  Then  the 
inviscid  flow  around  the  distorted  aerofoil  is  determined  along  the  lines  indicated  above. 

An  iterative  procedure,  where,  alternately,  the  inviscid  flow  and  the  displacement  thickness 
are  determined,  leads  to  a  pressure  distribution  adapted  to  the  main  effect  of  viscosity. 


4.  Examples  of  application. 

On  the  majority  of  wings,  designed  for  high  subsonic  speeds,  the  flow  near  the  wing 
surfaoe  is,  up  to  a  large  extend,  defined  by  the  local  geometry.  Therefore,  the  applicability 
of  the  present  method  can  he  illustrated  by  means  of  results  obtained  for  the  limiting  case 
of  two-dimensional  flow.  This  offers  the  possibility  to  check  the  aocuraoy  of  the  results  by 
comparison  with  exact  solutions  of  the  full  potential  equation.  Thus,  uncertainties  that  are 
present,  when  comparing  with  measurements,  are  avoided.  Exact  solutions  of  the  full  potential 
equation  have  been  obtained  by  Nieuvland  and  Sells.  Nieuvland  (ref. 7)  applies  an  inverse 
hodograph  method,  by  which  the  shape  of  a  quasi-elliptioal  aerofoil  is  determined  together 
with  its  pressure  distribution  for  a  given  Kachnmher  cf  the  onset  flow.  Sells  (ref. 8) 
applies  a  direot  method,  which,  however,  can  only  deal  with  suboritical  pressure 
distributions.  x) 


4ji  Non-lifting  cases. 

Pigs.  2,  3  and  4  are  concerned  with  three  non-lifting  quasi-elliptical  aerofoils  which 
have  boen  determined  for  sub-oritical  flow.  The  nose  shape  of  the  aerofoil  of  fig.  2  is 
nearly  elliptio.  Those  of  figs,  3  and  4  deviate  increasingly  more  from  the  elliptical  shape. 
The  pressure  distributions  obtained  through  the  present  method  as  well  as  the  results 
obtained  by  the  Von  Karu-sn-Tsien  pressure  rule  and  the  Ooethort  rule  are  compared  with  the 
exact  solutions.  It  ap;.  ars  that  considerable  improvement  is  achieved  by  the  present  method. 
Pig.  5  deals  with  a  quasi-elliptical  aerofoil  which  has  been  determined  for  super-oritioal 
flow.  In  fig.  5a  the  result  obtained  by  the  present  method  for  near  oritioal  flow  is  compared 
with  the  results  of  NLR  experiments.  Pig,  5b  provides  the  comparison  of  the  present 
approximation  with  experimental  results  and  the  exaot  solution  for  the  design  Mach  number. 

It  may  bo  oonoluded  that  the  present  method  is  a  useful  means  to  predict  pressure 
distributions  up  to  and  including  the  lower  critical  Mach  number.  As  might  be  expected  the 
approximation  breaks  down  at  super-oritioal  Maoh  numbers. 

In  fig.  6  results  of  the  present  method  are  given  for  a  non-lifting  wing  with 
geometrical  characteristics  in  the  range  of  practical  interest  (aspect  ratio  6,  aid  ohord 
sweep  30°,  thickness/chord  ratio  0.09).  From  comparison  with  results  obtained  by  means  of 
the  Ooethert  rule  it  appoars  that  the  difference  between  the  two  approximations  is  of  the 
same  importance  as  in  the  two-dimensional  oases  of  figs,  2,  3  and  4. 

^  comparison  with  experimental  results  is  given  in  fig,  7  for  a  wing  of  symmetrical 
aerofoil  section  attaohed  to  a  body  of  oiroular  cross  section  at  zero  incidence. 

The  agreement  between  the  present  approximation  and  the  measurements  is  good.  The 
disorepanoiee  at  the  rearward  part  of  tho  wing  are  due  to  a  laminar  separation  bubble 
during  the  experiments. 


'  The  results  of  Sells  have  boen  obtained  through  the  National  Physical  laboratory  and 
the  Royal  Airoraft  Establishment, 
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4_._2  Lifting  oases. 

As  has  been  mentioned  before  the  oomputer  programme  for  the  determination  of  the 
three-dimensional  incompressible  flow  around  lifting  wings  is  not  yet  ready.  As  a 
consequence  only  two-dimensional  cases  are  presented  as  examples. 

In  figs.  8  and  9  the  results  obtained  by  means  of  the  present  method  for  a  lifting 
quasi-elliptioal  aerofoil  and  for  the  NPL  3111  section  are  compared  with  the  exaot  solutions 
for  potential  flow  together  with  the  results  obtained  by  the  Von  Karman-Tsien  pressure  rule 
and  the  Goethert  rule.  It  appears  that  the  differences  are  of  the  same  importance  as  in  the 
non-lifting  oases. 

Fig.  10  deals  with  an  aerofoil  which,  like  tho  aerofoil  of  fig.  9*  has  been  designed 
for  a  "rooftop"  type  of  pressure  distribution.  It  appears  that,  if  the  influence  of  the 
boundary  layer  is  neglected,  the  discrepancies  between  the  measured  and  calculated  pressure 
distribution  presented  in  fig.  10  are  larger  than  the  comparable  discrepancies  between  the 
exact  and  the  approximate  results  of  fig.  9»  This  situation  is  improved  when  viscous 
effeots  are  taken  into  account  in  the  way  described  in  sect.  3.  In  this  case  the  boundary 
layer  has  been  calculated  by  means  of  the  method  of  Nash  and  Mo  Donald  (ref.  9)» 
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Summary 


A'  wing-tody  configuration  has  been  designed,  with  the  intention  of  giving 
economical  cruise  characteristics  at  low  supersonic  speeds,  The -design  aim  was  to  reduce 
the  wave  drag  as  far  as  possible  by  designing  the  wing  and  body  in  such  a  way  that 
boundary,  layer  separation  and  shocks  on  the  ving  are  avoided,  A  wind  tunnel  model  was  made 
according  to  this  design,  consisting  of  a  55°  swept  warped  wing  mounted  on  an  axially 
symmetric  waisted  body,. 

The  presentation  of  the  wind  tunnel  test  results  has  been  oonfi'ned  to  the  design 
Mach  number  M  »  1,20  and  the  design  incidence  OC «  2.5°,  The  experimental  pressure 
distributions  show  good  agreement  with  the  theoretical  pressure  distributions  except  for 
a  slight  overexpansion  on  the  wing  uppersurfaoe  near  30  $  of  the  chord  and  a  compression 
on  the  wing  lower  surface.  Due  to  these  pressure  deviations  the  measured  wing  lift  is  slightly 
higher  than  the  calculated  value.  Prom  the  test  results  it  appears  that  over  the  mam  part 
of  the  wing  uppersurfaoe  the  flow  is  supercritical.  In  spite  of  this  the  flow  suggests  no 
indication  of  the  presence  of  shock  waves. 

It  can  he  concluded  that  the  design  aim  of  achieving  a  wirig-hody  combination 
possessing  good  lift-drag  characteristics  at  M  ■  1.20,  has  been  fulfilled. 


Notations 


o 

c 

o 


X 


y 

z 

c 

ztwist 

cx 

^twist 

A 


chord length 
rootchord 

aerodynamic  mean  chord 

dragcoefficient 

liftcoefficient 

pressure  coefficient 

critical  pressure  coefficient 

King  loading 

Mach  number 

Reynolds  number  based  on  the  aerodynamic  mean  chord 
streamKise  coordinate 
spanwise  coordinate 
camber  coordinate 

height  of  wing  L.E.  above  wing  reference  plane 
angle  of  attack 
angle  of  wing  twist 
angle  of  sweep 

spanwise  coordinate  in  fractions  of  half  wing  span* 
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1  Introduction. 


In  the  United  Kingdom  during  the  past  decade  much  attention  has  been  paid  to  the 
development  of  swept  wing-body  combinations,  intended  to  cruise  economically  at  low 
supersonic  speeds  (ref.l).  The  design  aim  is  to  reduce  the  wave  drag  as  far  as  possible  by 
avoiding  boundary  layer  separation  and  shooks  of  appreciable  strength  on  the  wing.  Boundary 
layer  separation  is  avoided  by  choosing  a  suitable  target  pressure  distribution,  having 
moderate  pressure  gradients.  Strong  shocks  are  avoided  by  designing  the  wing  and  body 
waisting  in  such  a  way  that  over  as  much  as  possible  of  the  wing  the  isobar  pattern  ie 
similar  to  the  straight  isobar  pattern  on  the  corresponding  infinite  yawed  wing  with  Bub- 
critical  flow.  By  making  use  of  this  approach,  the  flow  on  the  wing  can  then  be  related  to 
the  flow  on  an  equivalent  two-dimensional  section,  having  the  same  thickness  distribution 
as  the  wing  in  the  direction  normal  to  the  isobars.  Sinoe  for  three-dimenBional  flow 
calculations  only  linearised  theory  can  be  used  at  present,  this  two-dimensional  section 
approach  enables  non-linear  local  thickness-lift  interaction  effects  on  the  wing  to  be 
inoluded  in  the  design. 

The  present  paper  concerns  a  detailed  investigation  of  the  applicability  of  the 
design  procedure,  which  formed  part  of  an  anglo-netherlands  cooperation  program,  and 
involved  not  only  the  Nationaal  Lucht-  en  Ruimtevaartlaboratorium  (NLR,  Amsterdam)  and  the 
National  Physical  Laboratory  (NFL,  Teddington),  but  also  the  Royal  Aircraft  Establishment 
(RAE,  Farnborough  and  Bedford)  and  the  Aircraft  Research  Association  (ARA,  Bedford), 


2_  Detailed  design  procedure. 

According  to  the  above  mentioned  method  a  lifting  swept  wing-body  has  been  designed  to 
have  a  fully  ewept  isobar  pattern  and  to  have  a  target  streamwise  uppersurface  pressure 
distribution  based  on  a  "rooftop"  baok  to  30  %  of  the  chord  just  dose  to  critical  conditions 
at  the  design  Mach  number  M  «  1.20. 

The  overall  dimensions  of  the  wing-body  design  have  been  chosen  to  be  similar  to  those 
of  a  promising  proceeding  design  (ref, 2),  The  configuration  consists  of  a  55°  swept  wing  with 
curved  tips,  uses  a  6  $  RAE  101  section  thickness  distribution  in  streamwise  direotion 
combined  with  three-dimensional  camber  and  twist  and  has  a  waisted  body  (see  fig.l)  based  on 
the  supersonic  area  rule. 

The  wingpresoure  distribution  due  to  thickness  has  been  calculated  in  three  dimensions 
using  a  linearined  method  (ref. 3)  in  which  the  souroe  strength  at  the  wing  leading  edge  has 
been  corrected  by  means  of  the  standard  type  of  multiplicative  Riegels  faotor.  In  this  way 
a  correction  is  made  to  the  first  order  thickness  effect  for  the  blunt  wing  leading  edge. 

In  addition  the  body  side  is  treated  as  a  plane  of  reflection  in  these  calculations.  By 
adding  the  pressure  field  calculated  by  linearised  theory  due  to  the  symmetrically  waisted 
body,  the  combined  pressure  distribution  duo  to  thickness  on  the  wing-body  combination  was 
then  obtained  .  When  compared  with  the  isobar  pattorn  on  the  corresponding  infinite  wir.g, 
those  combined  results  show  a  loss  of  iBobar  sweep  over  the  forward  part  of  the  innerving. 
Attempts  to  straighten  the  isobars  by  a  redesign  of  the  body  waisting  led  to  inacceptable 
body  contours  from  both  area  rule  and  model  making  points  of  view,  Sinoe  results  available 
from  earlier  tests  had  indicated  that  a  gentle  loss  of  isobar  sweep  in  a  region  where  the 
flow  is  accelerating  could  be  tolerated,  it  wbb  decided  not  to  modify  the  body  waisting  in 
this  way. 
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For  the  corresponding  lifting  surface  calculation  the  vingwarp  distribution  has  been 
designed  for  a  given  chordwise  loading,  invariant  in  the  spanwise  direction.  This 
approximately  gives  a  straight  isobar  pattern  duo  to  lift  on  the  inboard  part  of  the  wing. 

On  the  outerwing,  the  isobar  sweep  increases  towards  the  tip  because  of  tho  planform  shape 
and  hence  the  appearance  of  a  tipshock  at  the  design  conditions  is  thereby  avoided. 

The  streanwise  loading  taken  for  this  three-dimensional  wing  warp  calculation  was  derived 
directly  from  the  oaaber  and  incidence  of  the  associated  two-dimensional  section  at  its 
design  condition  of  M  »  0.688  and  oc  2.1 5°.  This  section  had  been  designed  by  the  Weber- 
KQchemann  method  (ref. 4)  to  give  the  just  critical  inviscid  rooftop  pressure  distribution 
shown  by  the  curve  labelled  "non-linear  theory"  in  fig. 3a.  Standard  thin  aerofoil  theory 
was  then  applied  to  a  slightly  smoothed  version  of  the  camber  line  and  tho  corresponding 
linearised  loading  distribution  thereby  obtained.  This  was  ammended  by  the  infinite  sweep 
equivalence  law  and  the  resulting  linearised  streanwise  loading  used  in  the  linearised 
wing  warp  theory  assuming  full  reflection  at  the  body  side.  Thus  for  the  chosen  design 
conditions  of  M  «  1.20  and  linearised  c,  »  O.I36,  the  desired  wing  warp  shape  was  calculated. 
However,  on  the  finite  wing,  the  two-dimensional  non-linearised  loading  distribution 
multiplied  by  cos255°  is  expeoted  to  exist  rather  than  this  linearised  loading  if  it  is 
assumed  that  the  non-linear  effects  on  the  equivalent  two-dimensional  section  and  on  the 
finite  wing  are  similar.  Details  of  the  resulting  streamwise  camber  lines  are  given  in 
fig. 2a. 

The  wing-body  angle  has  been  based  on  tho  experimental  lift  curve  slope  of  a  previous 
model.  With  the  wing  at  its  design  incidence,  the  body  has  been  set  at  a  positive  angle  of 
2.5°,  so  that  the  body  upwash  may  help  countoraot  the  tendency  for  the  measured  load- 
distribution  at  the  wing-body  junction  of  a  wing-body  combination  in  general  to  be  lower 
than  the  calculated  loaddistribution.  The  wing  twist  distribution  with  the  body  axis  in  the 
main  stream  direction  is  given  on  fig. 2b.  At  this  condition,  the  model  iB  at  its  approximate 
zero  lift  incidence  at  M  »  1.20. 

In  order  to  ostimate  from  the  two-dimensional  calculation  what  tho  final  wing  upper 
surfaco  pressure  distribution  will  be,  it  is  assumed  that  for  the  warped  wing  at  the  design 
incidence,  the  differences  between  the  pressure  coefficients  for  tho  infinito  yawed  wing  and 
for  tho  actual  finite  wing  are  the  sane  as  those  calculated  for  the  symmetrical  wing  at 
zero  incidence.  Tho  lower  surface  pressure  distributions  are  obtained  from  tho  upper 
surface  pressure  distributions  by  subtraction  of  the  calculated  non-linoar  wing  loading 
distribution.  Tho  kinks  in  the  theoretical  pressure  distrib'  tion  on  tho  inner  wing  are  due 
to  the  compression  at  the  Mach-line  emanating  from  the  intersection  of  wing  trailing  edge 
and  body.  Jfhe  calculated  wing  pressure  coefficients  at  the  design  conditions  oC  »  2.5°  and 
M  »  1.20  are  given  on  fig. 4  and  the  corresponding  wing  loading  distributions  on  fig. 5. 


3,  Description  of  experiments. 

To  vorify  tho  applied  design  techniques,  wind  tunnel  measurements  have  been  made  on 
a  model  of  the  equivalent  two-dimensional  section  and  on  a  model  of  tho  wing-body 
configuration.  The  presentation  of  the  tost  results  will  be  oonfinod  to  the  design 
conditions. 

On  tho  two-dimensional  model  pressure  measurements  have  been  made  in  tho  0.42  m  x  0.55  m 
pilottunnel  of  the  HLR.  Tho  test  seotion  has  olosed  side  walls  and  slotted  horizontal  walls. 
The  measurements  have  been  carried  out  with  both  free  and  fixed  boundary  layer  transition. 
Fixation  of  the  transition  has  been  realised  by  means  of  a  roughness  strip  from  16. 7  $  to 
18.4  $  of  the  chord.  The  Reynolds  number,  based  on  the  0.18  m  ohord,  was  2.1  x  10°  at  the 
dosign  Maoh  number  M  -  .688. 

On  the  wing-body  combination,  measurements  of  forces,  moments  and  surface  pressures 
have  boen  carried  oat  in  the  transonio  wind  tunnel  of  the  NIB.  Tho  2,0  m  x  1.6  m  test  section 
has  solid  side  walls  and  slotted  horizontal  walls.  All  model  waves  reflect  downstream  of  the 
modelbase  for  M  >1.15.  Tho  toots  wero  done  with  both  freo  and  fixed  boundary  layer 
transition.  On  the  wing  tho  transition  was  fixed  by  means  of  a  roughness  strip  from  5  $  bo 
10  $  of  the  looal  ohord.  At  the  design  Maoh  number  M  -  1.20  the  tests  were  carried  out  at  a 
Reynolds  number  1.16  x  10°,  based  on  the  aerodynamio  mean  ohord. 

The  results  of  the  two-  and  three-dimensional  pressure  measurements  with  transition 
fixed  have  been  corrected  for  the  local  influence  of  the  roughness  strip  on  the  pressure 
distribution,  making  use  of  the  transition  free  pressure  measurements. 
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4,  Discussion  of  results. 

4.1  Comparison  of  measured,  and  calculated  results  on  the  equivalent  tvo^imensional  section. 

On  fig.2a  the  target  inviseid  rooftop  pressure  distribution  calculated  from  the  Weber- 
KUchemann  method  is  compared  with  the  pressure  distribution  measured  on  the  equivalent  two- 
dimensional  section  at  the  designconditions  «  -  2.15°  and  M  -  0.688. 

The  agreement  between  theory  and  experiment  is  good  except  for  a  supercritical  over¬ 
expansion  on  the  forward  part  of  the  uppersurface,  whioh  is  not  predioted  by  the  non-linear 
calculation  method.  In  spite  of  the  appearanoe  of  this  supercritical  flow  region,  no  shocks 
appear  to  oocur  on  the  section  upper  surface.  The  calculated  linearisedand  non-linearised 
loading  distribution  and  the  measured  loading  distribution  are  compared  on  fig.3b.  On  this 
figure,  the  separate  effects  of  non-linearity,  compressibility  (mainly  on  the  forward  part 
of  the  section)  and  viscosity  (mainly  on  the  rearward  part  of  the  section)  are  clearly 
visible. 

More  reoently,  better  non-linear  theoretical  methods  (ref. 5  and  6)  have  become 
available,  which  take  into  account  visoosity  as  well  as  using  improved  compressibility 
terms.  Even  though  these  methods  are  striotly  only  valid  for  suboritical  flows,  some 
preliminary  calculations  made  with  them  indicate  that  closer  estimates  can  be  obtained  for 
the  measured  superoritioal  region  because  in  this  case  the  flow  remains  shock-free. 


4.2  Comparison  of  the  measured  and  the  oabulated  results  on  the  wing. 

The  pressure  distributions  on  the  wing,  measured  at  the  design  conditions  ot«  2.5° 
and  M  «  1.20  are  given  in  fig. 4,  where  they  are  compared  with  the  calculated  wing  pressure 
distributions.  In  addition,  a  set  of  "expected"  three-dimensional  wing  pressure 
distributions  deduced  from  the  two-dimensional  experimental  results  have  also  been  shown. 

To  obtain  these  expected  wing  pressure  distributions,  the  same  pressure  corroctionB  with 
regard  to  the  linearised  thickness  pressures  were  applied  to  the  two-dimensional 
measured  pressure  distribution  as  had  been  applied  previously  in  converting  the 
two-dimensional  theoretical  pressure  distribution  to  the  three-dimensional 
theoretical  pressure  distributions  on  the  finite  wing. 

Before  trying  to  interpret  the  pressure  distributions  on  the  wing,  it  is  useful  to 
recall  the  aseymptions  inherent  in  the  method  used  to  design  the  wing  and  to  examine  their 
oonaequenoes  i 

(a)  the  equivalence  of  the  flow  on  an  infinite  yawed  wing  and  the  flow  on  an  appropriate  two- 
dimensional  soction  is  assumed  to  be  related  by  c  .  sec**  A  and  M  .  cos  A  ,  where  A 

is  the  angle  of  sweop  of  the  infinite  wing.  This  ^implies  that  viscous  effects,  com¬ 
pressibility  effects  and  non-linear  effsots  are  assumed  to  behave  similarly  on  the 
equivalent  two-dimensional  seotion  as  on  the  corresponding  infinite  wing. 

(b)  the  complex  phenomenon  of  interaction  effeots  between  the  waisted  body  and  the  thick 
lifting  wing  has  been  assumed  to  be  taken  into  account  by  treating  the  fuselage  side 
as  a  plane  of  reflection  and  by  adding  the  linearised  pressure  field  around  the 
isolated  body  to  the  separate  pressure  field  due  to  wing  thickness.  This  rather  over¬ 
simplifies  the  problem  and  as  a  consequence  leads  to  only  an  approximate  allowanoe 
for  the  wing-body  interference. 

Now  the  differences  between  the  calculated  and  expected  threo-dimensional  pressure 
distributions  are  directly  relrted  to  the  corresponding  pressure  differences  between  theory 
and  experiment  in  the  two-dime..sionaI  oaeo.  To  eliminate  these  differenoes  arising  from 
insufficiently  aoourate  allowances  for  viscosity  and  compressibility  effeots  in  the  two- 
dimensional  oase,  the  comparison  in  the  three-dimensional  case  will  be  confined  to  the 
expected  and  the  measured  wing  pressure  distributions.  Hence,  any  deviations  between  these 
pressuro  distributions  will  then  be  due  to 

(a)  limitations  within  the  three-dimensional  wing  warp  and  pressure  due  to  thioknooe 
theories, 

Sb}  tho  influence  of  the  wing-body  interaction, 

o)  the  influence  of  three-dimensionality  on  the  compressibility,  non-linear  and  viscous 
effeots. 

Though  it  is  not  always  possible  to  attribute  oxaotly  the  pressure  deviations  to  oaoh 
of  tho  abovo  headings,  something  oan  bo  said  of  the  general  character  of  tho  pressure 
deviations  due  to  the  above  mentioned  causes.  For  example,  the  wing-body  influence  generated 
by  the  body,  especially  the  waisted  part,  will  be  greatest  near  the  root  and  will  propagate 
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along  Mach  lines  in  a  direction  determined  'by  the  looal  wing  pressures.  The  influence  of 
three-dimensionality  on  the  compressibility  and  non-linear  effects  will  be  noticeable 
mainly  on  the  forward  part  of  the  chord.  Finally,  the  three-dimensional  influenoe  on  the 
viscous  effects  will  be  most  marked  over  the  rearward  part  of  the  wing,  and  is  likely  to 
increase  towards  the  tip.  Differences  arising  from  the  limitations  of  the  three-dimensional 
wing  warp  and  pressure  due  to  thickness  theories  are  more  likely  to  exhibit  global  patterns 
rather  then  the  localised  trends  suggested  above,  and  can  be  checked  directly  against 
measurement  from  the  design  calculation  curves  given  in  fig. 4. 

Inspection  of  the  uppersurfaoe  pressure  distributions  (fig.4)  shows  that  the  super¬ 
critical  overexpansion  also  appears  in  the  three-dimensional  measurements,  but  when  compared 
with  the  expected  wing  pressure  distribution-  it  is  found  to  be  concentrated  nearer  the 
30  5b  position  of  the  chord.  The  level  of  the  measured  minimum  pressures  inoreaaes  slightly 
towards  the  tip.  At  the  tip  the  agreement  of  the  measured  pressure  distribution  with  the 
expected  pressure  distribution  is  unsatisfactory  near  the  wing  leading  edge,  but  there  is 
some  evidenoe  that  the  theoretical  supervelooities  due  to  thickness  calculated  with  the 
basicly  linearised  theory  method  are  too  low,  and  this  behaviour  is  also  refleoted  in  the 
expected  wing  pressure  distribution.  On  the  forward  part  of  the  innerwing  somewhat  higher 
pressures  are  measured  than  were  expected.  Near  the  wing-hody  junction,  the  looal 
influenoe  of  the  body  upwash  on  the  measured  uppersurfaoe  pressure  distribution  is 
noticeable  at  the  wing  leading  edge. 

On  the  wing  lower  surfaoe,  comparison  of  the  measured  and  oxpeoted  pressure 
distributions  shows  larger  deviations  than  on  the  upper  surface.  The  deviations  consist  of 
a  compression  towards  the  rear  of  the  most  inhoard  seotion  and  this  moves  forward  over  the 
wing  at  stations  further  outboard,  Undoubtly,  the  main  part  of  these  pressure  deviations 
is  due  to  body  interference. 

Not  unexpectedly,  these  pressure  deviations  are  also  apparent  in  the  wing  loading 
distributions  given  on  fig.5*  When  oonparing  the  expeoted  and  measured  wing  loading 
distributions,  it  is  seen  that  over  the  rear  of  the  wing  chord,  tho  influence  of  three- 
dimensionality  on  the  visooua  effects  gives  a  loss  of  loading  towards  the  tip.  This  is 
directly  associated  with  the  spanwise  drift  of  the  three-dimensional  boundary  layer  aa  tho 
tip  is  approaohed. 

The  isobar  pattern,  corresponding  to  the  measured  wing  uppersurfaoe  pressures  at  the 
design  conditions,  has  been  given  in  fig. 6.  Except  at  the  wingroot,  where  doviations  due 
to  the  thickness  design  were  anticipated,  the  isobar  pattern  oonBiBts  of  almost  straight 
isobars.  On  the  forward  part  of  the  wing,  the  result  of  the  increase  towards  the  tip  of 
the  overexpansion  on  the  direotion  of  the  isobars  1b  noticeable.  With  regard  to  the  shape 
of  the  isobar  pattern  good  aerodynamic  properties  may  be  expeoted.  This  is  confirmed  by  the 
results  of  the  forces  and  moments  tests.  On  fig.7  the  experimental  lift  vs  inoidtnce  curve 
ie  given.  At  the  design  inoldence  oc  ~  2.5  t  the  measured  liftcoefficient  (c.  »  0.1|j)  exceeds 
the  theoretical  linear  liftcooffioient  (0.  «  0.136)  by  about  10  $ •  This  is  a\ie  to  the  ovejv 
expansion  on  the  wing  uppersurfaoe  and  the  compression  on  tho  wing  lower  surface  resulting 
mainly  from  the  faot  that  the  body  itself  is  induoing  extra  wing  lift.  Fig.7  also  shows 
the  dragooefficient  o-  vs  Mach  number  ourve  for  the  measured  liftooeffioient  at  the  design 
incidence  and  it  should  be  noted  that  there  is  only  a  gentle  increase  in  drag  after  the 
design  Mach  number  has  been  reached. 


5.  Conclusions. 

Comparison  of  the  theoretical  and  experimental  results  on  the  wing  shows  differences 
which  are  mainly  oauaed  by  an  overexpansion  on  the  wing  uppersurfaoe  and  by  a  compression  on 
tho  wing  lower  surfaoe.  As  a  consequence  the  measured  liftooeffioient  exceeds  the  calculated 
liftooeffioient  by  about  10  On  the  wing  uppersurfaoe  the  pressure  deviations  are  almost 
constant  in  the  spanwise  direotion  and  this  explains  why  the  experimental  uppersurfaoe 
isobar  pattern  has  straight  isobars  exoopt  for  a  small  region  near  the  wingroot.  The  good 
transonio  properties  of  the  combined  RAE  101  thiokness  distribution  and  wing  warp  prevent 
the  supercritical  overexpansion  reoompresBing  into  an  undesirable  strong  shook  formation. 
Thus  in  spite  of  small  doviationB  between  theory  and  experiment,  the  design  aim  of  aobioving 
a  wing-body  configuration  having  favourable  lift-drag  characteristics  at  K  »  1.20  has  been 
olooely  fulfilled. 

To  aohieve  oloser  agreement  between  theory  and  experiment  for  the  wing  pressures,  it 
is  necessary  to  employ  improved  oorreotions  for  compressibility  and  viscous  effects  in  the 
non-linoar  two-dimensional  design.  Tho  revised  calculation  methods  dovoloped  at  NIB  and  NPL 
(ref, 5  and  6)  go  some  way  towards  aohieving  this  ond. 
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o)  CAMBER  DISTRIBUTION 


b)  SPANWISE  TWIST  DISTRIBUTION 

FIG.  2  WINGCAMBER  AND  TWIST  DISTRIBUTION  CALCULATED  FOR  A  GIVEN  CONSTANT 
SPANWISE  LOADING  DISTRIBUTION  ATM  =  1.70 


1.20 


FIG.  4  CALCULATED  AND  MEASURED  WING  FRSSSURE  DISTRIBUTIONS  AT  THE  DESIGN  CONDITION 


1.20 


FIG.  5  CALCULATED  AND  MEASURED  WING  LOADING  DISTRIBUTIONS  AT  THE  DESIGN  CONDITION. 


WIHG-BODY  INTERFERENCE  AT  SUPERSONIC  SPEEDS 


by 
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and 
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Royal  Aircraft  Establishment,  Farnborough. 


SUMMARY 


The  problem  considered  is  that  of  the  interference  between  a  body,  consisting  of  an 
infinitely  long  circular  cylinder  aligned  in  the  direction  of  motion,  and  a  thin  wing  lying 
approximately  in  the  diametral,  plane  of  tho  cylinder. 

Solutions  according  to  linearised  thsory  are  discussed  for  throe  regions  typified  by:- 

(1 )  large  distances  from  the  start  of  the  interaction, 

(2)  the  neighbourhood  of  the  surface  bounding  the  initial  interaction  region 
and,  (3)  the  neighbourhood  of  the  root  chord  of  the  wing  excluded  from  (2). 

The  structure  of  the  solution  is  presented  for  regions  (2)  and  (3)  uhere  existing  theoretical 
methods  are  inadequate. 

Finally  an  illustration  is  given  making  use  of  the  results  obtained  and  a  comparison  is  given 
of  some  calculated  results  with  some  experimental  measurements. 
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1  INTRODUCTION 

We  consider  the  flow  of  a  compressible  inviscid  fluid,  moving  with  uniform  speed  V  and  at 
Mach  number  M  (>l)  when  undisturbed,  past  a  fixed  body  consisting  of  an  infinite  circular 
cylinder  of  radius  a  whose  generators  are  parallel  to  the  undisturbed  direction  of  motion  of  the 
fluid  and  a  thin  wing  lying  in  a  diametral  plane  of  the  cylinder.  Thi3  problem  may  be  regarded  as 
the  prototype  of  the  wing-body  interference  problems  even  though  an  infinite  cylinder  is  unreal¬ 
istic.  In  practice  the  cylinder  would  have  a  nose  but  provided,  it  is  not  bluff,  its  effect  on 
the  flow  field  near  the  wing  is  additive  to  the  interference  and  can  be  regarded  as  known. 

Ultimately  the  solution  of  interference  problems  will  be  achieved  by  fully  numerical  pro¬ 
cedures,  probably  using  the  panel  method  and  either  linear  or  non-linear  hyperbolic  equations. 

At  present  however  these  procedures  have  not  been  developed  and  a  significant  amount  of  analysis 
is  required  to  prepare  the  ground  for  any  numerical  work  that  is  done.  It  is  believed  that  such 
analysis  is  of  some  permanent  value  in  that  it  leads  to  a  fuller  understanding  of  the  flow  and 
oan  guide  the  computation  in  particular  cases. 

Without  any  loss  of  generality  we  can  take  H  =  /2  and  suppose  that  e  («l)  is  a 
characteristic  measure  of  the  flow  deflection  caused  by  the  body.  We  also  define  an  orthogonal 
set  of  Cartesian  coordinates  Oxyz  where  0  is  a  convenient  point  on  the  axis  of  the  cylinder, 

Ox  points  downstream  along  this  axis  and  Oy  is  in  the  plane  of  the  wing.  Then  since  the  flow 
is  irrotationaJ  we  can  write  q  =  grad  $*,  =  V(x+  e<j>)  where  q  is  the  fluid  velocity,  <£* 

i3  the  velocity  potential  and, “on  neglecting  squares  of  e,  the  equation  satisfied  by  <f>  is 


2  2 

.  2  +  .  2 
dy  dz 


(1.1) 


The  boundary  conditions  satisfied  by  <j>,  are  that  is  prescribed  on  that  part  of  the  plane 

z  =  0  occupied  by  the  wing,  <p  is  continuous  on  the  remainder  of  the  plane  2  =  0  outside  the 
cylinder  being  zero  upstream  of  the  Mach  lines  drawn  downstream  from  the  edge  of  the  wing  and 


#  =  0  when  r 
or 


a 


(1.2) 


where 


y  =  r  oos  6  ,  z  =  r  sin  6 


(1.3) 


Our  aim  in  this  paper  is  to  discuss  the  present  state  of  the  problem  posed  by  (1.1 )— (1 • 3) 
restricting  ourselves  to  the  exact  theory  of  the  detailed  flow  structure  and  excluding  considera¬ 
tion  of  overall  properties  and  of  approximate  results.  The  choice  is  made  purely  in  view  of  the 
limited  time  available  and  in  no  way  reflects  our  opinion  of  the  relative  importance  of  these 
othor  aspects.  The  exact  theory  may  bo  divided  into  throe  ports  -  first,  the  asymptotic  structure 
for  x  large;  second,  the  neighbourhood  of  S  the  initial  surface  bounding  the  interaction 
region  but  excluding  the  neighbourhood  of  the  root  chord  of  the  wing;  end  third  the  region  near 
S  excluded  in  the  second  part.  We  shall  discuss  those  in  turn. 

2  THE  VELOCITY  FIELD  FOR  LARGE  x 

The  method  and  principal  results  horo  are  duo  to  Niolson  (1951,  1957).  x'ostrict  atten¬ 
tion  in  this  sootion  to  wings  symmetrically  disposod  to  the  oncoming  stream  or,  if  not,  to  wings 
with  supersonic  loading  edges.  The  significance  of  this  restriction  is  that  it  i3  necessary  for 

the  success  of  the  method  that  is  prescribed  at  all  points  of  the  plane  2  =  0  satisfying 

|y|  >  a  .  That  being  so  wo  can  take  the  Laplaco  transform  of  $  with  rospoot  to  x,  using  a 
as  parameter  and  denoting  tho  result  by  a  differential  equation  for  <p  is  obtained  with 
boundary  conditions  that  oan  bo  solved,  formally  very  simply.  Supposo  for  example  that  tho  wings 
approximately  occupy  that  part  of  tho  plane  2  =  0  defined  by  |yj  >  a,  x  >  0  and  aro  at 
incidence  e  so  that  tho  boundary  condition  on  this  plane  reduces 


J* 

dZ 


x  >  0,  (yj  >  a 


dZ 


3 


|y| 


o 


x  <  0, 


>  a 


(2.1) 
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Then  $  satisfies 


dy2  as2 


2- 
a  $ 


together  with 


b<t> 

dr 


0  ,  r 


dz 


•  —  on  z 
s 


o.  lyl 


>  a 


The  formal  solution  of  (2*2)  is 


(2.2) 


OO 


n=0 


sin  n0 


K  (sr) 
n 

FT^T 


(2.3) 


where  is  the  Bessel  function  of  order  n,  of  the  second  kind  and  with  imaginary  argument, 

and  whore  A  are  constants  determined  by 
n  * 


sin  0  o“aal3in  9I  = 


I1' 


sin  n0 


(2.4.) 


lhat  remains  to  be  done  to  determine  (p  is  then  the  inversion  of  (2.3)  which  can  be  written  down 
as  a  series  of  integrals  involving  W  functions,  defined  by 


(2.5) 


extensive  tables,  but  necessarily  incomplete,  of  those  functions  have  been  prepared  by 
Morsman  (1954)  and  Nielson  (1957).  Using  those  tables  a  number  of  workers  [o.g.  Randall  (1965), 
Chan  and  Sheppard  (1965)]  have  successfully  computed  pressure  distributions  on  the  body  and,  to 
some  extent,  on  the  wings.  The  most  important  region  where  the  computation  fails  is  the 
neighbourhood  of  S  the  surface  separating  the  domain  where  the  interference  is  identically 
zero  from  where  it  is  not  zero.  The  precise  form  of  S  in  z  >  0,  y  >  0  is 


x 


=  qr  +  a  -  2ra  cos  0 


if  y  >  a 


x 


a©  -  acos 


if  0  <  y  <  a 


(2.6) 


The  reason  is  that  this  neighbourhood  corresponds  to  sa  large  in  (2,3)  when  the  series  is  only 
slowly  convergent.  The  elucidation  of  the  flow  near  S  therefore  is  equivalent  to  an  elucida¬ 
tion  of  the  properties  of  $  when  sa  >>  1.  Before  looking  at  this  aspect  however  wo  note  that 
Nielson's  approach  cannot  deal  with  lifting  wings  having  subsonic  edgos  and  such  interactions 
can  at  present  only  bo  dealt  with  in  the  limit  oaso  of  slendor  wings. 

3  THE  NEIGHBOURHOOD  OF  S 

The  atructuro  of  when  sa  »  1  can  bo  determined  in  two  ways.  Either  we  can  develop 
methods  for  summing  (2,3)  dirootly  or  we  can  rovert  to  the  basic  equation  (2.2)  and  investigate 
the  simplifications  that  appear  when  sa  »  1.  Both  methods  are  successful;  indeed  the  first 
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has  a  long  history  in  the  closely  related  field  of  short  wave  diffraction.  The  second  method 
which  is  newer,  while  lacking  somewhat  in  rigour,  does  have  the  advantage  of  being  immediately 
applicable  to  arbitrary  convex  cylindrical  bodies.  The  essential  results  are  also  easier  to- 
obtain  and  we  shall  concentrate  on  it  here.  For  an  account  of  the  alternative  approach  the 
reader  is  referred  to  Jones  (1964),  who  in  another  paper  (Jones  1967)  gives  an  alternative 
account  of  the  second  approach  to  the  determination  of  the  solution  near  S. 

We  now  consider  the  structure  of  S  near  [but  as  we  shall  3ee  later,  not  too  near]  r  a  a, 
0  =  0,  concentrating  on  wings  without  sweep  and  restricting  attention  to  the  region  z  >  0. 
Define  V  by 


■5  =  Aj  e-sz  ¥(y,z)  (3.1 ) 

s ' 


so  that  outside  the  interaction  region  ?  =  1, 


Then  in  virtue  of  (2.2)  y  satisfies 


ay 

dr 


4.* 

09 


("sin  0  f 
dr 


ay  cos  0 


0 


(3.2) 


together  with  the  boundary  conditions 


1  AV 

“  30  -  sW  =-3  0  =  Or,  r  >  a  (3.3a) 

H  -  sy  sin  0  =  0  r  =  a,  0  >  0  (3.3b) 

y  ■»  1  as  r  (3»3o) 


So  far  no  app  ximation3  have  been  made  to  (2.2)  but  now  wo  take  advantage  of  the  fact  that 

1 

sa  »  1,  Two  regions  near  0  =  0,  r  =  a  can  be  distinguished.  Ths  first  is  when  0  ~  (3a)  , 

(r-a)  ~  s  ^  and  hore,  although  (3.2)  simplifies,  the  best  treatment  i3  by  cone-field  theory 
and  wo  shall  postpone  its  consideration  until  the  next  section.  The  second  region  is  characterised 

by  (r-a)  ~  s-2^  a1^,  0  ~  (so)  In  order  to  discuss  it  we  write 

R  =  r “ a  (sa)2^  ,  9  =  ©(sa)^^  (3.4) 


and  after  expressing  y  as  a  function  of  R,  9  we  let  sa  ■* «  when  (3»2),  (3«3)  reduce  to 


0 


y(R.O)  =  1  ,  ||  =  9T  when  R  =  0  ,  T(«,9)  =  1  (3.5) 


The  relative  errors  in  (3.5)  are  all  0(sa)"2^.  The  simpler  problem  posod  by  (3.5)  can  be 
solved  exactly.  For  details  the  reader  is  referred  to  Stewartson  (1966);  tho  solution  is 
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V 


exp  |^6R  -  ^  ^ 

n=1 


Ai[21//3  R-  Kn] 
KjA±(-Kn)J2 


-2 


■V3, 


k  e 

n 


J  Ai(p) 


— K 


dp 


(3.6) 


where  Ai  i3  ths  Airy  function  and  -k^  are  the  successive  zeros  of  Ai'(x). 

Having  obtained  this  solution  valid  in  a  certain  domain  fairly  near  the  intersection  of  S 
and  the  root  chord  of  the  wing  the  formal  extension  to  the  remainder  of  S  turns  out,  after  some 
rather  complicated  argument,  to  be  straightforward.  In  the  r,-9,x  space  the  intersection  of  S 

with  the  cylinder  is  known  to  be  the  curve  r  =  a,  x  =  a9  for  0  <  0  <  ~  [if  9  >  —  S  is 
determined  by  the  other  half  of  the  wing  approximately  lying  in  z  =  0,  y  <  -a]  .  Hence  for 
0  <  9  <  £  must  be  dominated  by  a  factor  exp(-as  9)  when  9  ~  1  and  r  a.  We  find  in 

fact  that  replacing  the  exponential  factor  outside  the  summation  sign  in  (3.6)  by  s-t"  exp(-as  9) 
is  sufficient  to  give  5  near  r  =  a  for  0  <  9  <  -.  On  inverting  we  find  that  near  S  and 
r  =>  a 


x  >  a9 


providod  0  <  9  <  ^  ,  where  A  is  a  known  constant. 

The  structure  of  <f>  at  points  of  S  not  near  r  =  a  can  also  be  worked  out  but  the 
results  are  rather  complicated  and  are  not  reproduced  here.  A  full  discussion  of  its  properties 
may  be  found  in  the  paper  already  quoted.  The  behaviour  of  <f>  at  points  well  downstream  of  S 
and  neither  on  the  body  nor  the  wings  can  obviously  bo  found  from  Nielson's  sorios  taking 
advantage  of  tho  comparative  smallness  of  the  relevant  values  of  a3.  Further,  although  it  has 
not  boon  explicitly  demonstrated,  it  is  likely  that  these  two  expansions  oover  a  sufficiently 
largo  portion  of  the  flow  field  for  practical  purposes.  Certainly  this  appears  to  be  so  in  the 
related  problom  of  tho  diffraction  of  sound  pulses  by  a  cylinder. 


Unfortunately  tho  one  part  of  tho  flow  field  excluded  by  these  analysis,  namely  the 
immediate  neighbourhood  of  the  leading  edge  of  the  root  chord  of  the  wing,  is  of  particular 
importance  in  practice  and  so  it  is  necessary  to  develop  a  third  procedure  to  handle  it.  Before 
doing  so  however  wo  observe  that,  as  with  Nielsen's  method,  tho  discussion  of  the  solution  near 
S  depends  on  tho  wings  having  supersonic  leading  edges  or  being  symmetrically  disposed  to  tho 
undisturbed  stream.  Although  it  ha3  not  boon  investigated  the  extension  to  subsonio  leading 
edges  does  not  seem  impossible,  but  it  will  probably  be  necessary  to  work  in  the  x,y, z  plane 
rather  than  use  Laplaoe  transform  methods. 


4  THE  LEADING  EDGE  OF  THE  ROOT  CHORD 

Defining  the  wings,  as  before,  by  z  =  0,  x  >  0,  |y|  >  a  and  the  cylinder  by 

y2  +  z2  a  a2  the  -egion  wo  are  interested  in  is  tho  neighbourhood  of  (0,a,0)  and  specifically 
when  ^  «  1.  From  continuity  <p  vanishes  when  x  =  z  =  0,  y  =  a  and  the  value  of 

follows  by  Bagley's  argument  (l 961 ).  The  idea  hero  is  to  note  that  the  cylinder  is  normal  to 
tho  wing  on  tho  root  chord  and  hence  to  a  first  approximation  it  may  be  replaced  by  an  infinite 

plane.  Thus  tho  value  of  at  the  leading  edge  is  the  same  as  if  tho  wing  were  continued 
through  tho  cylinder  by  its  reflection  in  the  infinite  plane  and  tho  cylinder  then  removed.  For 
the  unswept  wing  defined  above  it  follows  that  at  x  =  0  is  tho  same  whether  tho  cylinder 
is  there  or  not.  For  swept  wings  tho  equivalent  problem  is  to  determine  at  the  apex  of  a 
doltc  wing,  tho  solution  of  whioh  is  well-known. 

In  order  to  nako  a  oonvinoing  Join  [graphically  speaking]  with  tho  asymptotic  solution 

when  —  »  1  on  tho  root  chord  it  is  however  necessary,  at  least,  to  know  the  value  of 
2  a 

as  x  -*  0  and  thi3  is  a  more  formidable  problem.  Not,  it  should  bo  emphasised,  because 

ax2 

of  the  difficulty  of  formulation,  but  rather  tho  amount  of  manipulation  and  computation  which 
seems  at  first  sight  to  bo  necessary.  Tho  lino  of  approach  is  as  follows: 
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« 


(a)  The  wing  is  extended  by  its  mirror  image  and  the  cylinder  neglected.  An  expression 
is  derived  for  the  velocity  potential  <p.  at  a  general  point  of  space.  It  is  used  to  compute 

a*. 

-r—  on  r  =  a,  which,  to  first  order  is  equal  to  the  value  of 


1 

a 


a* 

3y  a 


a*, 

dz 


(4.1) 


when  (y-a)  =  -  —  . 
by 


o 

After  neglecting  all  terms  0(x  ) 


we  denote  the  resulting  form  for  (4.1 ) 


x  F(t)  where  i  =  —  : 
'  '  x 


(4.2) 


0>)  A  new  solution  of  the  potential  equation  is  constructed  to  cancel  the  value  of 
d<f>1  2 

-7—-  on  r  a  a  given  by  (4.2).  To  order  x  in  <p  it  is  sufficient  that  this  bo  done  on  the 
plane  y  a  a,  i.e.  we  replace  the  cylinder  by  this  plane  and  require 

a^., 

—  a  -  x  F(-r)  on  y  a  a  (4.3) 


The  determination  of  $2  is  a  standard  problem  and  solved  by  means  of  a  distribution  of  souroes 
of  density  -xF(t)  on  y  a  a. 

(o)  The  final  3top  is  to  cancel  the  downwash  produced  by  <4,  on  the  wing  without 

introducing  a  normal  velocity  component  on  the  cylinder,  at  least  to  order  x.  If  the  downwash 
produced  by  <f2  on  the  wing 


x  C(ti)  +  0(x  ; 


whore  t)  a  ,  the  new  potential  is  ohoson  to  satisfy 


a  <#>, 

=  xG(|ti|) 


(^4) 


(4.5) 


on  the  wing  and  on  its  mirror  image  in  the  tangent  plane  to  the  cylinder  at  the  root  ohord.  The 

2 

error  in  the  normal  velocity  at  the  cylinder  induced  by  is  0(x  )  and  negligible. 

If  tho  wing  is  unswept  the  value  of  at  the  leading  edge  of  the  root  chord  was  first 

bx 


found  by  Nielsen  (1951 ).  Ho  showed  that  if  <f>  satisfies  the  boundary  conditions  (2.2),  then  as 
y  •*  a+,  z  •»  0+ 


4>  ■*  x. 


(4.6) 


If  the  wing  is  swept  thore  are 
at  points  near  the  plane  y  a  a. 

given  by  y  a  a  +  mx,  m  >  1 )  it  is 


two  complications.  The  first  concerns  the  determination  of 
For  wings  with  supersonio  edges  (i.e,  the  leading  edge  is 

best  to  work  with  the  laplaoo  transform  of  ,  i.e. 
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# 


*1 


dtii  expjWy-a) 

,  2  2  1/2 
(s  +  to  )  ' 


[~2  2f 
-  2  >13  +<0  ( 

,  2  2  2\ 

(s  +  to  m  ) 


2  >  C  (4.7) 


which  satisfies  (2.2).  On  the  other  hand  1?  the  wing  has  a  subsonic  leading  edge  (m  <  1 )  and 
^■8  lifting,  as  implied  by(2._2),  the  two  sides  of  the  wing  (z  »  Oi)  are  not  independent  and 
the  corresponding  form  for  ^  is 


do  ext>iio>(y-a)  -  z  Ju2+  s^i 


,1.  2  2\l/i 

(s  +  «  m  )  ' 


(4.8) 


where  E  is  the  complete  elliptic  integral  of  the  second  kind,  with  modulus  J 1~m2  although  the 
Laplace  transform  is  really  no  further  help  in  these  cases.  It  is  noted  that  if  the  wing  is 
symmetric  about  z  s  0  there  is  no  need  to  differentiate  in  thi3  way  between  m  <  1  and  m  >  1 . 

The  second  complication  arises  in  the  determination  of  ^  when  m  <  1.  This  is  formally 

a  standard  problem  in  generalised  cone-field  theory  about  which  there  is  an  extensive  literature. 
However  it  was  found  that  the  primitive  method  of  source  distributions  gave  the  necessary  results 
in  the  easiest  way.  As  a  preliminary  we  first  find  a  <p  such  that 


az 


H(ti) 


(4.9) 


on  the  delta  wing  and  then  integrate  the  solution  from  x  a  0  with  respect  to  x.  For  a  suitable 
choioe  of  H  and  provided  we  add  a  simple  standard  solution  of  the  potential  equation  this 

procedure  gives  <#>,  and  completes  the  determination  at  y  =  a+,  z  =  0+,  x  =  0.  The 

3  dx 

reader  is  referred  to  Stewartson  (1968)  for  further  details  of  the  argument:  considerable 
numerical  work  is  needed  to  determine 


B 


-  2a  Lt 


as  X-*  0+,  y  ■*  a+,  z  -»  0+ 


and  the  results  are  set  out  in  the  table  below 


m 

B 

m 

B 

©0 

3-864 

2-000 

1-414 

1-155 

1-035 

1 

0-1061 

0-0861 

0-0732 

0-0656 

0-0606 

0-0577 

0-0567 

0-966 

0-866 

0-707 

0-500 

0-259 

0 

0-0551 

0-0508 

0-0435 

0-0316 

0-0133 

0 

Many  questions  remain  of  oourso  and  most  of  them  will  noed  extensive  computing  to  answer. 
It  world  be  useful  however  if  an  analytio  means  of  joining  the  solution  near  the  leading  edge  of 
the  root  chord,  given  in  section  4*  with  the  solution  for  the  remainder  of  tho  neighbourhood  of 
S  given  in  sootion  3«  One  wonders  whether  it  will  also  be  possible  to  extend  Nielson's 
asymptotio  theory  to  lifting  wings  with  subsonio  edges  and  how  it  fits  in  with  slender  body  and 
not-so  slender  body  theory.  Little  progress  in  these  directions  has  unfortunately  been  made  up 
to  now. 
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5  ILLUSTRATION  OF  THS  APPLICATION  OF  THEORY  AMD  A  COMPARISON  WITH  EXPERIMENT 

As  referred  to  earlier  in  the  paper,  the  formal  solution  of  the  wing-body  interference 
problem  was  set  down  by  Nielsen  in  1 951 •  His  method  was  to  reduce  the  problem  to  that  of 
numerical  calculation  of  the  sum  of  an  infinite  series  of  certain  convolution  integrals  in 
order  to  find  the  pressure  at  any  point  in  the  field  of  the  interaction.  The  convolution 
integrals  involve  ’W’  functions,  which  have  now  been  fairly  extensively  tabulated  by 
Mersman  (l 95^) »  and  also  the  coefficients  of  the  Fourier  series  representing  the  normal 
velocities  induced  at  the  body  boundary  by  the  velocity  potential  of  the  wing,  (together  with 
its  arbitrary  extension  within  the  body)  which  must  be  cancelled  by  those  of  the  interference 
potential. 

In  ary  practical  calculation  using  an  electronic  computer,  the  'W'  functions  may  be 
stored  as  a  table  or,  perhaps  mors  conveniently,  generated  by  use  of  the  approximate  functions 
suggested  by  Luke  (1964).  The  evaluation  of  the  Fourier  coefficients  is,  however,  a  somewhat 
tedious  task  except  in  rather  special  cases  where  they  can  be  determined  analytically,  e.g. 
for  a  wing  of  simple  wedge  section.  An  alternative  technique  which  obviates  the  need  to 
calculate  these  coefficients  is  possible  for  the  symmetrical  problem  when  the  wing  ha3  straight 
spanwiso  generators,  since  it  is  possible  to  solve  the  problem  by  a  simple  superposition  of  the 
solution  for  wings  of  wedge  section.  Fig.1  illustrates  how  an  arbitrary  section  may  be  built 
up  of  elementary  wedge  wings,  QRST,  for  which  the  solution  is  known.  Such  a  solution  was  given 
by  Randall  (1965). 

For  the  superposition  it  is  convenient  to  define  an  ’influence'  function  F(£/pa) ,  which 
is  the  difference  between  the  pressure  coefficient  at  any  point  on  the  wedge  wing-body  combina¬ 
tion  and  that  at  the  corresponding  point,  assuming  the  body  side  to  act  as  a  reflection  plane, 
(i.e.  that  for  the  net  wing). 

F(x/Pa)  is  thus  defined  as 


’WW  ■  1  O  (*2  -***  •  1  0  (Ml  net 

combination 


whore  a  =  body  radius 
6  =  wedge  angle 

P  a  JitQ 

and,  in  general,  I3  a  function  of  the  sweep  angle  A. 

Ry  superposition,  wo  have  for  the  wing-body  junction,  for  example. 


f^Cp 


■  (5-2) 


or 


/  ir 


since  f(0)  a  0 


whore  aCp  is  the  increment  to  bo  added  to  the  pressure  coefficient  for  the  not  wing,  and  the 
PI 

wing  section  is  defined  by  t  =>  a  (?)• 

w  w 

Use  is  made  of  the  foregoing  analysis  to  evaluate  the  required  forms  of  *>or  8ma^ 

values  of  the  argument  whioh  gives 


(JL\  ~  _  M  llffi  fm2  +  i\  .  1  n2  . 
[paj  ~  5*l>  \  V  2 


cosh 


r'iU.ofl- 


2v1-m 


(JLX 
\Pa  ) 


(5.3) 


(m  <  1) 
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for  a  subsonic  sweep  angle,  and 


(m  >  1) 


for  a  supersonic  sweep  angle;  where  m  =  8  cot  A. 

Fig.2  illustrates  the  pressure  distribution  at  the  junction  of  a  body  and  a  55  degree 
swept  wing  at  zero  incidence  and  a  Mach  number  of  1 *2.  The  calculated  results  can  be  compared 
with  those  for  the  neu  wing.  The  influence  of  the  opposite  wing  panel  on  the  junction  pressures 
is  readily  apparent.  The  figure  also  gives  seme  experimental  measurements  made  in  the  R.A.E, 

6ft  x  6ft  Transonic  Wind  Tunnel  on  the  model  illustrated  and  these  are  seen  to  be  in  fair  agree¬ 
ment  with  the  calculated  values. 
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Fig, 2  Pressure  distribution  at  the  junction  of  a  body  and  a  55°  swept 
wing  at  zero  incidence  and  a  Mach  number  of  1-2 


EXPERIMENTAL  INVESTIGATION  OF  WING-BODY  INTERFERENCES 
IN  THE  MACH  NUMBER  RANGE  FROM  0.5  TO  2.0 


by 


W.  Schneider 


Aerodynamische  Versuchsanstalt  Gottingen 
Gottingen,  Germany 


SUMMARY 


In  order  to  investigate  the  effects  of  interference  on  wing-body  combinations,  three-component 
measurements  were  performed  in  the  Transonic  Wind  Tunnel  of  the  Aerodynamische  Versuchs- 
anstatt  Gottingen  in  the  Mach  number  range  from  0.  5  to  2.0.  Three  basic  wings,  a  rectangular 
wing,  a  sweptback  wing,  and  a  delta  wing  with  aspect  ratio  A  between  2.3  and  2.75  were 
investigated  alone  and  in  combinations  with  two  pointed  cylindrical  bodies  of  different  length  and 
diameter.  For  these  wing-body  combinations  the  interference  effects  in  lift,  pitching  moment, 
wave  drag,  and  shift  of  the  aerodynamic  center  due  to  interferences  were  determined. 


RESUME 


Afin  de  rechercher  l' interaction  aerodynamique  entre  l'  aile  et  le  fuselage  des  measures  de  force 
ont  ete  effectuees  avec  des  ailes,  avec  des  fuselages  et  avec  differentes  combinaisons  d'  ailes  et 
de  fuselages  dans  le  regime  du  nombre  de  Mach  de  Ma  «  0,  5  a  Ma  ■  2,  0.  Ces  measures  ont  ete 
execuiees  dans  la  soufflerie  transonique  de  Aerodynamische  Versuchsanstalt  Gottingen.  On  n*  a 
recherche  quc  trois  ailes  dc  geometric  fondamentale :  une  aile  rectangulaire,  une  aile  en  fleche 
et  une  aile  delta  d'un  allongement  geometrique  entre  2,  3  et  2,  75  .  Ces  ailes  ont  ete  combinees 
avec  deux  differents  fuselages.  Avec  les  differentes  combinaisons  on  a  recherche  les  effects 
d' interaction  aerodynamique  s  sur  la  portance,  sur  le  moment  de  tangage,  sur  la  trainee  due  aux 
ondes  de  choc,  sur  les  gradients  de  la  portance  et  du  moment  de  tangage  et  sur  le  deplacement 
du  centre  de  poussee. 


NOTATION 


wing  aspect  ratio ,  A  ■  b“/S 
aerodynamic  center  of  the  wing 
wing  span 
local  wing  chord 

mean  aerodynamic  chord,  c  *  -5- 


c  (y)dy 


drag  coefficient  based  on  total  wing  plan-form  area  for  wings  and  combinations 

lift  coefficient  based  on  total  wing  plan-form  area  for  wings  and  combinations 
and  on  base  area  for  bodies 

pitching  moment  coefficient  about  quarter-chord  point  of  mean  aerodynamic 
chord  for  wings  and  combinations,  based  on  total  wing  plan-form  area  and 
mean  aerodynamic  chord  for  wings  and  combinations 

root  chord  of  wing 

tip  chord  of  wing 

body  diameter 

lift-curve  slope,  per  radian 
pitching-moment-curve  slope,  per  radian 


pitching  moment 
Mach  number 
moment  reference  center 
local  static  pressure 

1  2 

free-stream  dynamic  pressure, 
local  quarter-chord  point 

quarter-chord  point  of  mean  aerodynamic  chord 

V  c 

Reynolds  number,  Re  =  - 

vco 

wing  semi  span 
wing  plan-form  area 
free-stream  velocity 

longitudinal  coordinate,  measured  along  body  axis  from  body  nose  for  body 
alone,  or  measured  along  wing  root  chord  from  wing  apex  for  wings  and 
combinations,  positive  downstream 

distance  of  the  aerodynamic  center  from  MRC,  positive  downstream, 

A  /dcM\ 

Ax  ■  - 1  j -  •  c 

SC  VdcL  K.  -  0 


distance  of  qcp  from  wing  apex  +g 

distance  of  QCP  from  wing  apex,  xqqp  ■  ■§“  j  x 


(y)qcp-  °(y}dy 


y 

lateral  coordinate 

a 

angle  of  attack 

X 

taper  ratio,  X  *  ct/°r 

A 

sweep  angle  of  wing  leading 

V 

kinematic  viscosity  of  air 

? 

density  of  air 

Subscripts 

B 

body  alone 

INT 

interference 

W 

wing  alone 

WB 

wing-body  combination 

CO 


free- stream  flow 
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EXPERIMENTAL  INVESTIGATION  OF  WING- BODY  INTERFERENCES 
IN  THE  MACH  NUMBER  RANGE  FROM  0.5  TO  2.0 

W.  Schneider 


1.  INTRODUCTION 

The  purpose  of  this  investigation  is  an  experimental  contribution  to  aerodynamics  of  wing-body 
interferences  in  the  subsonic,  transonic,  and  supersonic  speed  range.  For  incompressible  flow 
the  wing-body  problem  is  discussed  in  some  detail  in  Ref.  [1]  and  [2],  whereas  at  transonic 
and  supersonic  speeds  systematic  experimental  investigations  are  scarce.  Available  publications 
are  presenting  mostly  very  special  wing-body  combinations,  concerned  with  practical  problems, 
especially  the  drag  reduction.  In  this  paper,  in  the  first  place  the  effect  on  lift,  pitching  moment, 
and  the  shift  of  the  aerodynamic  center  due  to  interferences  has  been  investigated.  With  regard 
to  the  basic  character  of  these  investigations,  three  wings  of  simple  plan- form  were  chosen,  a 
rectangular  wing,  a  sweptback,  and  a  delta  wing.  These  wings  were  combined  with  two  pointed 
cylindrical  bodies  of  different  diameter  in  order  to  investigate  the  influence  of  body  thickness. 
With  the  chosen  magnitude  of  aspect  ratios  the  results  may  be  also  of  some  interest  for  modern 
aerodynamic  applications. 


2.  TEST  FACILITIES 

o 

The  tests  were  performed  in  the  1  x  1  m  Transonic  Wind  Tunnel  of  the  Aerodynamische  Yer- 
suchsanstalt  Gflttingen,  which  has  been  described  in  Ref.  [3] .  This  closed  circuit  continuously 
operating  wind  tunnel  is  equipped  with  a  flexible-plate  Laval  nozzle  for  tests  at  supersonic  speeds 
(Mach  number  from  1,25  to  2.25),  and  an  adjacent  section  with  four  perforated  walls  for  tests 
at  subsonic  and  transonic  speeds  (Mach  number  from  0.4  to  1.2).  A  Reynolds  number  variation 
is  achieved  by  changing  the  stagnation  pressure  in  the  tunnel  from  1/10  of  an  atmosphere  to 
approximately  2  atmospheres.  The  tunnel  is  equipped  with  strain-gauge  balances  for  measuring 
aerodynamic  forces  on  sting-supported  models.  Data  are  recorded  by  a  system  of  dc-  amplifiers 
and  digital  voltmeters.  The  measuring  range  of  the  data  handling  system  lies  between  10"  3  and 
10+ 3  volts;  the  accuracy  is  +3  >  10"’  of  the  measuring  range. 


3.  MODELS 

The  wings  (Fig.  1)  used  for  these  investigations  -  a  rectangular  wing,  a  sweptback  wing,  and  a 
delta  wing  -  belong  to  a  series  of  wings,  which  was  tested  already  in  some  detail  in  Ref.  (4]  and 
(5).  All  wings  had  the  same  plan- form  area  of  S  ■  327  cm2  and  the  same  symmetrical  profile 
NACA  65  A  005 .  For  the  wing-body  combinations  a  second  set  of  wings  was  manufactured  in 
connexion  with  cylindrical  bodies  of  d  ■  60  mm  diameter.  The  bodies  (Fig.  1 )  composed  of  a 
parabolic  nose  and  a  cylindrical  afterbody,  had  fineness  ratios  of  10.0  and  12,0.  The  ratios  of 
wing  span  to  body  diameter  were  3.  3  and  5. 0 .  The  wings  were  fixed  to  the  bodies  (Fig,  2 )  in 
such  a  way,  that  the  quarter-chord  points  of  the  mean  aerodynamic  chords  had  the  same  distance 
from  body  apex  for  all  combinations.  The  wings  were  located  inside  the  Mach  cones  originating 
from  body  apex,  so  that  disturbances  from  body  nose  could  not  reach  the  wings  at  supersonic 
speeds.  The  pitching  moment  reference  point  was  the  quarter-chord  point  of  mean  aerodynamic 
chord.  For  the  investigation  of  the  influence  of  body  thickness,  the  cylindrical  part  was  thickened 
by  two  shells  up  to  d  ■  90  mm .  For  a  body  diameter  of  d  ■  60  mm  the  wing-body  model  had  a 
blockage  of  0. 3°/o  of  the  test  cross-section,  and  for  d  ■  90  mm  a  blockage  of  0.  7°/o.  This 
means  that  the  size  of  the  models  was  in  an  appropriate  relation  to  the  test  section  of  the  tunnel. 
The  models  were  manufactured  at  the  AYA,  all  wings  were  made  of  hardened  tool  steel  and  were 
finished  by  grinding,  the  other  parts  were  made  of  duraluminum. 


20-2 


4.  TEST  PROGRAM 

The  tests  comprised  three-component  force  measurements  -  lift,  pitching  moment,  and  drag  - 
of  wings,  bodies,  and  wing-body  combinations  (Fig.  2)  at  the  following  Mach  numbers,  Ma  »  0,50; 
0.70;  C.  80;  0,85;  0.90;  0.95;  1,00;  1.05;  1.10;  1.15;  1.52  and  1.97.  Nominal  angle  of 
attack  range  was  or  »  -  5°  to  +15°  .  For  the  rectangular  wing  and  its  combinations  it  was  not 
possible  to  keep  this  angle  of  attack  range  at  all  Mach  numbers  because  of  strong  model  vibrations. 
Near  zero-incidence  relatively  large  shifts  of  the  center  of  pressure  occurred  on  some  models, 
caused  by  boundary  layer  effects.  Thus  it  was  necessary  to  repeat  some  tests  in  this  incidence 
range  [a  ■  -  5°  to  +5°)  with  boundary  layer  transition  fixed.  This  was  done  by  carborundum  strips, 
3  mm  wide  and  0.  03  mm  high,  fixed  on  the  upper  and  lower  surface  of  the  wing  at  15°/o  chord 
position  and  on  the  bodies  by  the. same  strips  at  15°/o  of  the  length  of  the  nose. 

For  atl  tests  the  tunnel  was  running  at  a  stagnation  pressure  of  1  atmosphere  and  a  stagnation 
temperature  of  50°  C.  Reynolds  number  per  cm  was  9  •  10’  <  Re  <1.4  •  10  .  The  permitted 
deviation  from  nominal  Mach  numbers  was  AMa  ■  +0.  005  .  Angle  of  attack  could  be  adjusted  with 
an  accuracy  of  Aar  »  +0.  05° . 


5.  RESULTS 

5. 1  Experimental  Results 

From  the  three-component  measurements  the  aerodynamic  coefficients,  the  slopes  of  the  lift  and 
pitching  moment  curve,  and  the  aerodynamic  center  positions  were  evaluated.  Reference  magnitudes 
for  the  coefficients  of  wings  and  wing-body  combinations  are  wing  plan- form  area  and  mean 
aerodynamic  chord  as  given  in  Table  1 . 

Fig.  3  shows  the  lift-curve  slopes.  Fig.  4  the  aerodynamic  center  positions  versus  Mach  number 
of  wings  and  wing-body  combinations. 

Wing-body  interferences  are  defined  as  the  differences  between  the  aerodynamic  coefficients  or 
their  derivatives  of  the  wing-body  combination  and  the  sum  of  the  same  coefficients  or  derivatives 
of  wing  and  body  alone. 

The  interference  effects  on  the  wing-body  combinations  are  defined  by  the  following  formulae 


a)  Total  lift-interference  ratio 


JINT 


CL  +  CL 
LW  u 


WB 


c,  +  c 
LW  LB 
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d)  Lift-curve  slope  interference  ratio 
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e)  Interference  in  pitching  moment  curve  slope 
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f)  Shift  of  aerodynamic  center  position  due  to  interferences 
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A  representation  of  pitching  moment  interference  ratio  was  not  possible,  because  the  pitching 
moments  of  wing  and  body  were  nearly  of  the  same  amount  but  of  different  sign  at  some  Mach 
numbers. 

5.2  Theoretical  Results 

To  give  an  impression  of  the  agreement  with  theoretical  data,  a  few  theoretical  points,  which 
could  be  computed  without  much  computational  effort,  are  shown  in  the  diagrams.  The  computations 
were  limited  to  lift-curve  slopes  and  aerodynamic  center  positions  of  the  wing-body  combinations. 
For  the  rectangular  and  delta  wing-body  combinations  the  computation  is  based  on  a  theory  of 
PITTS,  NIELSEN ,  and  KAATTARI,  Ref,  {7J.  For  the  sweptback  wing  at  subsonic  speeds  the 
method  of  HAFER,  Ref.  [6],  and  at  supersonic  speeds  the  method  of  FERRARI,  Ref.  [8],  were 
used.  In  applying  the  latter  method  to  a  sweptback  trailing  edge  configuration,  the  wing  was 
represented  by  superposition  of  two  wings  with  unswept  trailing  edges. 


6.  DISCUSSION  OF  RESULTS 
6.1  Lift- Curve  Slopes  (Fig.  3) 
a)  Rectangular  wing 

At  subsonic  speeds  there  is  no  essential  difference  between  the  lift-curve  slope  of  the  wing  alone 
and  that  of  the  wing-body  combination.  For  Ma  ■<  0.  8  the  lift-curve  slope  of  the  wing  is  lying 
below  those  of  the  wing-body  combinations.  On  the  other  hand  at  supersonic  speeds  the  lift-curve 
slopes  of  the  wing-body  combinations  become  considerably  larger  than  those  of  the  wing  alone. 

This  increase  in  lift  at  supersonic  speeds,  as  compared  with  that  at  incompressible  flow,  can  be 
explained  by  a  different  loading  distribution,  Induced  by  the  wing  on  the  body.  At  supersonic  speeds 
the  part  of  the  boJy  in  front  of  the  wing  can  not  be  influenced  by  the  wing;  on  the  other  hand  the  part 
of  the  body  downstream  of  the  wing  is  strongly  influenced.  The  contribution  of  the  induced  loading 
on  this  part  of  the  body  can  be  essential  for  the  increase  in  lift,  A  comparison  of  experimental  with 
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theoretical  values  shows  that  the  agreement  is  good  at  supersonic  speeds;  at  subsonic  speeds  lift- 
curve  slopes  are  somewhat  overestimated  by  theory.  The  effect  of  a  fixed  boundary  tayer  transition 
cn  lift  is  insignificant  for  the  configurations  of  the  rectangular  wing. 

b)  Sweptback  wing 

For  the  sweptback  wing  the  lift-curve  slopes  of  the  wing-body  combinations  are  considerably 
greater  at  subsonic  and  supersonic  speeds  than  those  of  the  wing  alone.  For  this  particular  wing 
the  interferences  are  large  through  the  whole  Mach  number  range.  Theoretical  values  only  show 
the  tendency  of  the  experimental  curve,  but  the  agreement  is  unsatisfactory  at  all  speeds.  The 
effects  of  a  fixed  boundary  layer  transition  are  more  pronounced  than  on  the  rectangular  wing. 
Differences  are  marked  at  subsonic  speeds  and  near  the  speed  of  sound. 


c)  Delta  wing 

Lift-curve  slopes  of  the  delta  wing  and  the  wing-body  combinations  do  not  differ  much  in  the  tested 
Mach  number  range.  Except  for  Ma  ■  2,  where  the  leading  edge  of  the  wing  becomes  a  supersonic 
edge,  the  lift-curve  slope  of  the  combination  is  higher  than  that  of  the  wing  alone.  The  agreement 
of  theory  with  experiment  is  good  at  subsonic  speeds,  but  at  supersonic  speeds  theory  overestimates 
lift.  The  effect  of  a  fixed  transition  is  negligible. 


6. 2  Aerodynamic  Center  (Fig.  4} 

a)  Rectangutar  wing 

The  curves  of  the  aerodynamic  center  positions  are  similar  for  both  wing-body  combinations.  The 
influence  of  the  body  on  the  shift  of  aerodynamic  center  is  significant  for  these  configurations.  For 
the  Wj  combination  it  amounts  to  nearly  15°/o  of  the  mean  aerodynamic  chord  and  nearly  to 
40°/o  for  the  B2  combination. 

As  it  was  mentioned  already,  considerable  movements  of  the  center  of  pressure  occurred  on  the 
configurations  at  subsonic  speeds.  Such  movements  of  the  center  of  pressure  are  caused  in  the 
first  place  by  boundary  layer  effects  (separations)  and  are  strongly  dependent  on  Reynolds  number. 
In  wind  tunnel  testing  it  is  usually  not  possible  to  reproduce  the  Reynolds  number  of  a  normal  type 
of  airplane.  Experimental  results  with  a  fixed  boundary  layer  transition  therefore  correspond  more 
to  real  flow  conditions.  For  comparison,  the  theoretical  aerodynamic  center  positions  were  plotted 
in  this  diagram;  the  agreement  with  experiment  is  unsatisfactory  especially  at  transonic  speeds. 

b)  Sweptback  wing 

For  the  sweptback  wing  the  shift  of  the  aerodynamic  center  due  to  the  body  is  smaller  than  for  the 
configurations  of  the  rectangular  wing;  for  the  combination  it  does  not  exceed  8°/o  of  mean 

aerodynamic  chord,  and  25°/o  for  the  WgB,  combinations.  Differences  between  aerodynamic 
center  positions  with  and  without  fixed  transition  are  nearly  twice  as  high  as  for  the  configurations 
of  the  rectangular  wing.  In  the  lift  boundary  layer  effects  were  already  noticable.  With  increasing 
sweep  of  the  wing  those  effects  become  more  marked  with  respect  to  the  pitching  moment  behaviour, 
and  the  aerodynamic  center  position  is  strongly  dependent  on  such  effects.  Theoretical  and  experi¬ 
mental  values  are  in  a  fair  agreement. 

c)  Delta  wing 

The  curves  of  the  aerodynamic  center  position  of  delta  wing  configurations  are  similar  to  those  of 
the  sweptback  wing  configurations.  The  amounts  of  shift  of  the  aerodynamic  centers  lie  between 
those  of  the  rectangular  and  the  sweptback  wing  configurations.  On  a  delta  .ving,  flow  separates  at 
the  leading  edge;  the  boundary  layer  of  the  reattached  flow  on  the  wing' s  upper  side  is  largely 
turbulent.  Boundary  layer  trips  are,  therefore,  ineffective  on  such  wings,  which  is  shown  by 
experiment.  A  peculiar  feature  of  the  aerodynamic  center  position  of  thes  -ombinations  is  its 
downstream  shift  at  relatively  low  Mach  numbers  (Ma  <  0.7)  and  its  upstream  shift  at  supersonic 
speeds  with  increasing  Mach  number  and  body  diameter.  Comparison  of  theoretical  with  experimen¬ 
tal  values  shows  good  agreement. 
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6.  3  Lift  Interference  Ratios 

a)  Rectangular  wing  (Fig.  5) 

Near  the  speed  of  sound  the  experimental  points  of  both  wing-body  combinations  scatter  increasingly 
with  increasing  angle  of  attack.  At  higher  angles  of  attack  the  beginning  of  the  scatter  is  displaced 
slightly  to  lower  Mach  numbers.  This  can  be  explained  by  the  fact  that  the  speed  of  sound  is  attained 
locally  on  the  model  at  higher  incidence,  which  evidently  is  connected  with  a  change  of  lift 
distribution.  The  interference  curves  are  similar  for  both  wing-body  combinations.  At  supersonic 
speeds  interference  ratios  increase  with  Mach  number  up  to  an  angle  of  attack  of  nearly  or  »  8° . 

The  lift  of  the  wing-body  combination  is  larger  in  this  range  than  the  sum  of  lift  of  wing  and  body 
alone. 

b)  Sweptback  wing  (Fig,  6) 

The  course  of  lift  interference  ratio  curves  is  largely  similar  to  those  of  the  configurations  of  the 
rectangular  wing.  However  the  amounts  are  larger.  Thus,  for  angles  of  attack  of  a  >  3° ,  the  lift 
of  the  wing-body  combination  is  less  than  the  sum  of  lifts  of  wing  and  body  alone.  These  losses  in 
lift  attain  their  highest  values  near  Ma  ■  1,5. 


c)  Delta  wing  (Fig.  7) 

For  the  delta  wing  in  combination  with  body  2  (W-Bg)  the  mean  losses  in  lift  are  about  10°/o 
higher  than  for  the  combination  with  body  1  (WgBj)  .  These  losses  in  lift  are  nearly  constant  for 
the  Wg  Bj  combination  in  the  range  1 . 2  <  Ma  <1.8,  they  begin  only  to  decrense  near  Ma  ■  2.  0 . 
Considering  in  conclusion  the  behaviour  in  lift  interference  of  the  combinations  of  the  three  wings, 
it  can  be  seen  that  the  combinations  of  the  rectangular  wing  show  the  smallest  losses  in  lift  ns 
compared  with  the  sum  of  lift  of  wing  and  body  alone. 


6.4  Interference  in  Pitching  Moment 

a)  Rectangular  wing  (Fig.  8) 

For  both  wing-body  combinations  the  interference  moment  is  positive  in  the  tested  range  of  incidence 
up  to  Ma  ■  1.5  ,  In  the  transonic  speed  range  scatter  of  the  experimental  data  occurs,  similar  to 
the  scatter  of  the  lift  data.  Above  Ma  ■  1.5  the  interference  moment  changes  its  sign  and  tends  to 
higher  negative  values  with  increasing  Mach  number.  This  tendency  to  negative  values  becomes 
stronger  with  increasing  body  diameter. 

b)  Sweptback  wing  (Fig.  9) 

Here  the  interference-moment  is  of  negative  sign  in  the  tested  Mach  number  and  incidence  range. 
Tendency  to  higher  negative  values  at  supersonic  speeds  with  Mach  number  is  not  so  marked  as  for 
the  configurations  of  the  rectangular  wing,  but  the  negative  interference  moment  becomes  larger 
with  increasing  incidence. 

c)  Delta  wing  (Fig.  10) 

Moment  interference  curves  of  the  delta  wing-body  combinations  are  similar  to  those  of  sweptback 
wing  configurations;  also  the  values  of  the  interference-moment  agree  largely,  A  comparison  of  the 
interferences  in  pitching  moment  of  the  configurations  of  the  three  wings  shows  a  similar  behaviour 
of  the  combinations  of  the  delta  and  the  sweptback  wing.  The  interference- moment  is  of  negative 
sign  in  the  tested  Mach  number-  and  incidence  range;  for  the  configurations  of  the  rectangular  wing 
negative  values  occur  only  above  Ma  ■  1,5. 
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6,5  Interferences  in  Wave  Drag  {Fig.  11) 

A  comparison  of  the  wave  drag  interference  of  the  tested  wing-body  combinations  definitely  shows 
the  more  favourable  behaviour  of  the  configurations  of  the  delta  wing  to  those  of  the  rectangular 
and  the  sweptback  wing.  As  expected,  the  combinations  of  the  rectangular  wing  have  the  highest 
wave  drag,  which  is  only  20°/o  to  25°/o  less  on  the  average  than  the  sum  of  drag  of  wing  and 
body  alone.  For  the  combinations  of  the  sweptback  wing  this  reduction  in  drag  is  nearly  35°/o  to 
40°/o.  Influence  of  body  diameter  is  insignificant,  except  for  the  sweptback  wing. 


6.6  Lift-Curve  Slope  Interference  Ratios  (Fig.  12) 

a)  Rectangular  wing 

The  lift-curve  slopes  interference  ratios  are  different  for  the  two  wing-body  combinations.  Near 
Mach  number  Ma  »  0. 9  the  curves  of  both  configurations  show  a  distinct  minimum,  which  is 
reduced  with  increasing  Mach  number.  For  Ma  >1.2  the  amount  of  the  lift-curve  slopes  of  the 
combinations  exceed  the  sum  of  amounts  of  wing  and  body  alone,  which  is  caused  by  additional 
body  lift  on  the  combination  at  supersonic  speeds.  With  increasing  body  diameter  the  interference 
ratio  of  lift-curve  slope  is  strongly  reduced  at  subsonic  and  transonic  speeds  but  increased  at 
supersonic  speeds.  Test  results  with  and  without  fixed  transition  differ  only  at  subsonic  speeds. 
Agreement  of  theory  with  experiment  can  be  considered  satisfactory. 

b)  Sweptback  wing 

In  contrast  to  the  rectangular  wing,  the  configurations  of  the  sweptback  wing  do  not  show  the 
distinct  minimum  of  lift-curve  slope  interference  ratio  near  Ma  ■  0.  9 .  Disregarding  the  scatter 
of  interferences  at  transonic  speeds,  the  curves  indicate,  that  the  differences  between  the  inter¬ 
ference  ratios  of  the  combinations  become  smaller  with  increasing  Mach  number,  and  nearly 
disappear  at  Ma  ■  1.5.  Experimental  values  with  and  without  fixed  transition  differ  strongly  at 
subsonic  speeds.  The  agreement  of  theoretical  with  experimental  values  is  unsatisfactory  for  these 
wing-body  combinations. 


c)  Delta  wing 

In  the  tested  Mach  number  range  the  lift-curve  slope  for  the  W3B1  combination  is  only  somewhat 
smaller  than  the  sum  of  lift-curve  slopes  of  wing  and  body  alone.  With  increasing  body  diameter 
the  lift- curve  slope  of  the  wing-body  combination  decreases,  similar  as  for  the  combinations  of  the 
other  wings.  Interference  ratios  are  of  negative  sign  at  all  Mach  numbers;  the  greatest  negative 
values  were  measured  near  the  speed  of  sound.  At  supersonic  speeds  losses  in  lift-curve  slope 
become  smaller  with  increasing  Mach  number,  the  differences  between  the  interference  ratios  of 
the  two  combinations  become  smaller  too.  Theory  and  experiment  agree  satisfactorily  at  subsonic 
speeds,  but  at  supersonic  speeds  discrepancies  appear. 


6.7  Moment  Curve  Slope  Interferences  (Fig.  13) 

a)  Rectangular  wing 

For  the  configurations  of  the  rectangular  wing  interferences  in  pitching  moment  curve  slope  differ 
not  much.  After  a  slight  ascent  of  interferences  with  Mach  number  at  subsonic  speeds  a  sudden 
increase  occurs  at  Ma  *  0.  9 .  At  the  speed  of  sound  interferences  reach  a  maximum  and  drop  off 
at  supersonic  speeds.  Near  Ma»1.2  interferences  disappear,  for  Ma»1.2  they  become  negative. 
The  presentation  definitely  shows  the  destabilizing  effect  of  the  interference  moment  of  the 
configurations  near  zero  incidence  at  transonic  speeds  and  a  stabilizing  effect  with  increasing  Mach 
number  at  supersonic  speeds. 

b)  Sweptback  wing 

In  the  tested  Mach  number  range  pitching  moment  curve  slope  interferences  are  of  negative  sign 
for  both  combinations  of  the  sweptback  wing;  the  amount  of  interferences  increases  with  body 
diameter.  At  supersonic  speeds  these  interferences  tend  to  higher  negative  values  above  Ma  *  1,5, 
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Interferences  in  pitching  moment  near  zero  incidence  are  strongly  dependent  on  Mach  number  for 
the  combinations  of  this  wing, 

c)  Delta  wing 

The  interference  moment  near  zero  incidence  has  negative  valuts  for  these  configurations  in  the 
whole  Mach  number  range;  at  supersonic  speeds  the  amount  is  increasing  with  Mach  number. 

A  comparison  of  pitching  moment  curve  slope  interferences  between  the  combinations  of  the  wings 
in  the  tested  Mach  number  range  shows  interferences  of  negative  sign  on  the  combinations  of  the 
sweptback  and  the  delta  wing,  which  are  increasing  at  supersonic  speeds  with  Mach  number  and 
body  diameter.  On  the  combinations  of  the  rectangular  wing,  negative  interferences  occur  only  at 
supersonic  speeds,  near  the  speed  of  sound  the  interference  moment  becomes  strongly  positive. 


6.8  Shift  of  Aerodynamic  Center  Positions  Due  to  Interferences  (Fig.  14) 

a)  Rectangular  wing 

Comparing  the  diagram  of  the  shift  of  aerodynamic  center  positions  due  to  interferences  with 
interferences  in  pitching  moment,  it  can  be  seen,  that  the  shift  of  the  aerodynamic  center  is 
strongly  dependent  on  the  pitching  moment.  On  the  combinations  of  the  rectangular  wing  the 
aerodynamic  center  is  shifted  upstream,  at  transonic  speeds,  corresponding  to  the  destabilizing 
interference  moment,  and  downstream  at  supersonic  speeds,  corresponding  to  the  stabilizing 
interference  moment.  On  the  Bg  combinations  the  shift  of  the  aerodynamic  center  is  nearly 
twice  as  much. 

b)  Sweptback  wing 

For  the  combinations  of  the  sweptback  wing  the  shift  of  the  aerodynamic  center  has  positive  sign 
in  the  tested  Mach  number  range  and  reaches  relatively  high  values  at  supersonic  speeds.  Body 
thickness  has  the  same  effect  as  for  combinations  of  the  rectangular  wing. 


c)  Delta  wing 

Shifts  of  aerodynamic  center  are  of  positive  sign  at  all  Mach  numbers  but  smaller  than  on  the 
configurations  of  the  other  wings.  A  distinct  downstream  shift  occurs  at  supersonic  speeds  and 
increases  with  body  diameter.  Shift  of  aerodynamic  center  due  to  interferences  has  positive  sign 
on  the  configuration  of  the  sweptback  and  the  delta  wing  at  all  Mach  numbers,  except  for  the 
combinations  of  the  rectangular  wing,  which  show  a  shift  of  negative  sign  at  transonic  speeds. 

The  strong  downstream  shift  at  supersonic  speeds  occurs  on  all  configurations  of  the  three  wings. 


7.  CONCLUSIONS 

Three-component  force  measurements  were  performed  in  the  Transonic  Wind  Tunnel  of  the 
Aerodynamische  Versuchsanstalt  Gbttingen  in  the  Mach  number  range  Ma  ■  0.  5  to  2.  0  on  a 
rectangular-,  a  sweptback-  and  a  delta  wing  and  on  combinations  of  these  wings  with  two  pointed 
bodies  of  different  thickness.  The  main  purpose  of  these  investigations  was  to  determine  the  wing- 
body  interferences.  For  all  wing-body  combinations  the  interferences  in  lift,  in  pitching  moment, 
in  wave  drag,  in  the  lift-curve  slope,  in  the  moment  curve  slope,  and  the  shift  of  the  aerodynamic 
center  due  to  interferences  were  determined  and  discussed.  Itoccurred,  that  on  all  combinations 
these  interferences  are  increasing  with  Mach  number  at  supersonic  speeds. 
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Table  1 


Fig.  1  Dimensions  of  Wings  and  Bodies 


Variation  of  Lift  Curve  Slope  with  Mach  Number  for  Wing  and 

Wing  -  Body  -  Combinations 
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EFFECT  OF  REYNOLDS  NUMBER  AND  BOUNDARY -LATER  TRANSITION  LOCATION 


ON  SHOCK-INDUCED  SEPARATION 
By  Jaaes  A.  Blackwell,  Jr. 


NASA  Langley  Research  Center 
Langley  Station,  Hampton,  Va 


SUMMARY 


A  two-dimensional  experimental  and  theoretical  investigation  has  been  conducted  onanKACA  65i-213 
airfoil  to  determine  the  effect  of  Reynolds  number  and  transition  location  on  shock-induced  sepa¬ 
rated  flow.  The  experimental  investii.  .tlon  was  conducted  at  Mach  numbers  .frc®  0.60  tc  0.80,  angles 
of  attack  from  0°  to  4°,  and  Reynolds  numbers  from  1-5  x  10°  to  16.8  x  10°.  Transition  locations 
from  0.05  to  0.50  chord  were  utilised. 

The  results  indicate  that  variation  of  the  Reynolds  number  from' full-scale  to  the  usual  wind- 
tunnel- values  results  in  substantial  changes  of  the  shock  location,  trailing- edge  pressure  recovery, 
and  boundary-layer  losses  at  the  trailing- edge.  By  properly  locating  the  boundary-layer  transition 
point  on  the  wind-tunnel  model,  full-scale  results- can  bo  simulated  at  the  usual  wind-tunnel 
Reynolds  numbers.  The  required  location  of  the  transition  point  can  be  predicted  theoretically 
with  acceptable  accuracy  by  simulating  the  boundary-layer  characteristics  at  the  airfoil 
trailing- edge. 
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EFFECT  OF  REYNOLDS  HUMBER  AND  BOUNDARY-LAYER  TRANSITION  LOCATION 
ON  SHOCK-INDUCED  SEPARATION 


By  Jtuaea  A.  Blackwell,' Jr. 
NASA  Langley  Research  Center 
Langley  Station,  Hampton,  Va. 


INTRODUCTION 


The  correlation  of  data  obtained, at  the  usual  wind-tunnel  values  of  Reynolds- number  on  wind- 
tunnel  scale  models  and  of  data  obtained  during  flight  tests  at  much  higher  Reynolds  numbers 
indicates  that  at  speeds  where  substantial  shock-induced  separation  is  present  scale  effects  may 
occur.  In  particular,  a  large  Reynolds  number  difference  may  affect  the  shock-wave  location  on  the 
model, and  the  presence  and  extent  of  shock-induced  separation.  An  example  of  the  problem  or  a 
large  transport  airplane  is  shown  in  figure  1,  reproduced  from  reference  1.  A  recent  investigation 
into  the  nature  of  these  scale  effects  and  their  minimization  has  resulted  in  a  wind-tunnel  tech¬ 
nique  that  provides  good  agreement  between  flight  and  wind-tunnel  data  for  the.  conditions  investi¬ 
gated.  The  technique  consists  basically  of  properly  locating  the  point  of  boundary-layer  transition 
on  the  wind-tunnel  model.  This  paper  will  discuss  the  results  of  this  investigation. 

The  basic  phenomena  of  scale  effects  at  speeds  where  shock-induced  separation  is  present  are 
illustrated  schematically  in  figure  2.  In  flight,  at  large  Reynolds  numbers,  the  boundary  layer 
becomes  turbulent  near  the  airfoil  leading  edge.  At  transonic  Mach  numbers,  a  shock  wave  forms 
and  moves  rearward  with  increasing  Mach  number.  When  the  shock  is  sufficiently  strong,  the  shock 
induces  the  boundary  layer  to  separate,  hence,  the  tern  "shock-induced  separation."  Presently  for 
most  wind-tunnel  investigations,  the  boundary  layer  is  made  turbulent  near  the  leading  edge  of  the 
airfoil  with  a  boundary-layer  transition  trip.  Since  the  difference  in  wind-tunnel  and  flight 
Reynolds  numbers  may  be  large  and  the  relative  thickness  of  the  turbulent  boundary  layer  varies 
Inversely  as  approximately  Reynolds  number  to  the  l/5  power,  the  relative  thickness  at  any  given 
percent  chord  station  is  greater  on  a  small-scale  wind-tunnel  model  with  transition  fixed. near  the 
leading  edge  than  on  a  similar  full-scale  wing  with  nautral  transition  near  the  leading  edge  in 
flight.  Due  to  the  greater  thickness  of  the  wind-tunnel  boundary  layer,  the  flow  separates  at  a 
lower  Mach  number  and  is  more  severe  than  in  flight.  The  greater  displacement  of  the  separated 
flow  tends  to  push  the  shock  farther  forward  than  in  flight. 

No  general  procedure  has  been  developed  for  correcting  wind-tunnel  data  to  flight  conditions 
when  shock-induced  separation  is  present.  Therefore,  a  new  experimental  wind-tunnel  technique  is 
desired  to  minimize  scale  effects  for  these  conditions.  The  results  presented  in  the  recent  paper 
entitled  "Wind-Tunnel-Ilight  Correlation  of  Shock-Induced  Separated  Flow,"  (ref.  1)  indicate  that 
by  moving  the  point  of  transition  rearward  on  the  wind-tunnel  model  when  the  flow  has  separated, 
the  shock  position  on  the  model  approached  the  same  location  as  on  the  flight  airplane.  Based  on 
these  results,  a  solution  to  minimize  scale  effects  in  shock-induced  separated  flow  might  lie  in 
properly  locating  the  boundary-layer  transition  position  on  the  wind-tunnel  model  such  that  the 
boundary  layer  encountered  in  flight  is  simulated  on  the  wind-tunnel  model  in  the  region  of 
separation. 

In  order  to  obtain  a  better  understanding  of  the  factors  involved  in  minimizing  the  effects  of 
Reynolds  number  when  shock-induced  separated  flow  is  present  by  moving  the  boundary-layer  transition 
point  rearward,  a  comprehensive  two-dimensional  wind-tunnel  experimental  and  theoretical  investi¬ 
gation  has  been  conducted  over  a  wide  range  of  Reynolds  numbers  with  varying  transition  location. 

The  results  of  this  investigation  will  now  be  presented.  It  should  be  emphasized  that  the  research 
on  the  concepts  presented  here  is  continuing  on  an  intensive  basis,  and  the  present  paper  should 
be  considered  a  statuB  report  rather  than  a  final  summation. 

The  author  is  indebted  to  R.  T.  Whitcomb  who  proposed  the  basic  approach  to  this  research,  to 
A.  A.  Luoma  who  conducted  the  experiments,  and  to  R.  D.  Samuels  who  assisted  in  the  theoretical 
boundary-layer  calculations,  all  of  the  Langley  8-Foot  Tunnels  Branch. 


SYMBOLS 


b  span  of  wing,  ft  (m) 

Cj  section-lift  coefficient 

P  ■  P® 

C  pressure  coefficient,  - 

P  ^ 

Cp  sonic  PresBUre  coefficient  corresponding  to  local  Mach  number  of  1.0 

c  chord  of  airfoil,  in.  (cm) 

II  boundary-layer  shape  factor,  6*/o 

M  free- stream  Mach  number 

p  local  static  pressure,  lb/ft^  (newton/seter^) 
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pw  static  pressure  in  undisturbed  stream,  Ib/ft^  (newton/meter2) 

Ap^  total-pressure  loss,  lb/ft^  (newton/meter^) 

dynamic  pressure  in  undisturbed  stream,  lb/ft^  (newton/meter^) 

R  Reynolds  number 

x  ordinate  along  airfoil  reference  line  measured  from  airfoil  leading  edge,  in.  (cm) 

a  geometric  angle, of  airfoil  reference  line,  deg 

6*  boundary-layer  displacement  thickness,  in.  (cm) 

8  boundary-layer  momentum  thickness,  in.  (cm) 

Subscripts 

T  denotes  boundary-layer  transition  location 

W.T.  wind  tunnel 

F.S.  full  scale 


EXPERIMENTS 


Wind  Tunnel 

The  experiments  were  conducted  in  the  Langley  8-foot  transonic  pressure  tunnel.  This  facility 
is  well  suited  to  the  investigation  of  the  effects  of  Reynolds  number  on  two-dimensional  models  at 
transonic  speeds.  The  wind  tunnel  has  solid  side  walls  which  act  as  end  plates  for  the  two- 
dimensional  model.  Also,  substantially  larger  chord  models  may  be  tested  in  this  facility  than 
could  otherwise  be  tested  in  tunnels  designed  for  two-dimensional  testing  since  the  wind  tunnel  is 
approximately  1  feet  (2.80  m)  in  height.  Good  results  may  be  obtained  in  this  facility  for  large 
chord  models  since  the  upper  and  lower  walls  are  slotted,  which  allows  a  development  of  the  flow 
field  in  the  vertical  direction  approaching  that  for  free  flight.  The  slot  opening  at  the  position 
of  the  model  was  approximately  6.4  percent  of  the  upper  and  lower  surface  walls.  Further,  the 
8-foot  tunnel  is  a  variable-pressure  tunnel  which  allows  investigations  to  be  conducted  over  a  wide 
range  of  Reynolds  numbers  with  the  same  model. 


Model 

The  two-dimensional  model  investigated  is  shown  in  figure  3>  The  model  was  tested  in  an 
inverted  position.  The  airfoil  is  the  HACA  65]_-213  with  a  *  0.5  mean  line  (fig.  4).  This  air¬ 
foil  was  selected  for  several  reasons.  It  is  the  same  shape  as  the  midsemispan  section  of  the 
T-33  airplane  for  which  flight  data  arc  available  (ref.  3).  A  sketch  of  the  T-33  airplane  is  shown 
in  figure  4.  Since  the  T-33  wing  is  essentially  unswept  and  haB  a  high-aspect  ratio,  correlation 
with  two-dimensional  data  at  the  midsemispan  was  expected  to  be  good.  The  six-series  airfoil  was 
also  selected  because  it  represents  a  class  of  airfoils  that  have  been  recently  used  in  high  sub¬ 
sonic  speed  airplane  design.  The  model  chord  was  3  feet  (0.91  m)  in  length. 


Transition  Strips 

Transition  trips  were  located  at  the  same  position  on  both  the  upper  and  lower  surfaces  of  the 
model.  Results  were  obtained  for  transition  strips  located  at  5,  20,  30,  4o,  and  50  percent  chord. 
The  strips  vere  0.1  inch  (0.25  cm)  wide  consisting  of  carborundum  grains  set  in  a  plastic  adhesive. 
The  size  of  the  carborundum  grains  for  each  location  was  calculated  using  reference  4. 


Measurements 

The  lift  force  acting  on  the  airfoil  was  obtained  from  surface  pressure  measurements  along  the 
center  line  of  the  tunnel. 

Drag  forces  acting  on  the  airfoil  were  derived  from  vertical  variations  of  the  wake  total  and 
static  pressures  measured  with  the  rake  shown  in  figure  3)  however,  Miese  results  will  not  be 
presented  in  this  paper. 

The  boundary-layer  data  presented  herein  were  derived  from  measurements  taken  with  a  total 
head  rake  located  at  the  trailing  edge  of  the  model.  The  total  head  tubes  were  flattened  horizon¬ 
tally  and  closely  spaced. 

The  total  head  and  static  pressures  were  measured  with  the  use  of  electronically  actuated 
pressure-scanning  valves.  The  range  of  the  gages  in  the  valves  was  varied,  depending  on  type  of 
measurement  and  on  the  wind-tunnel  conditions. 


Corrections 

The  major  effect  of  the  wind-tunnel  wall  on  the  results  presented  herein  is  a  substantial 
upflow  at  tbc  position  of  the  inverted  model  so  that  the  real  aerodynamic  angle  of  attack  is 
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significantly  less  than  the  geometric  angle.  The  mean  value  of  this  upflow  at  the  aldchord  of  the 
model,  in  degrees  as  determined  by  the  theory  of  reference  2,  is  approximately  4.4  times  the 
section-lift  coefficient.  For  the  design  section-lift  coefficient  of  0.20',  this  angle  deviation 
is  approximately  -0.88°.  For  the  present  investigation,  where  the  lift  has  been  obtained  by 
surface-pressure  measurements,  this  deviation  has. little  effect  on  the  validity  of  these  results. 
It  merely  causes  a  change  of  the  geometric  angle  of  attack. at  which  a  given  set  of  results  are 
obtained.  The  angles  of  attack  used  in  the  results  presented  herein  have  not  been  corrected  for 
this  upflow. 

The  theory  of  reference  2  indicates  the  tunnel- wall  blockage  effect  is  small. 


Range  of  Tests 

The  investigation  was  conducted  over  a  Mach  number  range  from  0.60  to  0.80.  The- angle  of 
attack  varied  generally  from  about  0°  to  4°  in  1°  increments.  The  Reynolds  number  of  the  investi¬ 
gation  was  varied  from  1.5  X  10°  which  approximates  the  lowest  values  usually  used  for  wind-tunnel 
investigations  to  16. 8  million,  which  is  near  the  Reynolds  number  for  which  full-scale  flight 
results  were  obtained  on  the  T-33  airplane  (ref.  3) • 


DISCUSSION 


Wind-Tunnel  Results 

flight  wind-tunnel  correlation.-  A  comparison  of  the  wind-tunnel  results  and  flight  results 
from  the  T-33  airplane  (ref.  3)  are  presented  in  figure  5  for  a  Mach  number  of  0.8.  The  flight 
data  were  obtained  at  a  Reynolds  number  of  19  million  based  on  the  local  chord,  and  the  two- 
dimensional  wind-tunnel  results  are  presented  at  l6.8  million.  The  transition  strip  was  fixed  near 
the  leading  edge  of  the  two-dimensional  airfoil  at  5  percent  chord  since  this  was  thought  to  be 
representative  of  the  natural  transition  location  of  the  upper-surface  flight  results.  The  com¬ 
parison  shown  in  figure  5  and  in  other  data  not  presented  indicate  generally  good  agreement  between 
the  flight  results  and  the  wind-tunnel  results  obtained  at  full-scale  Reynolds  numbers.  Therefore, 
for  the  subsequent  analysis,  the  wind-tunnel  data  taken  at  16.8  million  will  be  considered  repre¬ 
sentative  of  full-scale  results.  It  should  be  noted  that  for  the  condition  presented,  a  small 
amount  of  shock-induced  separation  is  present. 

Effect  of  Reynolds  number  and  transition  location.-  In  figures  6  to  8,  the  effects  of  Reynolds 
number  and  transition  location  on  the  section  aerodynamics  are  presented.  The  results  shown 
indicate,  first,  the  effect  of  increasing  the  Mach  number  at  a  constant  angle  of  attack  (a  =  0°) 
from  subcriticai  speeds  to  a  condition  with  shock-induced  separation  and,  second,  of  increasing  the 
angle  of  attack  so  that  shock-induced  separation  occurs.  It  is  felt  that  these  examples  are 
representative  of  the  data  obtained  during  the  investigation.  The  data  presented  Include  pressure 

distributions  on  the  airfoil  and  profiles  of  the  boundary-layer  total  head  loss  I  — - -  I.  Results  are 

presented  for  only  the  airfoil  upper  surface  in  order  to  simplify  the  analysis.  The  upper  surface 
is  generally  the  most  critical  as  regards  shock-induced  separation;  however,  all  conclusions 
reached  regarding  shock-induced  separation  on  the  airfoil  upper  surface  will  also  apply  to  the 
lower  surface. 

For  each  comparison,  three  sets  of  data  will  be  shown.  The  first  set  of  data  was  obtained  at 
16.8  million  with  the  transition  located  at  5  percent  chord  and  represents  what  will  be  referred  to 
as  full-scale  results.  The  second  set  of  data  represents  data  taken  at  the  usual  wind-tunnel 
Reynolds  numbers  of  J  x  10°  with  the  transition  fixed  near  the  leading  edge  (o.05c).  As  previously 
indicated,  this  is  the  wind-tunnel  technique  presently  in  general  use.  The  third  set  of  data 
represents  data  obtained  at  wind-tunnel  Reynolds  numbers  with  the  point  of  transition  moved  rear¬ 
ward  of  the  leading  edge  to  a  location  that  best  approximates  full-scale  results. 

The  results  at  subcriticai  speeds  (M  =  0.70)  for  an  angle  of  attack  of  0°  are  presented  in 
figure  6.  These  results  indicate  that  at  the  same  transition  location  (0.05c)  for  full-scale  and 
wind-tunnel  Reynolds  numbers,  there  are  only  small  variations  in  the  pressure  distribution  over  the 
airfoil.  However,  it  should  be  noted  that  the  trailing-edge  pressure  recovery  is  less  for  the 
wind-tunnel  Reynolds  number.  Al3o,  as  would  be  expected,  the  boundary-layer  profiles  indicate  a 
thicker  boundary  layer  at  the  airfoil  trailing  edge  for  the  wind-tunnel  Reynolds  number.  When  the 
transition  is  moved  rearward  to  the  position  for  the  best  correlation  of  the  trailing-edge  pressure 
recovery  for  the  high  and  low  Reynolds  number  (4o  percent  chord),  the  houndary-layer  profiles  also 
are  the  same. 

The  effects  of  Reynolds  number  and  transition  location  when  the  Mach  number  is  increased  from 
0.70  to  0.80  at  a  =  0°  are  shown  in  figure  7.  For  the  full-scale  case,  boundary-layer  separation 
has  been  induced  by  the  strong  shock  wave.  However,  for  the  data  obtained  at  a  Reynolds  number  of 
3  x  10°  with  the  transition  near  the  leading  edge,  the  separation  is  substantially  greater,  the 
shock  wave  is  farther  forward  on  the  airfoil,  and  the  trailing-edge  pressure  is  decreased.  When 
the  transition  point  is  moved  rearward  at  wind-tunnel  Reynolds  numbers,  the  trailing-edge  pressure 
coefficients,  the  shock-wave  location,  and  the  trailing-edge  boundary-layer  profiles  are  all  in 
good  agreement  with  full-scale  results  for  the  transition  location  at  approximately  45  percent 
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chord.  It  should  be  noted  that  the  data  presented  at  xijijc  =  0.45  are  interpolated  from  the  data 
obtained  at  Xntjc  =  0.40  and  0.50. 

As  another  illustration  of  the  effect  of  Reynolds  number  and  transition  location,  data  are 
shown  for  an  increase  in  the  angle  of  attack  to  3°  at  a  Mach  number  of  0.75  in  figure  8.  As  in  the 
previous  example,  good  agreement  is  obtained  between  the  data  for  the  full-scale  case  and  for  wind- 
tunnel  Reynolds  numbers  when  the  transition  is  moved  rearward.  For  this  case,  the  transition 
location  for  best  agreement  was  at  the  4o-percent  chord. 

Based  on  the  above  results  and  other  data  not  presented,  it  is  concluded  that  for  conditions 
at  which  shock-induced  separation  is  present,  good  agreement  can  be  obtained  between  full-scale 
data  and  results  obtained  at  wind-tunnel  Reynolds  number  vith  the  proper  location  of  the  transition 
strip.  However,  the  results  also  show  that  the  transition  point  for  the  best  agreement  varies 
somewhat  with  changes  of  the  test  conditions. 


Theoretical  Analysis 

To  allow  general  utilization  of  the  experimental  approach  to  simulating  full-scale  shock- 
induced  boundary-layer  separation  characteristics  by  moving  the  boundary-layer  transition  location, 
a  method  must  be  developed  to  predetermine  the  transition  location  for  any  airplane  or  flight 
condition  vlthout  resort  to  experiments.  This  requires  a  more  complete  understanding  of  the  funda¬ 
mental  factors  governing  the  boundary-layer  development.  In  order  to  provide  some,  insight  to  this 
problem,  a  limited  theoretical  analysis  was  undertaken. 

The  experimental  results  (figs. ,16  to  8)  indicated  that  even  with  shock-induced  separation 
present,  the  transition  locations  for  best  agreement  between  data  at  vind-tunnelf  Reynolds  numbers 
and  full-scale  Reynolds  numbers  do  not  vary  appreciably  from  the  location  for  subcritical  speedB 
(40  percent  chord) .  It  therefore  appeared  that  a  theoretical  analysis  based  on  subcritical  pressure 
distributions  and  boundary-layer  theory  might  be  applicable.  Various  theories  (refs.  5  to  8)  were 
considered  for  the  boundary-layer  analysis.  It  was  found  that  the  results  were  not  significantly 
different  using  the  theories  investigated.  For  the  following  study,  the  boundary-layer  calculations 
will  be  based  on  reference  5  for  the 'laminar  portion  and  reference  0  for  the  turbulent  portion,. 

Theoretical  boundary-layer  characteristics  for  subcritical  condition.-  In  figure  9,  theoretical 
boundary-layer  characteristics  (8^  and  H)  are  presented  using  the  above-mentioned  theories  for  the 
subcritical  pressure  distribution  of  figure  6.  Data  are  presented  for  the.  conditions  representing 
the  full-scale  results  and  the  wind-tunnel  results  with  the  transition  located  at  5  percent  and 
4o  percent  chord,  the  4o-percent  chord  transition  location  being  the  experimental  condition  for  best 
wind- tunnel- full-scale  correlation  of  the  trail ing-edge  pi essure  recovery  and  boundary-layer 
profiles.  It  may  be  seen  that  at  the  trailing  edge  the  theory  also  provides  a  good  agreement  of 
the  boundary-layer  characteristics. 

For  the  distribution  of  the  theoretical  displacement  thickness  over  the  chord,  it  is  obvious 
that  the  6*  distribution  at  the  wind-tunnel  Reynolds  numbers  with  transition  at  4o  percent  chord 
is  a  good  approximation  to  the  displacement  thickness  at  full-scale  Reynolds  numbers  over  the 
critical  rear  portion  of  the  airfoil.  The  large  effect  of  Reynolds  number  and  transition  location 
on  the  boundary-layer  characteristics  is  indicated  by  comparing  the  full-scale  results  and  wind- 
tunnel  Reynolds  number  results  at  Xp/c  =  0.40  vith  the  wind-tunnel  Reynolds  number  characteristics 
for  the  transition  located  at  5  percent  chord. 

On  the  right  side  of  figure  9,  the  theoretical  boundary- layer-shape  factor  (H),  which  indicates 
the  boundary-layer  separation  characteristics,  is  presented  over  the  rear  portion  of  the  airfoil. 
With  the  transition  located  at  4o  percent  chord  for  wind-tunnel  Reynolds  numbers,  the  data  indicate 
the  full-scale  separation  characteristics  are  adequately  simulated  over  the  rear  portion  of  the 
airfoil}  in  particular,  they  are  matched  at  the  airfoil  trailing  edge.  This  is  significant  since 
the  oil-flow  photographs  taken  during  the  investigation  indicate  the  shock-induced  houndary-layer 
separation  originates  at  the  airfoil  trailing  edge  and  not  at  the  shock  wave.  The  shape  factor 
indicates  the  flow  for  the  transition  located  at  5  percent  for  wind-tunnel  Reynolds  numbers  to  be 
substantially  nearer  separation  than  for  the  full-scale  results. 

Basic  criteria.-  Since  separation  does  occur  initially  at  the  trailing  edge  experimentally,  in 
the  theoretical  analysis  the  assumed  criteria  for  best  wind-tunnel-full-scale  correlation  will  be 
to  match  the  boundary-layer  characteristics  at  the  airfoil  trailing  edge.  Further,  since  the 
primary  interest  is  separation,  the  values  of  H  are  made  equal.  Throughout  the  following  analysis 
this  approach  will  be  referred  to  as  the  "tratling-edge  criteria." 

Theoretical  variation  of  transition  location  with  Mach  number  and  pressure  distribution.-  The 
transition  locations  obtained  experimentally  (figs*  6  and  J)  varied  as  the  free-stream  Mach number 
was  increased  to  supercritical  speeds  for  a  constant  angle  of  attack.  Therefore,  it  appears  that 
the  transition  location  for  best  wind- tunnel-full- scale  correlation  might  be  sensitive  to  the  free- 
stream  Mach  number  or  to  the  change  of  the  shape  of  the  pressure  distribution  as  Mach  number  is 
increased.  In  order  to  determine  the  sensitivity  of  the  transition  location,  theoretical  calcula¬ 
tions  were  made  for  a  range  of  pressure  distributions  for  various  Mach  numbers.  The  pressure 
distributions  considered  are  shown  in  figure  10.  The  primary  variables  are  (l)  shape  of  leading- 
edge  preaaure  distribution,  (2)  trailing-edge  pressure,  and  (3)  shape  of  the  aft  end  pressure 
recovery.  The  shape  for  the  pressure  distribution  with  the  favorable  gradient  over  the  forward 
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portion  of  the  airfoil  is  typical  for  near-zero  lift  conditions  such  as  obtained  in  a  dive;  The 
rooftop  pressure  distribution  represents -the  conditions  generally  expected  in  flight  at  the  higher 
lift  conditions.  The  variations  of  the  pressure  distributions  over  the  aft  portion  of  the  airfoil 
are  similar  to  those  noted  experimentally  on  various  types  of  airfoils. 

Using  the  subcritical  pressure  distributions  shown  in  figure  10,  the  transition  locations  were 
calculated  theoretically  for  various  Mach  numbers  with- a  full-scale  Reynolds  number  of  l6.8  y  10° 
and  a  wind-tunnel  Reynolds  number  of  3*0  x  10°.  The  results  indicated  very  little  effect  of  Mach 
number  on  transition  locations  (less  than  1  percent) .  Also,  the  small  effect  of  Mach  number  on 
the  transition  location  appears  to  be  independent  of  the  pressure  distribution,  since  the  same 
conclusions  as  obtained  for  the  present  analysis  may  be  reached  using  flat-plate  theory  of 
reference  9-  ' 

The  effect  of  the  changes  in  pressure-distribution  shape  on  transition  location  have  been 
calculated  for  a  Mach  number  of  0.70  and  are  presented  as  vertical  lines  on  the  horizontal  scale 
of  figure  10.  On  the  basis  of  this  limited  analysis,  it  can  be  seen  that  the  changes  in  the  shape 
of  the  pressure  distributions  over  the  forward  part  of  the  airfoil  produce  significant  variations 
in  the  theoretical  transition  locations.  However,  the  changes  in  the  aft  end  distributions  have 
only  slight  effects  on  these  locations. 

An  analysis  of  the  basic  factors  involved  suggests  that  the  primary  influence  on  the  theoreti¬ 
cal  transition  location  is  the  variation  of  the  pressure  gradient  in  the  region  of  transition  shift} 
hat  is,  where  the  boundary  layer  is  turbulent  for  the  full-scale  Reynolds  number  case  and  laminar 
i  wind-tunnel  Reynolds  number  condition.  This  conclusion  is  strengthened  by  the  fact  that  flat- 
pi.  e  theory  for  momentum  thickness  (ref.  9)  predicts  generally  the  same  transition  locations 
(0..  '  chord)  as  that  calculated  for  the  flat  or  "rooftop"  forward  pressure  distribution. 


Comparison  of  Experimental  and  Calculated  Results 

The  preceding  theoretical  analysis  suggests  that- for  conditions  where  severe  shock  and 
separation  is  not  present,  at  least,  correlation  of  experimental  and  calculated  transition  loca¬ 
tions  at  wind-tunnel  Reynolds  numbers  might  be  achieved  when  the  pressure  gradients 'Over  the  region 
of  transition  shift  are  similar.  For  the  M  =  0.70,  a  =  0°  experimental  case  (fig.  6)  the  pressure 
gradient  over  the  region  of  transition  shift  ils  similar  to  that  for  the  schematic  distribution  of 
the  theoretical  analysis  as  shown  by  the  dashed  line  on  the  left  side  of  figure  10.  The  best 
experimentally  determined  transition  location  (0.40  chord)  is  the  same  as  the  calculated  position. 

Cases  where  substantial  shock  and  separation  is  present  will  now  be  considered.  For  the 
M  -  0.75,  <*  =  3°  experimental  rese  (fig.  8)  the  pressure  gradient  over  the  region  of  transition 
shift  is  also  similar  to  that  oi  -the  dashed  line  on  the  left  side  of  figure  10.  Again,  the  best 
experimental  transition  location  is  the  same  as  that  calculated  (0.4o  chord).  For  the  M  =  0.80, 
a  =  0°  experimental  condition  (fig.  7),  the  pressure  gradient  from  0.05  to  0.45  chord  is  similar 
to  that  for  the  solid  line  of  the  theoretical  analysis.  Again,  the  experimental  transition 
location  (0.45  chord)  is  the  same  as  the  calculated  value.  In  these  two  cases,  correlation  is 
achieved  even  though  the  nature  of  the  actual  flow  is  substantially  different  from  the  assumptions 
of  the  theory  used  for  the  calculations.  These  reasons  for  this  agreement  are  not  yet  fully 
understood . 


Application 

The  agreement  of  the  calculated  and  measured  transition  locations  for  simulating  full-scale 
characteristics  suggests  that  the  theoretical  "trailing- edge  criteria"  is  a  reasonable  approach  to 
the  pred.ction  of  the  transition  location.  This  agreement  further  indicates  that  in  the  calcula¬ 
tions  only  the  pressure  gradient  over  the  region  of  transition  shift  need  be  considered. 

Effect  of  ratio  of  wind-tunnel  Reynolds  number  to  full-scale  Reynolds  number.-  In  order  to 
indicate  the  variation  of  the  theoretical  transition  location  on  the  wind-tunnel  model  for  various 
full-scale  Reynolds  numbers,  figure  11  is  presented  based  on  a  wind-tunnel  Reynolds  number  of 
3  million.  Theoretical  calculations  indicate  that  only  small  variations  occur  (order  of  1  percent) 
in  the  results  shown  for  realistic  changes  in  the  reference  wind-tunnel  Reynolds  number  for  a  given 
Reynolds  number  ratio.  Variations  representing  the  two  extremes  of  pressure  gradients  over  the 
forward  portion  of  the  airfoil  in  figure  10  are  shown.  Also  shown  in  figure  11  is  the  transition 
location  curve  calculated  using  flat-plate  theory  for  momentum  thickness  (no  pressure  gradient). 

Effect  of  variations  of  transition  location  from  the  optimum.-  In  conducting  a  wind-tunnel 
test,  it  is  not  always  convenient  or  practical  to  change  the  transition  location  with  a  change  of 
test  conditions.  Therefore,  an  attempt  has  been  made  to  assess  the  effects  of  varying  from  the 
optimum  transition  location.  An  indication  of  the  effects  is  provided  by  cross-plots  of  the 
experimental  data  obtained  for  various  locations.  For  the  cases  where  shock-induced  separated  flow 
is  present,  a  change  in  the  transition  of  5  percent  chord  produces  a  movement  in  the  shock  wave  of 
approximately  1  percent  chord. 

Limitations  of  applicability.-  Certain  comments  as  to  the  limitations  of  the  applicability  of 
the  method  are  warranted.  Since  laminar  flow  must  be  maintained  ahead  of  the  transition  strip,  the 
method  is  limited  to  classes  of  pressure  distributions  that  do  not  have  severe  leading-edge  peaks 


at  supercritical  speeds  that  vould  result  in  natural  boundary-layer  transition  ahead  of  the  transi¬ 
tion  strip.  It  should  also  be  noted  that  the  model  must  be  maintained  absolutely  smooth  in  front 
of  the  transition  strip  to  prevent  transition  of  the  boundary  layer. 

Re&alts  of  a  number  of  investigations  conducted  in  the  8-foot  transonic  pressure  tunnel  have 
indicated  that,  when  the  transition  is  rearward  as  specified  by  the  proposed  criteria  and  a  strong 
adverse  gradient  is  present  ahead  of  the  transition,  more  ’severe  boundary-layer  separation  may  be 
present  than  when  the  transition  is  in  the  normal  location  near  the  leading  edge.  For  such 
conditions,  more  applicable  results  are  obtained  with  the  transition  forward. 

Results  not  presented  indicate  that  when  the  transition  strip  is  Just  ahead  of  the  base  of 
the  shock,  laminar  separation  occurs  ahead  of  the  transition  strip.  Thus,  the  maximum  rearward 
movement  for  which  applicable  results  can  be  obtained  is  limited.  For  the  airfoil  of  the  present 
investigation,  the  limit  is  approximately  50  percent  chord. 


Further  Study 

In  addition  to  the  results  presented  herein,  considerable  effort  is  being  devoted  to  further 
analyzing  the  great  body  of  data  obtained  during  this  Investigation.  Also,  work  Is  planned  in  two 
additional  areas.  One,  the  extension  of  the  preccr-t  t-v-diacuslonal  method  to  the  three-dimensional 
cases,  and  second,  a  study  of  the  applicability  of  the  technique  to  the  proper  simulation  of  full- 
scale  buffet  characteristics. 


CONCLUDING  REMARKS 


A  two-dimensional  experimental  and  theoretical  investigation  has  been  conducted  for  an 
NACA  65i-213  airfoil  to  determine  the  effect  of  Reynolds  number  and  transition  location  cn  shock- 
induced  separate  "low.  The  results  have  led  to  the  following  conclusions: 

1.  Variati  the  Reynolds  number  from  full-scale  to  the  usual  wind-tunnel  values  results 
in  substantial  chang.  *  the  shock  location,  trailing-edge  pressure  recovery,  and  boundary-layer 
losses  at  the  trailing  ,e. 

2.  By  properly  locating  the  boundary-layer  transition  point  on  the  wind-tunnel  model,  full- 
scale  results  can  be  simulated  at  the  usual  wind-tunnel  Reynolds  numbers. 

?.  The  required  location  of  the  transition  point  can  be  predicted  with  acceptable  accuracy 
by  theoretically  simulating  the  boundary-layer  characteristics  at  the  airfoil  trailing  edge.  In 
this  procedure,  only  the  surface  pressure  gradient  in  the  region  where  the  boundary  layer  is 
turbulent  for  the  full-scale  Reynolds  number  and  laminar  for  the  wind-tunnel  Reynolds  number  need 
be  considered. 
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Figure  Wind-tunnel  Installation  of  two-dimensional  model. 
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Correlation  of  wind- tunnel- flight  results.  Figure  7.-  Effect  of  R  and  transition  location.  M  =  0.80 

M  »  0.80;  c  =  0.056.  a  =  0°. 
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WIND  TUNNEL  EXPERIMENTS  ON  THE  INTERFERENCE 
BETWEEN  A  JET  AND  A  WING  AT  SUBSONIC  SPEEDS 


by 

J.  A.  Bagley 

Royal  Aircraft  Establishment,  Faraborough 


In  most  wind-tunnel  experiments  on  complete  aircraft  models  it  is  not  possible  to  represent  the  engine  jet  flow.  A  series  of  experi¬ 
ments  are  reported  in  this  note  in  which  the  influence  of  a  blown  jet,  simulating  the  exhaust  stream  of  a  fan-jet  engine,  on  the  pressure 
distribution  on  an  adjacent  wing  has  been  measured.  A  brief  survey  is  given  of  the  effects  of  flight  Mach  number,  jet  pressure  ratio, 
vertical  and  horizontal  sparing  between  engine  nacelle  and  wing,  and  shape  of  the  nacelle,  on  the  incremental  wing  pressures  due  to  the 
jet.  The  possibility  of  representing  the  Mown  jet  by  a  solid  body  extending  behind  the  nacelle  is  also  discussed. 
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1  INTRODUCTION 

Many  current  design  proposals  for  large  transport  aircraft  have  targe  engines  of  high  bypass  ratio  mounted  on  short  pylons  beneath 
wings  of  about  25°  or  30°  sweepback.  The  engines  have  a  front  fan.  and  the  annular  fan  norrie  is  fairly  close  to  the  wing  leading  edge. 
With  such  an  arrangement,  it  is  possible  that  the  jet  flow  passing  close  to  the  wing  has  a  significant  influence  on  the  wing  pressure 
distribution,  and  on  the  lift  and  drag.  To  measure  such  effects  on  a  complete  model  of  the  aircraft  at  high  subsonic  speeds  is  very 
difficult,  and  most  wind-tunnel  tests  are  therefore  made  with  the  engines  represented  by  simple  open  “flow  nacelles",  in  which  only  the 
external  geometry  of  the  engine  nacelle  is  represented  and  no  attempt  is  made  to  simulate  the  jet  flow. 

The  experiments  described  in  this  paper  were  an  attempt  to  find  out,  using  a  simpler  apparatus,  whether  jet  interference  effects  are 
likely  to  be  large  for  an  engine  installation  similar  to  that  on  current  large  subsonic  transport  aeroplanes,  or  whether  the  conventional 
wind-tunnel  model  without  jet  will  still  give  a  satisfactory  representation. 

An  aircraft  of  this  type  will  normally  be  designed  to  have  a  subsonic  type  of  flow  over  the  wing,  with  straight  isobars  and  a  chord- 
wise  pressure  distribution  of  the  type  shown  in  Fig.l.  This  has  a  “roof-top”  shape,  with  a  flat  plateau  over  the  front  part  of  the  section 
with  ncar-sonk  local  velocities  and  a  fairly  steep  pressure  recovery  behind  it.  A  fairly  thick  section  is  normally  used,  and  the  lower  surface 
velocities  are  likely  to  have  a  fairly  high  peak  around  mid-chord,  as  shown.  There  are  three  places  where  any  alteration  of  this  pressure 
distribution  in  the  presence  of  the  jet  may  lead  to  particular  problems: 

(1)  around  the  nose,  which  has  been  carefully  shaped  to  develop  a  favourable  supersonic  peak  as  incidence  or  speed  increases, 

(2)  around  mid-chord  on  the  lower  surface,  where  any  further  increase  in  local  velocities  may  well  lead  to  the  formation  of  shocks; 

(3)  towards  the  rear  of  the  lower  surface,  where  any  increase  in  the  adverse  pressure  gradient  may  lead  to  flow  separation. 

2  FIRST  SERIES  OF  EXPERIMENTS 

All  these  problems  could  be  investigated  using  an  unswept  wing,  and  the  model  shown  in  Figs.2  and  3  was  therefore  constructed. 

For  the  majority  of  the  tests,  a  wing  of  10  inches  span  and  5  inches  chord  was  used  which  had  been  tested  in  a  smaller  tunnel  at 
N.P.L.  This  was  mounted  between  end  plates  as  shown,  and  carried  on  a  box  framework  from  the  traversing  gear  of  the  2‘/ift  X  l'/ift 
Transonic  Tunnel  The  pressure  holes  on  this  wing  were  distributed  across  the  middle  4  Inches  of  the  span,  so  it  was  necessary  to  traverse 
the  wing  past  the  jet  to  obtain  a  complete  chordwise  pressure  distribution.  Tests  were  made  at  3  Reynolds  number  of  about  one  million 
(based  on  chord  length)  over  a  range  of  Mach  numbers  from  0.6  to  0.74. 

The  engine  nacelle  and  jet  were  represented  in  these  tests  by  the  pipe  shown,  coming  from  the  settling  chamber  of  the  tunnel  and 
terminating  in  a  double  nozzle  simulating  the  two  nozzles  of  a  bypass  engine.  A  fairly  thick  boundary  layer  develops  along  the  jet  tube, 
and  this  is  reduc'd  in  thickness  by  applying  suction  through  the  slots  shown.  Both  nozzles  were  supplied  by  a  common  air  supply,  as 
shown  in  Fig.4,  and  were  arranged  to  choke  at  the  exit,  so  the  flow  from  the  nozzles  exhibits  the  characteristic  pattern  of  alternating 
expansion  waves  and  shocks  shown  in  Fig.S.  Note  here  that  the  flow  pattern  expands  with  increasing  jet  pressure  ratio  in  the  usual  way. 
The  jet  pipe  and  wing  were  mounted  quite  separately  in  the  tunnel,  and  no  attempt  was  made  to  represent  a  pylon. 

The  displacement  flow  around  the  jet  pipe  itself  modifies  the  wing  pressures,  so  the  influence  of  the  jet  is  measured  by  comparing 
pressures  measured  on  the  wing  when  the  jet  is  blown  at  a  prescribed  pressure  ratio  (appropriate  to  the  type  of  engine  being  simulated) 
with  the  pressures  measured  when  the  jet  total  head  is  equal  to  that  of  the  free  stream.  This  latter  condition  corresponds  to  that  obtained 
with  a  free  flow  nacelle  in  a  conventional  model  test. 

A  typical  experimental  result*  is  shown  in  Fig.6,  at  a  jet  pressure  ratio  of  2.4  (corresponding  to  an  engine  of  bypass  ratio  about  5) 
and  for  a  wing-naccllc  spacing  appropriate  to  an  airbus  type  of  aeroplane  with  short  fan  cowls.  The  Mach  number  Mg  »  0.7  gives 
approximately  local  sonic  velocity  at  the  peak  velocity  on  the  upper  surface,  so  corresponds  essentially  to  the  design  condition  at  higher 
Mach  number  on  a  swept  wing,  (As  will  be  seen  later,  the  phenomena  under  discussion  do  not  seem  to  change  significantly  over  a  fairly 
wide  range  of  subsonic  Mach  numbers.) 

It  is  immediately  obvious  that  the  jet  has  had  very  little  influence  on  the  upper  surface  pressures,  although  the  presence  of  the  jet 
pipe  has  changed  them  somewhat  This  conclusion,  that  there  is  virtually  no  jet  interference  on  upper  surface  pressures,  was  confirmed 
throughout  the  wholt  range  of  configurations  tested,  so  the  upper  surface  will  not  be  mentioned  again. 

Turning  to  the  lower  surface,  it  Is  clear  that  in  this  ease  there  is  no  significant  increase  in  the  peak  suction  and  little  if  any  change 
in  the  adverse  pressure  gradient  over  the  rear  part  of  the  section,  The  peak  has  been  moved  forward  by  the  combined  effects  of  the  jet 
and  the  displacement  flow  around  the  jet  pipe,  and  on  a  swept  wing  this  would  imply  some  change  in  isobar  sweepback,  but  for  this  case 
no  serious  problems  would  be  anticipated.  The  pressure  increments  due  to  the  jet  flow  do  not  exceed  ACp  «  to.  I,  and  the  change  in 
sectional  lifi  coefficient  is  only  about  AC^  -  0.02. 

The  results  of  this  first  test  are  rather  comforting  to  the  wind-tunnel  engineer,  suggesting  that  the  use  of  free-fiow  nacelles  on  his 
complete  models  should  not  give  misleading  answers  (at  least  in  this  context),  but  it  seems  desirable  to  explore  the  influence  of  vanous 
changes,  In  the  next  few  figures  we  show  ACp/  -  the  difference  in  lower  surface  pressures  when  the  jet  is  blown  at  the  prescribed 
pressure  ratio  and  those  when  its  total  head  is  equal  to  the  free-stream,  Fig.7  shows  the  results  for  the  datum  configuration  (with 
X/P ,  -  044.  /,'P(.  -  0  20)  at  several  free-stream  Mach  numbers,  and  it  is  dear  that  there  is  only  a  small  increase  in  ACp)  over  this  range 
of  free-stream  Mach  numbers,  although  the  local  Mach  number  at  the  peak  varies  from  Afj  =  OSS  to  I  2 

Fig  8  shows  the  effect  of  moving  the  nacelle  vertically  closer  to  the  wing,  and  as  might  be  expected  there  is  a  change  in  magnitude 
of  A (’  but  a  remarkably  constant  shape  of  curve  is  obtained  For  fhe  closest  position,  the  peak  again  represents  a  locally  sonic 

•The  experimental  results  are  more  fully  reported  in  Ref.! 
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velocity,  and  it  would  hardly  be  possible  to  ignore  this  amount  of  jet  interference.  Howes er,  this  position  seems  to  be  closer  to  *he  wing 
than  any  aircraft  design  published  so  far. 

Fig.9  shows  the  influence  of  increasing  the  jet  pressure  ratio,  and  exactly  the  same  pattern  appears  as  in  Fig.8.  As  jet  pressure 
increases,  the  magnitude  of  ACp/.  increases,  but  the  shape  of  the  curse  remains  virtually  constant  until  at  Hjip0  *  4  the  rear  peak  seems 
to  be  somewhat  broader.  This  9eenu  a  rather  surprising  result  -  the  pattern  of  alternate  compression  and  expansion  waves  in  the  jet 
lengthens  as  jet  pressure  ratio  increases,  and  it  might  be  expected  that  this  would  be  shown  up  by  an  expanding  pattern  of  peaks  and 
troughs  in  ACpj  on  the  wing. 

For  the  wing-nacelle  configurations  so  far  considered,  the  First  peak  in  A Cp/  falls  on  a  part  of  the  wing  chord  where  the  velocities 
on  the  isolated  wing  are  no  higher  than  the  free-stream  velocity.  In  Fig. 10  is  shown  an  example  where  the  peak  suction  of  the  inter¬ 
ference  Field  falls  on  a  part  of  the  wing  where  the  velocity  is  already  high,  and  the  interference  effects  are  thereby  magnified.  The  nacelle 
was  moved  back  by  about  25%  chord,  so  that  the  annular  fan  nozzle  now  lies  behind  the  wing  leading  edge  (probably  a  rather  unlikely 
position  in  practice).  The  peak  suction  of  the  interference  Field  has  moved  back  (but  only  about  half  as  much  as  the  nacelle  movement) 
and  now  falls  on  top  of  the  suction  peak  of  the  basic  wing  pressure  distribution.  The  interference  is  magnified  considerably,  and  might 
now  be  a  serious  problem  to  the  aircraft  designer. 

Before  dixussing  some  further  work  which  was  done  in  the  search  for  an  explanation  of  these  observations,  it  is  worth  mentioning 
one  technique  which  has  been  used  in  some  wind-tunnei  experiments  to  simulate  the  effects  of  a  blown  jet.  The  jet  is  represented  by  a 
solid  extension  of  the  nacelle,  in  the  hope  that  the  displacement  flow  about  a  suitable  solid  body  will  be  similar  to  the  displacement 
flow  around  the  jet.  To  check  this  point,  in  one  test  the  blown  jet  was  replaced  by  a  solid  body  extending  some  distance  behind  the 
wing  trailing  edge,  as  shown  in  Fig.4.  Measurements  showed  that  the  jet  from  the  annular  nozzle  followed  closely  the  contour  of  the 
centre  body,  and  expanded  at  only  about  1°  behind  this  (confirmed  by  Lawrence's  measurements3  of  the  expansion  of  a  similar  flow  with 
cylindrical  afterbody),  so  the  shape  of  the  solid  body  was  made  to  represent  a  constant  area  jet.  The  "jet  interference"  on  the  wing  with 
this  solid  body  is  shown  in  Fig.!  I  for  tsvo  cases,  compared  with  A Cpj  due  to  the  real  jet.  It  is  obvious  that  there  is  little  or  no 
resemblance  between  the  two  curves,  and  it  seems  very  doubtful  whether  this  technique  of  jet  simulation  has  any  validity. 

3  SECOND  SERIES  OF  EXPERIMENTS 

With  the  experimental  rig  shown  in  Figs.2  and  3,  it  was  impossible  to  make  schliercn  or  shadowgraph  observations  of  the  flow.  These 
seemed  to  be  desirable,  so  a  new  wing  was  made  to  span  the  width  (30  inches)  of  the  tunnel.  For  this  purpose  the  slotted  sidewalls  were 
replaced  by  solid  glass  walls.  The  wing  section  choxn  was  slightly  different  to  the  previous  one,  and  for  various  reasons  the  wing  chord 
was  increased  from  5  to  6  inches.  The  jet  tube  was  unchanged. 

Fig.l 2  shows  a  comparison  of  A Cpj  for  the  new  configuration  and  the  previous  one.  The  horizontal  coordinate  has  been  measured 
in  terms  of  the  fan  nozzle  diameter  (which  remained  constant)  rather  than  wing  chord.  It  is  seen  that  there  is  considerable  similarity  in 
the  shape  of  the  interference  curve  and  in  the  magnitude  of  the  front  peak;  the  rearward  peak  is  somewhat  smaller.  Fig.13  shows  the 
corresponding  xhlieren  picture  of  the  flow  at  lljlpg  ■  2.4,  whilst  Fig.14  shows  the  flow  pattern  at  llj/p0  -  2.9.  These  begin  to  show  why 
in  the  earlier  tests  there  was  little  change  In  the  shape  of  the  Interference  curve;  although  the  pattern  of  shocks  in  thv  jet  on  the  far 
side  of  the  nozzle  expands  with  increasing  jet  pressure  ratio  in  the  conventional  way,  on  the  side  of  the  jet  near  the  wing  the  shocks  are 
apparently  "fixed”  by  the  influence  of  the  wing.  This  leads  to  a  lack  of  symmetry  in  the  jet  behind  the  second  nozzle,  which  is  evident 
in  Fig.13. 

Fig.15  shows  the  values  of  A Cpj  obtained  for  thb  nozzle  position,  compared  with  thox  obtained  for  a  much  closer  position.  In  the 
second  case  the  pressure  increments  increase  considerably  with  increasing  jet  preaure  ratio,  and  the  peaks  tend  to  move  rearwards  at  the 
same  time.  Here  it  seems  that  the  pattern  of  shocks  and  expansions  in  the  jet  is  directly  influencing  the  wing  pressure  distribution 
Although  the  wing  is  not  fully  immersed  in  the  jet  (as  xhlieren  photographs  show),  the  jet  interference  seems  to  be  different  in  character 
from  that  in  the  earlier  examples.  It  is  suggested  that  there  may  well  be  a  critical  spacing  between  wing  and  nacelle,  below  which  the 
jet  directly  influences  the  wing,  as  here;  this  minimum  spacing  may  be  larger  at  higher  jet  pressure  ratios. 

At  this  point  of  the  investigation,  it  seemed  likely  that  the  shape  of  the  nacelle  afterbody  might  have  a  controlling  influence  on  the 
shape  of  the  jet  interference  curve  -  the  main  suction  peak  in  A Cpj  seemed  to  occur  just  behind  the  narrowest  part  of  the  gap  between 
the  wing  and  nacelle,  for  example.  As  the  latest  trend  in  engine  design  is  towards  longer  fan  cowls  and  correspondingly  short  afterbodies, 
the  centre-body  of  the  jet  nozzle  was  shortened  as  shown  in  Fig.16.  The  fan  nozzle  is  unchanged,  and  is  in  the  same  position  relative  to 
the  wing. 

As  anticipated,  this  change  makes  a  very  marked  alteration  in  the  interference  pressure  curve,  Flg.17.  The  main  suction  peak  now 
appears  further  back,  and  is  a  Uttle  higher  than  with  the  previous  nozzle.  There  is  the  same  effect  with  increasing  jet  pressure  ratio  that 
the  shape  of  the  curve  is  almost  constant  but  the  magnitude  of  A Cpj  increases,  this  seems  even  more  surprising  in  the  present  case  For 
the  datum  jet  pressure  ratio  HjjP0  •  2.4  the  peak  value  of  A Cpj  b  only  a  little  higher  than  it  was  in  Fig.15,  but  because  thb  b  super 
imposed  on  the  suction  peak  of  the  wing  Field  there  is  a  "magnification''  of  the  pressure  increment  with  increasing  jet  pressure  ratio  as 
occurred  in  earlier  cases  when  the  two  suction  peaks  coincided. 

4  CONCLUSIONS 

The  investigation  reported  here  has  been  rather  limited  in  xope,  and  general  conclusions  must  be  rather  tentative.  Fuller  details  of 
the  experiments  are  reported  in  Refs.l  and  2,  these  results  have  been  taken  into  account  in  reaching  the  conclusions  listed  below.  All 
there  points  refet  specifically  to  aircraft  of  *mall  or  moderate  sweeptrack  operating  at  subcntlcal  Mach  numbers  and  with  engines  of  fairly 
high  bypass  ratio  for  whkh  the  ratio  of  engine  diameter  to  wing  chord  is  around 
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(1)  Except  when  the  jet  is  very  close  to  the  wing,  it  has  no  significant  effect  on  the  pressures  on  the  upper  surface. 

(2)  When  the  vertical  spacing  between  the  fan  jet  nozzle  and  the  wing  leading  edge  13  lees  than  about  one-fifth  of  the  nozzle 
diameter,  the  jet-induced  pressures  on  the  wing  are  markedly  dependent  on  jet  pressure  ratio,  and  the  wing  can  be  regarded  as  being 
immersed  in  the  jet.  This  limiting  spacing  increases  with  increasing  jet  pressure  ratio. 

(3)  When  the  vertical  spacing  between  wing  and  jet  is  greater  than  this  limit,  the  shape  of  the  incremental  pressure  distribution  on 
the  wing,  A Cpj,  is  characteristic  for  a  particular  nozzle  and  afterbody  configuration  and  fore-and-aft  location  relative  to  the  wing.  The 
magnitude  of  increases  as  the  jet  is  brought  closer  to  the  wing  and  as  the  jet  pressure  ratio  increases,  but  increases  only  slightly  as 
free-strcam  Mach  number  is  raised. 

(4)  The  dominant  feature  of  the  jet  interference  curve,  AC^,y,  is  a  velocity  peak,  which  may  be  followed  by  a  subsidiary  peak 
further  downstream.  For  a  range  of  configurations  which  appear  to  be  of  practical  interest,  the  maximum  suction  increment  it 

-A Cpj  <  0.15  at  HjlPg  =  2.4;  this  is  unlikely  to  lead  to  a  large  change  in  overall  wing  characteristics.  If  the  suction  peak  due  to  jet 
interference  falls  close  to  the  suction  peak  on  the  wing  in  the  presence  of  the  nacelle  without  jet,  the  values  of  ACpy  increase  rapidly  with 
increasing  jet  pressure  ratio,  and  might  be  of  major  practical  significance  in  some  cases. 
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Fig. 3  Wing  and  jet  nozzle  in  tunnel 


b  M0  =  0.7  Hj/p0  =  3.0 

Fig. 5  Schlieren  photographs  of  flow  from  bypass  nozzle 


fing  pressures  with  and  without  jet  blowing 


Jet  interference  for  two  vertical 
spacings  of  nacelle  and  wing  C 


Fig.  1 7  Jet  interference  for  nacelle  with  short  afterbody 
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SOHMAIRE 


Le  ddveloppeaent  dee  avions  de  transport  subsoniques  A  grande  capacity  a  conduit  au  choix  de  gros 
turbo-rdaoteurs  A  double  flux  ay ant  un  taux  de  dilution  dlevd  :  il  en  results  des  probldmes  adrodyna- 
miquoe  nouveaux,  lids  it  l'importance  des  ddbita  captda  par  la  prise  d’air  at  aux  effeta  de  1'interaotion 
du  Jet  froid  du  "fan"  sur  l'dcoulemant  extSrieur  lorsque  le  reaoteur  est  suspend'd  sous  la  voilure. 

En  ce  qui  concerns  la  prise  d'air,  on  doit  rechercher  un  ccmpromis  as sur ant  un  doculenent  sans  ddcolle- 
ment  interne  au  ddcollage  et  sans  survitesse  prohibitive  sur  la  card ns  en  rdgirae  de  croisidre. 

Ia  forme  d'un  profil  rdalisant  ce  compronis  a  dtd  recherchde  d  l'aide  de  la  mdthode  des  analogies 
dleotriques,  dont  les  rdsultats  valables  pour  un  dcouleaent  de  revolution  incompressible  ont  dtd 
affeotds  dee  corrections  classiques  pour  la  transposition  au  regime  compressible  de  croisidre. 

Le  fonctionnement  aux  trds  faibles  vitesses  et  notaament  au  point  fixe  fait  apparattre  une  distorsion 
non  ndgUgeable  de  l'dcoul ament  internet  imputable  au  rdgiae  transsonique  qui  a'dtablit  au  contoumsoent 
du  bord  d'attaque  et  aux  ddcollements  qui  en  rdsultent. 

Les  rdsultata  expdrimentaux  correspondants  sont  prdsentds  et  diacutds. 

Une  dtude  en  soufflerie  de  la  confluence  du  jet  primal re  et  de  I'dcoulemant  exteriour  transsonique  au 
voisinage  de  la  aortie  du  jet  est  d gal ament  prdaentde,  pour  mettre  en  evidence  l'influence  du  rlgime 
du  moteur  sur  la  structure  de  cet  dcoulement. 


SOKE  PROBLEMS  OP  TRANSONIC  FLOW  FOR  ENGINE  NACELLES  OF  AIRBUS  TTPE  AIRCRAFT 


S  U  M  H  A  R  I 


High  by  pass  ratio  turbofana  uasd  for  large  subsonic  transport  aircraft  envolvs  new  aerodynamio  problems 
due  to  the  importance  of  the  mass  flow  both  at  the  intake  and  at  the  exhaust. 

For  the  intake  lip  problem,  a  compromise  must  be  found  to  obtain  a  flow  without  internal  separation  at 
take-off,  and  without  excessive  external  super  velocities  during  cruise. 

Electrical  analogy  has  made  possible  the  study  of  various  forms  of  lip  profiles,  by  an  incompressible 
flow  simulation  corrected  for  compressibility  effect,  and  the  solution  of  the  problem  to  a  first 
approximation. 

At  very  low  speed,  however,  and  in  particular  in  the  static  case,  transonic  flow  and  shook  waves  at  the 
leading  edge  may  cause  local  flow  separation  internally,  and  distortion  of  the  total  pressure  profile. 

Experimental  studies  of  these  phenomena  are  presented. 

For  the  exhaust  problem  and  engine  nacelle  boattail  drag,  some  transonic  wind  tunnel  pressure  measurements 
on  representative  models  ars  also  dlsaussed. 
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L'AYENSHENT  DES  NOUVEAUX  MOTSUfiS  DOUBLE  FLUX  k  taux  de  dilution  dlevd  conduit  k  conaiddrer  avec  plum 
d' attention  l'adrodynamique  dea  nacelles  dont  1'importancs  relative  per  rapport  aux  dimensions  gdnd- 
rales  d.o  l'avion  eat  fortement  accrue.  la  trainee  d*  aotori ration  en  vol  de  croisiire  attaint  7  k  8$ 
de  la  trainee  totals  de  l'avion,  et  l'enjau  d'une  dtude  d' optimisation  de  1' ensemble  k  pertir  d'una 
configuration  ddfinie  en  vertu  de  quelqut®  rdglaa  eapiriques  approchdea  ptut  Itre  de  l/2$f  de  la 
pouasde. 

L'un  dee  buta  de  cette  dtude  prdlimlnalre  a  dtd  de  ddfinir  un  c arena ge  dvitant  lee  surviteaaea  trace- 
aoniques  aur  les  profile  extemes  en  vol  de  oroisikre,  et  la  trainie  qui  en  results  par  codes  do  choc 
dventuellee  et  frotteaent  acoru.  S'il  s'avdrait  toutefois  ceceasaire  d' accepter  de  telies  survitesses, 
dos  profile  do  moindre  trainee  type  "peaky"  [l ]  [2]  seraient  k  eonoiddrer. 

la  premiers  phase  consiste  k  dtudier  le  fuaeau  seul  et  k  en  rechercher  une  forma  optimal*  qui  servira 
de  point  de  ddpart  pour  1* optiniaation  de  l'ensecble  nacel lo-cvion  [3  k  7].  %e  solution  type  de  oe 
problbme  eat  reprdsentda figure  1.  Lea  repartitions  de  prea3ion  aur  lea  profila  de  carfene  et  d'arrihre 
corps  traduisent  lea  caraotdristiques  auivanteo  s  aur  le  prcfil  erterne  de  la  prise  d’air,  une  sur- 
vitesse  subcritique  k  peu  prfee  conatante  jusqu'au  delk  du  aaitre-ccruple  ;  de  mime  aur  le  profil  interne 
du  diffuseur,  une  plage  do  survitesses  subcritiques.  Un  bord  d' at toque  mo  ins  dpeis  permet trait  d'attd- 
nuer  cea  survitesses,  mala  Isa  performances  au  ddcollage  seraient  pdnalisdeo,  oooae  nous  le  Terrene, 

Sur  le  rdtreint  de  la  carkne,  on  observe  vers  l'arrikre  une  reccopressicn  rdgulikre  de  l'dooul«ient. 

Sur  le  corps  central,  le  jet  du  "Fan"  se  ddfcend  k  une  pression  voisine  de  la  presaioc  ambient#,  donnant 
naissance  k  une  succesaion  d'ondes  de  ddtente  et  de  compression  trks  attdnudea. 

Cea  diffdrents  dldmento  vont  Itre  maintenant  examinds  plus  enddtail,  en  considdrant  sucoeseiveoant 
sous  lsurs  aspects  transsoniques  le  problkme  de  la  prise  d'air  au  ddcollage  et  en  croiaikre,  oelvi  de 
la  prise  d'air  au  point  fixe  et  aux  trbs  basses  ritesses,  et  la  problems  du  rdtreint  de  la  cardne  et 
du  corps  central  en  vol  de  croisidre. 

OPTIMISATION  DE  U  IBXSE  D'AIH  AU  DECOLLAGS  0,2)  ET  EN  VOL  DE  CHOISIEEE  (H„-  0,85) 

Un  processus  trda  dldmentairs  a  dtd  auivi  pour  rechsrchsr  cette  optimisation  t  une  certains  forme  de 
cardnage  de  la  prise  d'air  dtant  ddfinie  a  priori,  le  champ  de  l'dooulement  de  rdvolution  autour  da 
oette  cardne  est  ddtermind  en  incompressible.  A  cet  effet,  on  utilise  la  mdthode  d'analogie  dleotri- 
que  des  dcoulements  de  rdvolution  [SJ  dans  une  cuve  k  fond  inclind  ou  est  disposd  un  secteur  tie  la 
maquetto  de  la  prise  d'air,  on  natdrlau  Idger  isolant  (fig,  2).  Le  relevd  du  champ  adrodynaaique  fait 
apparaitre  les  tones  de  si  -viteaass  k  corriger,  et  permet  d'orienter  la  recherche  d'une  nouvelle  forme 
amdliorde.  Par  dos  essais  ^aocessifs,  on  aboutit  ainai  trds  rapidement  au  choix  d'una  configuration 
dont  l'essai  en  soufflerie  donna  une  dvaluation  prdciBe  des  performances.  A  partir  de  ce  rdsultat,  un 
nouvel  ejustement  peut  f*re  rechorchd  en  s'appuyant  k  nouveau  sur  le  sene  des  indications  recueillies 
dans  l'analogie  incompressible. 

Un  certain  nonbre  de  rdglea  empiriques  oat  dtd  ddgagdes  par  diffdrents  auteurs  pour  ddfinir  la  forme 
initials  de  la  cardne  et  du  fuaeau  moteur  [9  k  12 j.  Un  caloul  numdrique  en  rdgiae  incompressible  est 
utilisd  par  d'autres  auteurs  [ 13],  mais  il  n' exists  pas  encore,  k  notre  connaissance,  de  mdthode  de 
caloul  pour  l'dooulement  compressible.  Une  telle  mdthode  est  en  cours  de  ddveloppemsnt  k  l'O.N.E.R.A. 
[14].  La  mdthode  suivie  a  done  consistd  k  proceder  k  une  correction  des  rdaultats  obtenue  en  incom¬ 
pressible  par  la  formula  de  KARMAN-TSIEN,  considdree  comma  donnant  une  approximation  grooaidre,  mais 
suffisante  pour  guider  le  ohoix  d'un  profil. 

Les  figures  3  et  4  prdsentent  deux  dtapes  succeasives  de  la  ddfinition  de  la  forme  de  la  prise  d'air. 
Ces  figures  donnant  les  distributions  do  pression  calculdes  come  il  viant  d'ltre  dit,  pour  les  nombres 
de  Mach  de  vol  Mqo=  0,85  et  Mm»  0,2.  Lorsque  oe  caloul  fait  apparaitre  des  rones  supercritiques 
(rapport  do  la  pression  k  la  pression  gdndratrice-p/^  n  infdrieur  k  0,528),  il  perd  dvidemnant  toute 
prdciaion  mais  avertit  seulement  que  la  viteose  critique  sera  cortainement  franchie.  Ainsi,  le  profil 
initial  "A"  de  la  figure  3  fait  prdvotr  d'une  part  une  forte  survitesse  sur  la  carkne  exteme  k 
Moo  »  0,85  oonsdeutive  k  uno  oourbure  locale  trop  accentude  du  profil.  D'autre  part,  0,85 

corns  k  Moo  =  0,2,  une  survitesse  apparalt  dgaleoent  our  le  profil  du  diffuseur  interne,  au  voielnago 
de  l'entrde  :  sachant  par  analogie  aveo  les  bords  d'attaque  de  voilure  qu'en  redressant  son  squelette, 
on  pourra  attdnuer  ces  survitesses  internes,  on  a  ddfini  la  solution  "B".  Dans  cette  solution,  les 
survitesses  internes  sont  effectivement  ramendes  k  un  niveau  acceptable,  mais,  k  l"’extradosM  (profil 
axterne  de  la  carkne),  la  faible  diminution  de  oourbure  donnde  au  profil  n'a  paa  oompensd  l'acodldra- 
tion  de  l'dooulement  due  h  1' augmentation  de  1' "incidence",  et  la  survitesse  e3t  deveauo  supdrieure  k 
ce  qu'elle  dtait  antdriourement .  On  observe  toutefoi3  qu’au  voisinago  imddiat  du  bord  d'attaque,  les 
vitessos  externes  sont  faiblos,  et  il  3era  par  oonadqusnt  admissible  de  les  accroitre  en  adoptant  un 
profil  de  plus  forte  oourbure  locale.  Cette  dioposition  permettra  on  mime  tempo  de  rdduire  la  oourbure 
plus  en  aval,  dans  la  rdgion  ou  elle  est  trop  accentude.  Le  profil  "C"  compard  au  profil  "B" (figure  4) 
rdpond  k  ces  conditions.  La  repartition  do  pression  sur  la  cardne  exteme  est  presque  uniforms,  k  un 
nombre  de  Mach  aubsonique  conataosent  voi3in  de  1.  Au  mime  nombre  do  Mach  M»  =  0,85,  les  prsssions 
sur  le  profil  interne  de  la  cardne  sont  pratiquement  inchangdes  ot  restent  satisfaisantes  j  k  K«=  0,2, 
on  observe  toutefois  un  accroissemont  de  la  survitesse  au  contouraement  du  bord  d'attaque,  cunodcutive 
k  l'augjaentation  do  oourbure.  Cette  8urvitesse  ddpasse  la  valeur  critique,  mais  pourra  sans  doute  Itre 
attdnude  par  une  ldgdre  modification  de  la  rdpartition  des  courbures  du  profil  interne  h  1'entrdo. 
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L'obtention  a  Kw  a  0,85  d'une  vitesss  critique  quaai-constante  aur  tout  l'extradoa  indiqua  que  l*on 
est  proche  d'une  configuration  optimale. 

Uae  premiere  sdrie  d'essais  a  dtd  entreprise  aur  la  configuration  "C"  dana  une  soufflerie  &  baa 3 a 
vite889  pour  verifier  eon  comport  ecent  interne  au  regime  da  ddcollage  et  aux  trka  basses  viteaaea  oil 
des  troubles  transaoniques  sont  k  craindre  au  voisinage  du  bord  d'attaque. 

la  figure  5  represents  le  montage  utilise  dans  la  soufflerie  S3  de  Chalaia  Keudon.  Le  debit  de  la  prise 
d'air  est  assurd  par  une  troape  d'extraction  diaposde  a  la  suite  d'un  ddbitmktre  vanturi.  La  carkne  de 
la  prise  d'air,  d'un  diamktre  de  165  no  au  plan  d'entrde  du  moteur,  eat  dquipde  de  prises  de  pression 
atatique  le  long  d'une  gdndratrice.  Un  peigne  de  presaions  d'arrSt  permet  de  relever  le  profil  de 
I'dcoulement  au  plan  d'entrde  du  coteur.  la  viteaae  de  la  soufflerie  est  limitde  a  100  m/a..  Lea  rdsul- 
tata  obtenua  a  He*,  *  0,2  sont  reportda  figure  6. 

L'allure  de  la  repartition  dea  proaaiona  autour  du  bord  d'attaque  eat  correctement  prdvue  par  le  calcul, 
mais  la  aurvitaeae  interne  au  bora  d'attaque  eat  infdrieure  a  la  valeur  prddite.  Ia  difference  provient 
en  partie  du  fait  que  le  calcul  e3t  effectud  en  incompressible,  mais  ausai  en  partie  du  fait  que  l'on 
s' cat  contentd  de  mesurea  approchdes  dans  la  cuve  d'analogie  dlectrique. 

Lea  rdsultata  montrent  l'absence  de  phdnomknes  transaoniques  parasites  autour  du  bord  d'attaque  au 
ddcollage  a  Moo=  0,2,  selon  l'objectif  du  calcul  d' optimisation.  11  n'en  est  toutefois  pas  de  nftne  au 
point  fixe  et  k  trk3  baase  viteaae. 


PRISE  D'AIR  AU  POINT  FIXE  ET  A  TEES  BASSE  VITESSE 


In  figure  7  montre  l'dvolution  de  I'dcoulement  autour  du  bord  d'attaque  k  l'entrde  de  la  prise  d'air 
lorsque  le  nombre  de  Mach  de  vol  passe  de  «=  0,5  k  =  0,  le  moteur  dtant  au  rdgime  maximum.  Le 
contoumement  du  bord  d'attaque  dtant  de  plus  en  plus  accentud,  on  observe  d'abord  une  survitesae 
croiasante,  local enent  supers cnique  k  Hoo»  0,1,  suivie  d'une  recompreasion  trks  brutale  de  l'dcoule- 
ment.  Lorsque  le  nombre  de  Mach  est  rdduit  k  0,08,  la  couche  limits  au  bord  d'attaque  ddcolle  ;  le 
phdnomkne  se  manifests  our  le  profil  dea  preaaiona  par  l'dtabli3sement  d'une  plage  iaobare  remplagant 
la  pointe  de  aurviteaae.  Cette  plage  de  ddcolleaent  a'dtend,  lorsque  M  00  ddcrolt  jusqu'k  0. 

La  ddgradation  dea  profile  de  preasion  d'arrdt  dana  le  plan  d'entrde  du  "fan"  reportda  figure  8  traduit 
l'effet  du  ddcollement.  L'efficaoitd,  rapport  do  la  pression  gdndratrice  moyenne  dana  le  plan  d'entrde 
du  moteur,  ypiF  ,  k  la  preaaion  gdndratrice  amont^^  q,  ,  accuse  dgalement  l’apparition  du  ddcolloment 
comma  le  montre  la  courbe  reportda  figure  8. 

Pour  vdrlfier  le  rflla  du  nombre  de  Reynolds  dana  cos  phdnocknoa,  dea  esaai3  en  "transition  ddclanchde" 
au  bord  d'attaque  ont  dtd  rdaliada.  La  transition  a  did  aasuade  par  des  fil3  longitudinaux  collda  aur 
le  bord  d'attaque,  dana  dea  plana  mdridiena  rdgulikreaent  eapacds  (figure  9).  Ear  ce  procddd,  la  diffu¬ 
sion  transversale  de  la  turbulence  dmiae  le  long  dea  filn  assure  la  transition  de  la  couche  limite  sans 
provoquer  de  perturbation  locale,  inddpendanment  de  la  position  du  point  d'arrdt  au  bord  d'attaque, et 
en  liroitant  au  mieux  I'dpaisaissaBent  initial  de  la  couche  limits  [15].  L'effet  de  la  transition  ainsi 
ddclanchde  est  trks  important,  comse  le  montre  lea  rdpartitions  de  preaaiona  compardes  figure  9  :  k 
Mws0,08,  la  couche  limite  maintenant  turbulente  n'oat  pas  ddcollde,  contrairemont  k  l'oa3ai  en  tran¬ 
sition  naturelle.  A  M^rO,  l'dtendue  du  ddcollement  eat  senaiblement  rdduite.  Les  pressiona  d'arrfit 
dana  le  plan  du  ooapreaaeur  ainai  que  l'efficaoitd  globale  (figure  10)  reprodui3ent  lea  nSnes  effeta. 
Lea  perturbations  tranaaoniquea  de  contoumement  du  bord  d'attaque  peuvent  litre  dvitde3,  3i  beaoin 
eat,  par  1'amdnagement  de  portea  auxiliairea  dam  la  prise  d'air,  mais  ceci  est  un  autre  sujet. 


ETUDE  DE  LA  PARTIE  ARRIERE  DE  LA  NACELIS 


L' installation  d'eaaai  de  la  partie  arrikre  du  fuseau  moteur  est  prdaentde  figure  11.  Lea  parois  haut 
et  baa  de  la  veine  ont  une  permdabilitd  de  6&  La  dimension  de  la  maquette  permet  un  dquipement  dea 
profile  en  prises  de  preaaion. 

la  figure  12  montre  lea  rdpartitions  de  preaaion  aur  le  rdtreint  de  la  carkne  et  aur  1' arrikre  corps 
aux  conditions  nocvinalea  de  la  croisikre.  Sur  le  rdtreint  de  la  carkne  s'exerce  vers  l'arrikre  une 
recompreasion  aubaonique  rdgulikre,  sans  choc  ni  ddcollement.  Le  jet  supersonique  du  "fan"  eat  k  peu 
prka  isobars  k  la  pression  ombiante  ;  sa  structure  est  ndancoins  marqude  par  une  succession  d'ondes  de 
ddtente  et  de  ccmpreasion  de  faible  intsnaitd,  come  le  montre  la  visualisation  strioscopique,  mais 
que  ddckle  k  peine  la  rdpartition  dea  pressiona. 

la  figure  13  montre  l'effet  d'une  variation  du  nombre  de  Mach  pour  un  rapport  constant  de  la  preaaion 
gdndratrice  du  jet,  ,  k  la  pression  gdndratrice  de  I'dcoulement, ■fuea.  La  recompreasion  sur  la 
carkne  reate  rdgulikre  k  K  *  0,9,  tandia  que  l'acoroiaaement  du  taux  de  ddtente  aver  le  nombre  de 
Mach  fait  apparaitre  une  sinuoaltd  plus  marqude  de  la  preasion  sur  l'arrikre  corps  due  k  1' intensifica¬ 
tion  do  l'onde  de  ddtente  initiale,  k  la  confluence  des  deux  dcoulements.  Cet  effet  se  retrouvo,  plus 
accentud,  figure  14,  ou  e3t  dosnd  l'effet  d'uns  variation  du  rapport  jnjr /-f>^  k  K  00  donnd. 
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Lee  press! ana  sur  la  carbna  ne  sont  pas  affectbes  par  la  variation  du  tauz  de  ddtente,  dans  lea  limit  ee 
btudibas,  sals  lea  ondes  da  detente  et  da  ocapressicn  du  jet  s'lntensifient  fortement  avec  le  rapport 
de  presaion. 

Cat  ensemble  de  rdsultats  montre  qua  I’bcoulament  autour  des  formes  ohoisies  pour  la  partie  arribre  du 
fusaau  moteur  eat  tres  rdgulier,  au  regime  normal  de  vol  de  eroisibre.  Le  principe  atme  du  montage 
d'essai  se  prlte  ioutefois  a.  quelquaa  critiques.  C'est  ainai  par  example  que  la  non-reprdsentation  du 
bond  d'attaqua  de  la  prise  d'air  conduit  k  des  aurvitesses  au  maitre-couple  vraisomblablement  mo ins 
dlevdes  que  les  survitessea  rbelles.  Far  ailleurs,  la  presence  d'une  couche  limits  sur  le  rbtreint  de 
la  carbne  relativeaent  plus  iaportante  que  sur  l'avion  peut  modifier  lbgbrement  les  conditions  locales 
de  confluence  dee  dcouleaents  exterae  et  interne  a  la  sortie  du  "fan",  et  la  structure  du  jet  qui  en 
rb suite  [16],  A  cat  dgard,  des  essais  avec  aspiration  ds  la  couche  limit e  en  asont  du  cardnage  peuvent 
<tre  envisages  [ 17]- 


COKOLUSIOH 


Quelques  examples  de  phdcombnes  transsoniques  rencontres  dans  l'dtude  des  c&rbnagea  d'un  moteur  double 
flux  k  taux  de  dilution  blevd  ont  6t6  prbsentbs.  Les  mithoies  de  calcul  en  incompressible  actuellement 
encore  utilisiea,  ne  permettent  de  prbvoir  ces  phonombnes  qu'en  premiere  approximation,  mais  sont 
cependant  un  guide  utile  pour  orienter  la  recherche  d'une  solution  appropribe. 

Les  dicollementc  de  la  couche  limite  au  bord  d'attaque,  rencontris  dans  certaine3  configurations,  sont 
ividemment  tributaires  du  nombre  de  Reynolds,  et  la  plus  grande  attention  doit  8tre  apportde  b  l'effet 
de  c*  paraabtre,  et  au  ddclanchaoent  naturel  ou  forci  de  la  transition  de  la  couch*  limits. 
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Abstract 

A  brief  report  on  the  doctoral  research 
of  two  students  is  presented.  The  con¬ 
tribution  of  H.  Sobieczky  is  concerned 
with  the  construction  and  discussion  of 
two-dimensional  transonic  flow  patterns. 
In  the  thesis  of  H.  Nttrstrud  the  integral 
equation  method  is  used  to  treat  transo¬ 
nic  flows  past  lifting  airfoils. 


New  Results  on  Steady.  Two-dlaenslonal 
Transonic  Plow 

By  K,  Oswatitsch 

Institut  fUr  Theoretlsche  Oasdynamlk  der 
DVL,  Aachen,  Germany 

1.  Introduction 

My  present  paper  informs  you  about  the  doc¬ 
toral  research  of  two  of  my  students.  One 
has  finished  his  thesis,  the  other  is  still 
working  on  it.  Both  investigations  are  con¬ 
cerned  with  two-dimensional,  transonic  flow. 
This  type  of  flow  is  a  rather  crude  approxi¬ 
mation  of  the  actual  transonic  flow  about 
an  aircraft.  The  two  papers  under  considera¬ 
tion  are  theoretical,  I  know  that  an  engi¬ 
neer  does  not  appreciate  highly  theoretical 
work.  Nevertheless,  I  hope  that  my  infor¬ 
mations  will  prove  useful  to  you,  because 
two-dimenBional  transonic  flow  is  basic  for 
the  understanding  of  three-dimensional 
transonic  flow.  Furthermore,  the  theoreti¬ 
cal  treatment  I  am  going  to  present  is  rela¬ 
tively  simple, an  engineer  may  find  it  not 
too  difficult. 


2.  Basic  Equations 

Two-dimensional  lrrotational  transonic  flow 
is  described  by  the  well-known  ga3dynamic 
equation  and  the  equation  of  irrotationall- 
ty.  In  what  follows  we  assume  small  distur¬ 
bances  in  the  vicinity  of  the  sound  3peed 

ft 

W  =  c  ,  The  two  basic  equations  mentioned 
can  then  be  written 

[H.«)M-wM|ru-w/c*)-if-  <>.<»> 

ft 

W,  ,  Vt  and  c  are,  respectively,  the  ab¬ 
solute  value  of  the  velocity,  the  flow  angle, 
the  ratio  of  the  specific  heats  and  the 
critical  sound  speed.  Let  the  positive  x- 
direction  be  parallel  to  the  oncoming  stream. 
Thus,  we  have  to  fulfil  the  boundary  con- 
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3.  Transonic  Flow,  Subsonic  Domain 

The  paper  of  Helmut  Sobieczky  [l]  is 
mainly  concerned  with  the  subsonic  domain 
of  flows  with  free  stream  Mach  number 
one.  However,  the  calculation  can  be  con¬ 
tinued  across  the  sonic  line.  It  is  well- 
known  that  the  system  (1),  (2)  can  be 
linearized  without  loss  in  generality 
using  transformations  similar  to  those 
already  used  by  Timman  [2]  and  M. Schafer 
[3].  Now  let  us  introduce  a  new  dependent 
variable 


9  =  --§->|777  (4-  W/c*)%  <*> 


one  can  choose  new  independent  variables 
s,  t  so  that  the  following  Cauchy-Riemann 
equations  hold 


1  y 
3s  +  TTT 


0 


0t  TFT 


0.<  5) 


x  and  y  must  satisfy  the  Beltrami  diffe¬ 
rential  equations 


•K(S.t) 


21 

dt 


|x,  +  k(i,0||w 


K  is  a  function  of  q  only 

k(S.l)«|V(H.+4)M-  w/c*)  I  = 

<L  ,  (7) 

=  [ — Cvl+a)  q  ]  - 

All  quantities  in  the  latter  equation  are 
taken  real.  It  then  follows  from  equation 
(4)  that  W<c*and  we  have  K(s,t)iO  be¬ 
cause  of  A<0  and  q£0. 

In  the  direct  method  1  -  W/c*  and  xt1  are 
sought  as  functions  of  x  and  y  and  in  the 
hodograph  method  x  and  y  must  be  deter¬ 
mined  as  functions  of  W  and  "O' .  However, 
in  the  system  (5),  (6)  both  q,  •J’ and  x,  y 


are  functions  of  s  and  t.  It  is  possible 
to  assign  a  linear  system  of  Beltrami 
equations  to  any  solution  of  equation  (5), 
in  particular  to  any  analytic  function 

E  ($  +  U  )  -  o  (s.i)  +  (  S,t)  (8) 

Although  the  Beltrami  equations  are  linear 
their  solution  is  the  main  problem,  because 
the  system  (6)  has  variable  coefficients. 

I  continue  with  some  remarks  concerning 
this  situation. 

Let  us  focus  our  attention  to  the  3y3tem 
(6).  In  case  of  an  incompressible  flow  we 
would  have  K  =  1  and  -q,  ■J’  could  be  inter¬ 
preted  as  components  of  a  velocity  distur¬ 
bance.  x,  y  satisfy  Cauchy-Riemann  diffe¬ 
rential  equations  and  the  system  (5)  is 
mapped  onto  itself  by  a  conformal  transfor¬ 
mation  of  the  coordinates.  Now  we  recognize 
that  a  particular  solution  of  (5),  for  in¬ 
stance 


9  -  -S  ;  3  *  •  (9) 

can  lead  to  different  flows,  if  we  assign 
different  solutions  of  the  Beltrami  equa¬ 
tions  (6)  to  (9). 

Furthermore,  the  solution  of  the  Beltrami 
equations  (6)  and  the  corresponding  Cauchy- 
Riemann  equations  (with  K  =  1)  differ  quali¬ 
tatively  only  slightly.  This  i3  due  to  the 
fact  that  K  depends  on  the  cubic  root  of  q 
only  (picture  1). 

x,  y  are  orthogonal  coordinates  in  both 
cases.  The  solutions  of  the  Beltrami  equa¬ 
tions  end  at  the  sonic  line  q  =  K  =  0.  But 
one  can  always  find  solutions  for  K  =  Aq1^ 
and  K  =  1  which  differ  only  slightly  from 
each  other.  This  is  very  helpful  in  finding 
a  desired  flow  pattern. 

Restricting  the  Beltrami  equations  (6)  to 
the  subsonic  domain  means  that  the  solution 
ends  at  the  sonic  line.  It  does  not  necessa¬ 
rily  mean  that  the  flow  ends  at  the  line 
W  =  c  ,  q  =  0  and  a  limit  line  occurs  there. 
The  acceleration  of  the  flow  in  the  physi¬ 
cal  plane  ha3  to  be  regular  at  the  sonic 
line.  We  can  then  continue  the  flow  in  the 


supersonic  domain  using  the  method  of 
characteristics.  Such  a  requirement  does 
not  lead  to  additional  difficulties. 

In  picture  2  the  vicinity  of  the  sonic 

line  in  the  s,t-plane  and  the  x,y-plane 

are  compared.  In  the  s,t-plane  the  lineB 

x  =  const  and  y  =  const  are  quite  similar 

to  the  lines  s  =  const  and  t  =  const.  The 

curves  ^  =  const,  which  are  orthogonal 

to  the  sonic  line  in  the  s,t-plane  have 

a  perpendicular  tangent  in  the  x,y-plane 
£ 

because  of  Si  =  c  .  This  follows  from 
equation  (1).  (W  =  c*,  diJ’/dy  =  0).  Never¬ 
theless,  the  streamlines  are  smooth  at 
the  sonic  line. 


4.  Particular  Solutions 

All  subsequent  solutions  are  based  upon  the 
solution  (9).  The  Beltrami  equations  (6) 
then  take  the  form 


3x 

ds 


3x 

di 


=  +  Rs 


•  (10) 


We  now  proceed  to  discuss  some  particular 
solutions  of  this  system.  (Picture  3). 

X  «=  fl  CCi t  -  -jp  C2S  )  .  (u) 

y  =  C2 1  +  C4  S  Z/l  . 

i'epre3ents  the  flow  in  the  vicinity  of 
the  sonic  line  in  a  curved  duct.  (Picture 
4). 

X*  fl  (C,t  -  x  ^s^t)  ; 

(12) 

^  -^-Cz^+Czi  . 

is  the  local  supersonic  domain  correspon¬ 
ding  to  the  Ringleb  solution. 

In  the  further  discussion  we  make  use  of 
polar  coordinates 

t  =  -Vs2  +  F1  ;  ^3  f  •  Vs 

The  solution 
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y^  r  y% 

[(4+Alw.y)  +U-MJU.?)  j/ 


% 


y  »  c/'1  [(^uuy)13-  (><- su4.y) ,s] 


Ik 


"3 
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describes  the  flow  through  a  Laval  nozzle 
in  the  vicinity  of  the  sonic  line  which  is 
shown  in  picture  5. 


Another  particular  solution  reads 

„  -1j  r  .  Vi  .  Hn 

X  -C-R-r  pMu^)  +(4-/saif)  Jf 

-V,  4/j  .  4/3  (14) 

y  =  Cr  [(4  +  Mu:f)  -  (>i“Mu:p)  j 


Equation  (14)  describes  the  behavior  of  a 
flow  with  free  stream  Mach  number  one  in 
the  vicinity  of  a  stagnation  point.  This 
behavior  is  illustrated  in  picture  6. 

Mtiller-Matschat  [4]  found  an  asymptotic 
solution  for  the  two-dimensional  flow 
about  an  airfoil  at  W  =  c* (picture  7), 
This  solution  is  given  by 

-•%  r  .  V* 

x  -  C-fl  r  4- U-3*iu./)  + 

+  M- ''**.?)  (2+3  w  y ) ] 

’  (15) 

-5/j  r  •  h 

y  =  -  Cr  [(/J  +  ^u.  a=>)  (H-3/i/u.yJ- 


Sk 


-(/I-AUaIP)  (<1  +  3 /*cu  :f )  ] 


It  is  worth  noting  that  the  various  exam¬ 
ples  are  exact  solutions.  A  variation  of 
the  arbitrary  constant  is  equivalent 
to  applying  the  transonic  similarity  rules. 
A  portion  of  the  discussed  solutions  is 
already  known.  In  a  recent  paper  Zlerep 
[5]  gives  a  representation  of  the  flow 
about  the  so-called  Guderley  profile  in 
the  physical  plane.  Sobieczky  obtains  the 
Guderley  solution  by  superposing  the  nozzle 
flow  equation  (14)  and  the  asymptotic  so¬ 
lution  (15)  (picture  8). 

All  results  mentioned  are  based  upon  the 
same  linear  Beltrami  system.  Consequently, 
one  can  superpose  all  solutions  mentioned. 
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I  give  you  an  example.  The  combined  solu¬ 
tion  (11)  +  (111)  +  (15)  represents  the 
sonic  flow  about  a  curved  profile  which 
seems  to  be  a  new  result. 

5.  General  Solutions 

The  variety  of  solutions  is  not  reduced 
essentially  by  the  solution  (9).  This  has 
already  been  pointed  out  and  is  in  accor¬ 
dance  with  what  we  found  in  the  foregoing 
discussions.  The  Beltrami  equations  (10) 
belonging  to  equation  (9)  can  be  written 
as  second  order  differential  equations 
for  x  and  y 

*SS  +  Xu.  — 3“'  "s"  Xs~  0  ; 

(16) 

Vss  +  yu  +  -5-  0  ■ 

The  homogeneous  solutions  of  these  equa¬ 
tions  (\?  =  integer) 

x  -  r  3  +v  •  F  l*);  r'x*',-G{i)(n) 

are  hypergeometrlc  functions  of  a  simple 
kind.  This  feature  is  characterized  by 
the  fact  that  F(^>)  and  G(y>)  can  be  writ¬ 
ten  as  a  finite  sum  of  funition3  of  an 
angle.  The  usual  nozzle  solution  (111)  and 
the  MUller-Matschat  solution  (15)  are  the 
special  cases  =  0  and  =  -2  of  eqs. 
(17).  The  solution  V  =  -1  (i.e.  the  so¬ 
lution  (13),  picture  5)  which  seems  to  be 
a  new  result  might  also  be  of  particular 
interest.  Using  further  solutions V>0  one 
can  compile  a  whole  table  of  sonic  flows 
about  cusp-nosed  airfoils.  It  seems  that 
this  table  widens  the  possibilities  of 
theoretical  treatment  and  makes  the  treat¬ 
ment  Itself  easier. 

6.  Integral  Equation  for  Cambered  Profiles 
at  Angle  of  Attack 

H.  Ndrstrud  (V]  uses  the  integral  equa¬ 
tion  method  to  treat  the  flow  about  cam¬ 
bered  profiles  at  angle  of  attack.  First 
of  all,  let  us  introduce  reduced  quanti¬ 
ties 


u 


c 


K 


-%  <h 
r  (X-M)  ; 


V* 


T  ! 


X  -  x  ;  Y  -  T  <*  +  4)  b  ; 

J  -% 

A  =  A  -(4-  h<p)r  (K-  +  4) 


(18) 


t  denotes  the  thickness  ratio  and  i  Is  t 
transonic  similarity  parameter  which  takes 
the  value  Xs  1  for  M<*>  =  1.  Eqs.  (18) 
give  one  of  various  possible  reductions 
in  the  transonic  regime. 

With  the  aid  of  eq3.  (18)  the  system  1,  2 
can  be  rewritten  to  give 


dU  ,  3V 
9X  W 

QU  W 

oy  "  9X 


(A+U) 


zu  , 
ox  « 


(19) 

(20) 


From  equation  (20)  it  follows  that  a  ve¬ 
locity  potential  exists; 

»  U  ;  ^  =  V  .  (21) 

Let  the  subscript  L  refer  to  the  solution 
of  the  linear  system,  i,  e.  the  system 
in  which  the  right  hand  side  of  equation 
(20)  vanishes.  We  can  use  the  linear  so¬ 
lutions  in  order  to  satisfy  the  boundary 
conditions  at  the  body.  The  complete  solu¬ 
tion  can  be  written  as  a  set  of  nonlinear 
integral  equations 


■-  *y  +  J[*+  yjfrsi  1 b" r  i5  dl2 


w 


■  th  r  *  7(X-$)2+  , 


33 


Ln  r 


Xil 


0*1 


In  r  = 


Y-i 


(X-^r+ty-nr 


(23) 
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In  the  integral  equation  method  the  two- 
dimensional  integrals  in  (22)  are  approxi 
mated  by  one-dimensional  integrals.  In 
this  way  one  obtains  one-dimensional, 
non-linear  integral  equations.  The  main 
problem  is  to  solve  these  integral  equa¬ 
tions. 

The  approximations  Just  mentioned  do  not 
play  an  essential  role  in  the  subsequent 
considerations  and  will  therefore  not  be 
discussed  in  more  details. 

Let  us  focus  our  attention  to  the  solu¬ 
tion  of  the  nonlinear  integral  equations. 
With  regard  to  the  large  possibilities 
which  electronic  computers  offer  one  can 
proceed  as  follows.  Starting  with  a  known 
subcritical  flow  with  X  <  X  we  pro¬ 
ceed  step  by  step  taking  a  new  value  for 
X  in  each  3tep.  It  is  permitted  in  each 
step  to  linearize  the  equations  for  the 
disturbances  of  the  unknown  quantities. 
Thus,  each  step  results  in  solving  a 
system  of  linear  equations.  This  method 
of  solution  is  closely  related  to  the 
method  of  parametric  differentiation  de¬ 
veloped  by  Rubbert  and  Landahl  [7]  for 
a  very  general  case. 

The  integral  equation  method  has  been 
used  several  times  in  the  case  of  a  non- 
lifting  symmetric  airfoil.  In  this  case 
only  the  first  equation  (22)  is  needed. 

It  turns  out  that  the  method  of  parame¬ 
tric  differentiation  falls  soon  after  in¬ 
creasing  the  free  stream  Mach  number  above 
its  critical  value.  The  reason  for  this 
failure  i3  the  occurrence  of  both  com¬ 
pression  and  rarefaction  shocks  in  th4  aoli 
tion  obtained  by  the  method  of  parametric 


with 

if *CXiY)  -  f  +(X,-V) ;  y'(X.Y)  = 

U  +  IX.Y)  =  u +  IX,- Y) ;  v "(XiY)  •  -(Ax,-{>T 
V +  (X,Y>  =  -V+(X,-Y) ;  V"  (X,Y>  *  V'  CX.-Y) . 

Observe  that  V  does  not  have  the  3ame 
sign  as  'f  and  U  because  of  equation  (21). 
Equations  similar  to  equation  (25)  hold 
for  the  linear  solutions.  Let  the  sub¬ 
script  L  refer  to  these  linear  solutions, 
y  £  can  always  be  represented  by  a  source 
distribution  on  the  x-axis  and  can  be 
represented  by  a  vortex  distribution  on 
the  x-axis.  Thus,  in  determining  one 
encounters  a  linear  problem  associated 
with  a  symmetric  non-lifting  airfoil  of 
finite  thickness.  The  determination  of^*£ 
leads  to  a  linear  problem  associated  with 
a  lifting  profile  of  zero  thickness.  We 
shall  see  that  the  calculation  of 
leads  again  to  a  problem  associated  with 
a  non-lifting  profile  of  finite  thickness. 
However,  f ~  does  not  describe  a  flow  about 
a  lifting  airfoil  of  zero  thickness  in  the 
non-linear  case.  The  latter  remarks  are 
not  relevant  for  our  conclusions. 

In  case  of  an  inclined  or  cambered  pro¬ 
file  all  calculations  are  based  on  distri¬ 
butions  on  the  x-axis.  We  therefore  spe¬ 
cialize  the  subsequent  equations  taking 
Y  =  0.  Numerous  terms  then  cancel  each 
other.  Carrying  through  the  decomposition 
we  obtain 

y  »  n> 


differentiation.  Such  a  solution  is  use-  +  +  ^  rr  +3U+ 

less  from  the  physical  point  of  view.  ^  ^  u  +  "pjp  JJ  ~g"|"  +  ^  "jjy 


7.  Decomposition  of  the  Solution 


di  dll 


-  -  05  J  (X-sr+'r 

Given  the  velocity  potential  of  a  flow  _  _  * 

about  an  inclined  or  cambered  profile  of  V  =  V  L  M  =  U  l 
finite  thickness.  This  potential  can  be  . 

decomposed  into  a  symmetric  and  antisymme-  \J~  .  \f - 4.  -f- 

trie  part  with  respect  to  Y.  ^^JJ  L  Df  Oj 

,  d(J*i  *1  1  „  > 


y(x,Y)  =  ?  (x,Y)+y  (X,Y)  (21*) 


05  J  (X-p2+  ^ 


cLjdti 
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Clearly,  we  have  U”=  V“=  0  for  U7  =  V^=  0. 
However,  U+  +  0  for  u£  =  v£  =  0.  This  is 
not  necessary,  if  the  effect  due  to  in¬ 
clination  and  camber  are  small  in  compari¬ 
son  with  the  effects  due  to  thickness. 

This  condition  was  assumed  to  be  true  in 
an  earlier  paper  by  T,  Gullstrand  [s]  , 

In  the  paper  by  H.  NBrstrud  however,  the 
disturbances  due  to  thickness  are  assumed 
to  be  of  the  same  order  of  magnitude  as 
those  due  to  lift. 

8.  Results 

The  method  of  parametric  differentiation 
can  also  be  applied  to  flows  about  lif¬ 
ting  profiles  of  finite  thickness.  One 
of  Ndr3trud's  results  is  presented  in 
picture  9«  His  calculations  show  that  the 
method  of  parametric  differentiation  does 
not  lead  to  difficulties  and  provides 
smooth  solutions  as  long  as  the  partial 
solutions  U+  and  U“  remain  subcritical. 
This  result  as  such  does  not  seem  to  be 
very  surprising. 

A  supercritical  solution  can  be  composed 
of  two  subcritical  solutions  without 
difficulties.  In  this  way  one  obtains 
supercritical  solutions  for  the  lifting 
profiles  without  a  compression  shock  and 
consequently  without  drag.  This  statement 
obtained  from  an  approximate  method  seems 
to  be  quite  plausible.  Increasing  the  Mach 
number  above  its  subcritical  value  does 
not  at  once  lead  to  drag  in  case  of  a 
non-lifting  profile.  The  shifting  of  the 
suction  downstream  the  maximum  thickness 
occurs  when  the  mass  flow  density  at  the 
maximum  thickness  reaches  about  the  value 
of  the  mass  flow  density  of  the  oncoming 
stream.  In  this  situation  there  is  no  lon¬ 
ger  sufficient  space  for  the  flow  at  such 
high  velocities  in  the  plane  through  the 
maximum  wing  section.  In  case  of  a  lif¬ 
ting  airfoil  there  i3  sufficient  space  for 
the  air  on  the  pressure  side  to  flow  pa3t 
the  airfoil.  Lack  of  3pace  on  the  suction 
side  can  therefore  be  compensated. 

Observing  H.  NOrstrud's  results  one  may 
doubt  whether  intensive  ’-earch  on  tran¬ 
sonic  flows  pa3t  non-lift  g  airfoils  is 


reasonable.  In  practice  one  is  of  course 
mainly  interested  in  lifting  airfoils. 

Being  aware  of  the  fact  that  the  conclu¬ 
sions  concerning  lifting  airfoils  are  based 
upon  an  approximate  method  we  must  expect 
that  the  lifting  and  non-lifting  airfoil 
in  transonic  flow  are  essentially  diffe¬ 
rent  problems. 
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Fig,  4,  Local  supersonic  domain 


Fig.  7.  Asymptotic  flow  about  an  airfoil 


Fig.  8.  Transonic  flow  about  an  airfoil 
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